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Errata. 

PAOB 

40, line 1 after first determinant, insert " conjngate" before ** imaginftry." 

63, Art. 62 line 4, and p. 64 line 2, wnt&/or X, Xy : also in third linefollowingybr X, Xx, 

135, last sentence of Art. 148; interchange '^ order in the coefficients" 

with " degree in the variables." 

139, line 4 from end of Art. 153, read "coefficient **. 

196, line 12, add after " thus " " the squares of the factors of £7^ are the yalnes of" : ala 
in Ex. 3 and p. 201 Ex. 2 read " the squares of the factors." 

215, line 5, after JTi put a semicolon. 

226, Ex. 10, for Art. "216" read "219.5." 

236, line 10 from bottom, add'* of T and U," 

243, line 2 begins, " h4>' (o) + t^r (o)." 

247, Hne 2, read «+ ^ /Z).", as on p. 260. 

269, Add as footnote to Art. 260, on J? as given in the second Edition, 
" where the following corrections should be made 

p. 259, col. 3 line 6, coefficient — 96 should be + 24, 
p. 265 „ 8 „ 13, „ -860 „ „ +20800." 

279, Ex. 3, at end add "of Art. 266." 

279, Ex. 4, the third determinant form for j should have — before it. 

280, Ex. 5, line 2, read "(Art. 257)." 

800, Art. 285, lines 1 and 8,/or "the last article" read "Art. 272." 
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LESSON I. 



DBTEBJIINANTS.— PRELIMINARY ILLUSTRATIONS. 

1. If we are given n homogeneoas equations of the first 
degree between n variables, we can eliminate the variables, and 
obtain a result involving the coefficients only, which is called the 
determinant of those equations. We shall, in what follows, 
give rules for the formation of these determinants, and shall 
state some of their principal properties ; but we think that the 
general theory will be better understood if we first give 
illustrations of its application to the simplest examples. 

Let us commence, then, with two equations between two 
variables 

Adding the first equation multiplied by h^ to the secj 
multiplied by — J„ we get a)>^ — a^J, = 0, the left-hand member 
of which is the determinant required. The ordinary notation 
for this determinant is 

«»» \ 

We shall, however, often, for brevity, write [ap^ to express 
this determinant, leaving the reader to supply the term with 
the negative sign ; and in this notation . it is obvious that 
(a, J,) = — («,&,). The coefficients a^, J„ &c., which enter into 
the expression of a determinant, are called the constituents of 
that determinant, and the products ajb^^ &c.j are called the 
elements of the determinant. 






DETERMINANTS. 



2. It £lCH be verified at once that we should have obtained 
the same/ result if we had eliminated the variables between 
the ^nations 

, Ip (vther words 



«8i \ 






or the value of the determinant is not altered if we write the 
horizontal rows vertically, and vice versd. 

3. If we are given two homogeneous equations between 
three variables, 

a^x + a,^ + a^z = 0, h^x + J^y + Jg^ = ; 

these equations are sufficient to determine the mutual ratios of 
07, y, z. Thus, by eliminating y and x alternately, we can 
express x and y in terms of z^ when we find 

(«,*«) ^ = («A) «j (« A) y = (^s^) ^• 

In other words, a;, y, « are proportional respectively to (aA\ 
(^3^j)> (^i^s)' Substituting these values in the original equations, 
we obtain the identical relations 

«, («A) + «. («s^) + «8 («,*2) = 0. ^ («A) + *. («,^) + K («i*,) =0 ; 

relations which are verified at once by writing them at full 
length, as for instance 



The notation 






(where the number of columns is greater than the number of 
rows) is used to express the three determinants which can be 
obtained by suppressing in turn each one of the columns, viz. 
the three determinants of which we have been speaking, {aj)^^ 

4. Let us now proceed to a system of three equations 

«,aj + 5^y + Cj« = 0, a^jc + J^y + c^^^ = 0, a^x-\-l^ -^rC^z^O. 

Then, if we multiply the first by (aA)j *^® second by (agJJ, the 
third by (^A)? ^^^ add, the coefficients of x and y will vanish 



FOUND BY LINEAR ELIMINATION. 



in virtue of the identical relations of Art. 3, and the deter- 
minant required is 

or, writing at full length, 

It may also be written in either of the forms 

This determinant is expressed by the notation 

Oi, J„ c,, 

though we shall often use for it the abbreviation (a,&/J. 
It is useful to observe that 

(«A^i) = K^^^a)) b"* KVJ = - («, v.). 
For, by analogy of notation, 

K^^'i)^^. A^) + «sA<'8)+«i (*8^«)) w^ic*^ is tl^e same as (^A^a)) 
while 

K^s^a) =^i (V2) + ^3 (*«^i) + ^(^i^s)? which is the same as - (a,J,c,). 

6. We should have obtained the same result of elimination 
if we had^ eliminated between the three equations 

ajX + ajf-^r a^z = Oj i,a; + J^y + &g« = 0, c,aj + c^ + Cg« = 0. 

For if, proceeding on the same system as before, we multiply the 
first equation by (JjCg), the second by (c^ag), and the third by 
{ajb^\ and add, then the coefficients of y and z vanish, and the 
determinant is obtained in the form 

which, expanded, is found to be identical with {ctfi^c^). Hence 



«81 h^ ^8 



«l) «2J «3 
^11 ^2> ^8 



or the determinant is not altered by writing the horizontal rows 
vertically, and vice versa ; a property which will be pjoved to 
be true of every determinant. 
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6. Using the notation 

«1> ««) «8l ^4 

^) K^ K K 

^i» ^aJ ^8» ^4 

to denote the system of determinants obtained by omitting in 

turn each one of the columns, these four determinants are 
connected by the relations 

«i («A0 - «a K^^i) + «a K* a) - «4 («i Vs) = ^» 

*1 KV4) - *« («8*4^l) + h k^^J - *4 K*A) = ^» 

These relations may be either verified by actual expansion of the 
determinants, or else may be proved by a method analogous to 
that used in Art. 3. Take the three equations 

a^x + a^ + a^z + a^w = 0, 

\x'\'h^ + \z + J^M? = 0, 

c^x •\-cjf-\- c^z + cjuo = 0. 
Then (as in Art. 5) we can eliminate y and z by multiplying 
the equations by (J,c,), {cjx^^ (^A)j respectively, and adding, 
when we find (^^ j^^,) x + [alb^c;;j m? = 0. 

In like manner, multiplying by (Jj^,), (c,aj, (aA) respectively, 

^® g®* (aA^J y + (aA^i) '-^ = ^• 

And in like manner, 

K* a) « + Ki^ a) «^ = ^• 

Now, attending to the remarks about signs (Art. 4), these 
equations are equivalent to 

(«A^3)«=-KV4)^) {flxK^^^y^iflM^i («A<'8)«=-(«4V>) 

or 35, y, «, w are respectively proportional to («A0) "" i^J^4pi)j 
{aJ>jC^\ - (a^JgCg) ; substituting which values in the original 
equations we obtain the identities already written. 

7. If now we have to eliminate between the four equations 

a^x + b^y + c^z + d^w = 0, 
a^x + bj/'hc^z + d^w = Of 
«,« + Jgy + Cg^ + eZgW? = 0, 
a^x •\-b^ + c^ 4 d^ = 0, 
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we have only to multiply the first by {ajb/^^^ the second by 
— (agft^Cj), the third by {afi^c^)^ the fourth by — {(ifi^c^)j and add, 
when the coefficients of Xy y^ z vanish identically, and the 
determinant is found to be 

or, writing it at full length, and altering ail signs, 

+ afi^c^d^ - «A^A + «A^t^i, - «A^8^8 + «A^X - ««Vi^8 

8. There is no difficulty in extending to any number of equa- 
tions the process here employed; and the reader will observe 
that the general expression for a determinant is 2 ± <^fij^z^i &o., 
where each product must include all the varieties of the n letters 
and of the n suffixes, without repetition or omission, and the 
determinant contains all the 1.2.3...7I such products which 
can be formed. With regard to the sign to be affixed to each 
element of the determinant, the following is the rule : We give 
the sign + to the term dfij^ji^ &c., obtained by reading the 
determinant from the left-hand top to the right-hand bottom 
comer ; and then " the sign + or — w affixed to each other 
product according as it is derived from this leading term hy an 
even or odd number of permutations of suffixes,^^ Thus, in the 
last example, the second term afijfi^d^ differs from the first 
only by a permutation of the suffixes of b and c ; it therefore 
has an opposite sign. The third term, ajb^c^d^j differs from 
the second by a permutation of the suffices of a and c; it 
therefore has an opposite sign to the second, but it has the 
same sign with the first term, since it can be derived from it by 
twice permuting suffixes. 

Ex. In the determinant (oi Vs^4^&)) ^^^ ^^S^ is to be prefixed to the element 

From the first term, permuting the suffixes of a and c, we get ajf^id^e^^ the first 
constituent of which is the same as that in the given term; next permuting the 
suffixes of b and e, we get a^b^Cid^e2y which has two constituents the same as the 
given term ; next, permuting c'and e, we get a^^c^^x \ l^tlj, permuting d and e, we 
get the given term a^^e^d-fi^. Since, then, there has been an even number (four) of 
permutations, the sign of the term is +. In fact, the signs of the series of terms are 
a^b^^d^e^ — ajt^id^e^ + a^b^Cid^Cj — o^b^c^^ei + a^b^c^dxe^. 
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The rule of signs may otherwise be presented thus: we 
take for each suffix so often as it comes after a superior suffix 
the sign — , and compound these into a single sign + or -. 
Thus comparing the elements o,^^'^d^^<^ ^s^s^a^i^ii ^* ^^ ^^ 
seen that the suffix 1 which came first in the former element, 
is in the latter preceded by three constituents ; that the suffix 2 
is preceded by two which came after it before, and the suffix 4 
by one. The total number of displacements is therefore six^ 
and this being an even number, the sign of the term is positive* 
Thus the rule is, that the sign of the term is positive when 
the total number of displacements, as compared with the order 
in the leading term, is even, and vice versa. The same results 
will be obtained if, writing the suffixes always in the order 
1, 2, 3, &c., we permute the letters, giving to each arrange- 
ment of the letters its proper sign + or — according to the 
rule of signs. Thus the determinant of Art. 7 might be written 

9. A cyclic interchange of suffixes alters the sign when the 
number of factors in the product is even, but not so when the 
number of factors is odd. Thus aJb^^ being got from afi^ by one 
interchange of suffixes, has a difierent sign ; but ajb^c^ has the 
same sign with aj)^c^^ from which it is derived by a double 
permutation. For, changing the suffixes of a and i, a^b^c^ 
becomes ajb^c^^ and changing the suffixes of b and c, this aga'm 
becomes ajb^c^. In like manner ajb^c^d^ has an opposite sign 
to «ii,Cgrfj, being derived from it by a triple permutation, viz. 
through the steps aj)^c^d^^ ^2^1^41 ^A^A- 

This rule enables us easily to write down the terms of a 
determinant with their proper signs, by taking the cyclic 
permutations of each arrangement. Thus, for three rows the 
arrangements of suffixes are evidently + 123, + 231, 4 312, and 
— 213, — 132, — 321. For four rows the arrangements are 

+ 1234 - 2341 + 3412 - 4123 ; - 1243 + 2431 - 4312 + 3124 ; 

- 1324 + 3241 - 2413 4 4132 ; -f 1423 - 4231 + 23 14 - 3142. 

10. We are now in a position to replace our former definition 
of a determinant by another, which we make the foundation: 



GENERAL DEFINITION. 



of the subsequent theory. Id fact, since a determinant is 
only a function of its constituents a^^ \j c^, &c., and does not 
contain the variables a?, y, «, &c., it is obviously preferable to 
give a definition which does not introduce any mention of 
equations between these quantities Xj y^ z. 

*Let there be w* quantities arrayed in a square of n columns 
and n rows, then the sum with proper signs (as explained, Art. 8) 
of all possible products of n constituents, one constituent being 
taken from each column and each row, is called the determinant 
of these quantities, and is said to be of the n*^ order. Con- 
stituents are said to be conjugate to each other, when the 
place which either occupies in the horizontal rows is the same as 
that which the other occupies in the vertical columns. A deter- 
minant is said to be symmetrical when the conjugate constituents 
are equal to each other ; for example, 

a. A, g 

11. In these first lessons, as in the previous examples, we 
usually write all the constituents in the same row with the 
same letter, and those in the same column with the same suffix. 
A common notation, however, is to write the constituents of a 
determinant with a double suffix, one suffix denoting the row 
and the other the column, to which the constituent belongs. 
Thus the determinant of the third order would be written 

^l,l> ^l,S» ^1,8 
^2,H %2> \s 
^8,l> ^8,2> ^8,8 J 

or else ^±\i\,\,i 



* We might have commenced with this definition of a determinant, the preceding 
articles being unnecessary to the scientific development of the theory. We haye 
thought, however, that the illustrations there given would make the general theory 
more intelligible ; and also that the importance of the study of determinants would 
more clearly appear, when it had been shown that every elimination of the variables 
from a system of equations of the first degree, and every solution of such a system, 
gives rise to determinants, such systems of equations being of constant occurrence in 
every department of pure and applied mathematics. 
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where, in the sum, the suffixes are interchanged In all possible 
ways. The preceding notation is occasionally modified by the 
omission of the letter a, and the determinant is written 



or 



11, 12, 13 



21, 22, 23 
31, 32, 33 



(1, 1), (1, 2), (1, 3) 
(2, 1), (2, 2), (2, 3) 
(3, I), (3, 2), (3, 3) 

Again, Dr. Sylvester has suggested what he calls an umbral 
notation. Consider, for example, the determinant 

aa, ia, ca^ dd 

a^, 6^3, cfi^ d^ 

ajj J7, cjj dy 

aSj bSj cSj dS 

the constituents of which are aa, 5a, &c., where a, 5, c, &c., are 
not quantities, but, as it were, shadows of quantities; that is 
to say, have no meaning separately, and only acquire one in 
combination with one of the other class of umbrsd a, iS, 7, &c. 
Thus, for example, if a, iS, 7, S represent the suffixes 1, 2, 3, 4,^ 
the constituents in the notation we have ourselves employed are 
all formed by combining one of the letters a, 5, c, d with one 
of the figures 1, 2, 3, 4. Now the above determinant is written 
by Dr. Sylvester more compactly 



a, 


a 


i, 


/3 


«> 


7 


d, 


S 



which denotes the sum of all possible products of the form 
aa.bl5.cy,dSj obtained by giving the terms in the second column 
every possible permutation, and changing sign according to the 
foregoing rule of signs. Observe that if the two columns are 
identical, and if in general rs means the same thing as sr^ then 
the determinant is symmetrical 
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BEDX70TI0N AND CALCULATION OP DETERMINANTS. 

12. We have in the last Lesson given the rule for the forma- 
tion of determinants, and exemplified some of their properties in 
particular cases. We shall in this Lesson i^ove these pro- 
perties in general, together with some others, which are most 
frequently used in the reduction and calcuUtion of determinants. 

The value of a determinant is not altered if the vertical 
columns he written horizontally^ and vice versa (see Arts. 2, 5). 

This follows immediately from the law of formation (Art. 10], 
which is perfectly symmetrical with respect to the columns and 
rows. One of the principal advantages of the notation with 
double suffixes is that it exhibits most distinctly the symmetxy 
which exists between the horizontal and vertical lines. 

13. If any two rows [or two columns) he interchanged^ the sign 
of the determinant is altered* 

For the effect of the change is evidently a single permutation 
of two of the letters (or of two of the suffixes), which by the 
law of formation causes a change of sign.* 

14. If two rows [or if two columns) he identical^ the deter^ 
minant vanishes. 

For these two rows being interchanged, we ought (Art. 13) 
to have a change of sign, but the interchange of two identical 
lines can produce no change in the value of the determinant. 

*• It may be remarked that a determinant is a function which is determined 
(except for a common factor) by the properties that it is linear in respect of the 
constitnents of each row and of each column, and that it merely changes sign if two 
rows or columns be interchanged. Thus for two rows, the most general lineo-linear 
function of the rows and columns is 

6j {Aa^ + Ba^ + 3, (Coj + -Do,); 

and the condition that it is to change sign when we interchange Oi and h^^ a^ and b^^ 
gives 4 = 2) = 0, jB+C=0. The function is therttore C {aj)^ - a^,), and if we 
agree that the coefficient of afi^ is to be unity, the function is ajf^ — aj!>^ as before. 

C 
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Its value, then, does not alter when its sign is changed ; that is 
to say, it is = 0. 

This theorem also follows immediately from the definition of 
a determinant, as the result of elimination between n linear 
equations. For that elimination is performed by solving for the 
variables from w — 1 of the equations, and substituting the values 
80 found in the n^. But if this n'^ equation be the same as one 
of the others, it must vanish identically when these values are 
substituted in it. 



15. If every constituent in any row {or in any column) be 
multiplied by the same factor j then the determinant is multiplied 
by that factor. 

This follows at once from the fact that every term in the 
expansion of the determinant contains, as a factor, one, and but 
one, constituent belonging to the same row or to the same column. 

Thus, for example, since every element of the determinant 



«•> 


K 


^'t 


«,> 


K, 


«. 


«.1 


K, 


0, 



contains either a^, a^, or a,, the determinant can be written in 
the form a^A^'\- a^A^'\-a^A^ (where neither -4,, A^j nor -4, 
contains any constituent from the a column) ; and if a^, a,, a, be 
each multiplied by the same factor kj the determinant will be 
multiplied by that factor. 

COE. If the constituents in one row or column diflfer only 
by a constant multiplier from those in another row or column, 
the determinant vanishes. Thus 



*«,> «,» «» 




«»» «j> "« 




^h, K, \ 


r=k 


K K K 


= (Art. 14) 


Ki Cs* c. 




C.. C*! C. 





16. If in any determinant we erase any number of rows 
and the same number of columns, the determinant formed with 
the remaining rows and columns is called a minor of the given 
determinant. The minors formed by erasing one row and one 
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column may be called first minors ; those formed by erasing two 
rows and two columns, second minors, and so on. 

We have, in the last article, observed that if the constituents 
of one column of a determinant be a^, a,, a,, &c., the deter- 
minant may be written in the form a^A^ + a^A^'j-a^A^+ &c. 
And it is evident that A^ is the minor obtained by erasing the 
line and column which contain a,, &c. For every element of 
the determinant which contains a^ can contain no other con- 
stituent from the column a or the line (1); and a^ must be 
multiplied by all possible combinations of products of n — 1 
constituents, taken one from each of the other rows and 
columns. But the aggregate of these form the minor A^. 
Compare Art. 7. In like manner the determinant may be 
written aj-4j + ^i^i + c, C, + &c., where J5, is the minor formed 
by erasing the row and column which contain b^. 



17. 1/ all the constituents but one vanish in any row or column 
of a detenninant of the rl^ order ^ its calculation is reduced to the 
calculation of a determinant of the n — 1**^ order. For, evidently, 
if a^, Og, &c., all vanish, the determinant a^A^ + a^A^ + &c., 
reduces to the single term a^A^ ; and ^^ is a determinant having 
one row and one column less than the given determinant. 

Conversely, a determinant of the n — 1**^ order may be written 
as pne of the n^ or higher order. Thus 






1, 0, 




h K c. 


0, K, c. 


or = 


0, *., c. 


0, K, c. 




0, *„ 0. 



&C. 



18. If every constituent in any row (or in any column) be 
resolvable into the sum of two others j the determinant is resolvable 
into the sum of two others* 

This follows from the principle used in Art. 16. Thus, if in 
the Example there given, we write a^ -f a, for a^ ; J^ + jS^ for J, ; 
Cj + 7j for Cj ; then the determinant becomes 

(a, + a.) ^, + (J, + ^J A + (c. + 7,) C, 
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we have 












^l + «ll «2? % 




«i? «») «f 




«1) ««l «• 




K + A? *«» K 


= 


*i» *s» h 


+ 


^1) *tl h 




^i+7i, c,, c. 




<^tJ ^8) ^8 




%) <5«1 ^« 



In like manner, if the constituents in any one column were 
each the sum of any number of others, the determinant could 
be resolved into the same number of others. 



19. If again, in the preceding, the constituents in the second 
column were also each the sum of others (if, for instance, we 
were to write for o„ a^ + aj ; for J,, J, + iSj ; for c,, c, + y^)y then 
each of the determinants on the right-hand side of the last 
equation could be resolved into the sum of others ; and we see, 
without difficulty, that 

And if each of the constituents in the first column could be 
resolved into the sum of m others, and each of those of the second 
into the sum of n others, then the determinant could be resolved 
into the sum of mn others. For we should first, as in the last 
Article, resolve the determinant into the sum of m others, by 
taking, instead of the first column, each one of the rn partial 
columns ; and then, in like manner, resolve each of these into n 
others, by dealing similarly with the second column. And so, in 
general, if each of the constituents of a determinant consist of 
the sum of a number of terms, so that each of the columns can 
be resolved into the sum of a number of partial columns (the 
first into m partial columns, the second into n, the third into 
p^ &c.}, then the determinant is equal to the sum of all the deter- 
minants which can be formed by taking, instead of each column, 
one of its partial columns ; and the number of such determinants 
will be the product of the numbers m, n,^, &c. 

20. If the constituents of one row or column are respectively 
equal to the sum of the corresponding constituents of other roios 
or columns^ multiplied respectively hy constant factors^ the dekf^ 
minant vanishes. For in this case the determinant can be 
resolved into the sum of others which separately ^ vamsh. 
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Thus 



But the last two detenninants vanish (Cor., Art. 15). 









21. X c2sftsrmtWn^ is not altered if we add to each constituent 
of any row or column the corresponding constituents of any of the 
other rows or columns multiplied respectively by constant factors. 
Thus 

a, + A:a, + to,, a„ a, 

c^-^kc^+lc^^ c„ c. 

But the last determinant vanishes (Art. 20).* The following 
^examples will shew how the principles just explained are applied 
to simplify the calculation of determinants. 

Ex. 1. Xiet it be leqnired to calculate the following determinant : 



«•» «.» 


«. 




Aa, + Za„ 


«,» 


«. 


*u K 


h 


+ 


kb, + ft., 


*., 


*. 


c.> <^« 


c. 




Ac, + fc„ 


Ctl 


c. 



9, 13, 17, 4 

18, 28, 33, 8 

30, 40, 54, 13 

24, 37, 46, 11 



1, 1, 1, 4 1, 1, 1, 1 

2, 4, I, 8 ^ 2, 4, 1, 1 
4, 1, 2, 18 4, 1, 2, 6 
2, 4, 2, 11 2, 4, 2, 3 

The second determinant is derived from the first by subtracting from the constituents 
of the first, second, and third columns, twice, three times, and four times, the corre- 
sponding constituents of the last column. The third determinant is derived from 
the second by subtracting the sum of the first three columns from the last. When- 
ever we have, as now, a determinant for which all the constituents of one row are 
equal, we can get by subtraction one for which all the constituents but one of one 
row vanish, and so reduce the calculation to that of a determinant of lower order 
(Art. 17). Thus subtracting the first column from each of those following, the deter- 
minant last written becomes 

1, 0, 0, 

2, 2,-1,-1 
4,-8,-2, 2 
2, 2, 0, 1 

The third of these follows from the second by subtracting twice the last column 
from the first, leaving a determinant of only the second order, whose value is 
-8-7 = -16. 



2,-1,-1 




4,-1,-1 




4,-1 


-8,-2, 2 


r: 


-7,-2, 2 


— 


-7,-2 


2, 0, 1 




0, 0, 1 







* The beginner will be careful to observe that though the determinant is not 
altered if we substitute in the first row ai-\-k€t^'\- la^ for %, die, yet if we make the 
same substitntion in the second row for a,, &c., we multiply the determinant hy k; 
and if in the third for a,, Ac, we multiply it by /. 
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N.B. — It is in all cases possible to make all actual constitnenta in any row of the 
same value — by multiplying each and the terms in its column by the product of the 
others. In this way a determinant can, as in this example, be reduced to one of 
lower order, and this process is generally the best for numerical calculation. 

. Ex. 2. The calculation of the following is necessary {Surfaces, Art. 224) : 

6, - 10, 11 

- 32, - 36, 34 

1, 6, 8 



= 10 





6, - 10, 11, 




6, - 10, 11 


,0 




- 10, - 11, 12, 4 
11, 12, - 11, 2 


= 


- 32, - 35, 34, 
11, 12, - 11, 2 


= -2 


0, 4, 2,-6 




1, 6, 8, 






6,-2,1 




6,-2,1 


1 fill 





32, 7, 1 
1, 1,8 


= 10 


27, 9, 
- 89, 17, 


= 90 


- 39, 17 



= 90 (51 +89) = 8100. 



The first transformation is made by subtracting double the third row from the second, 
and adding the sum of the second and third to the fourth. In the next step it will 
be observed, that since the sign of the term aib^^d^ is opposite to that of ctj>^^^ 
when C4 is the only constituent of the last column which does not vanish, the deter- 
minant becomes — c^ iflfitd^. In the next step, we add the second and third columns, 
we take out the factor 5 common to the second column, and the sign — common to 
the second row. We then subtract the first row from the second, and eight timea 
the first row from the last, and the remainder is obvious. 



Ex. 8. 



Ex.4. 



25, 

15, 

23, 

6, 



7, - 
2, 

0, - 
6, 

16, 
10, 

19, 
6, 



2, 
6, 
2, 
2, 



23, 

19, 
15, 

9, 



0, 6 
2, 2 
5, 3 
3,4 

6 
5 
9 
5 



= - 972 {Surfaces, Art. 225). 



= 194400 {Surfaces, Art. 234). 



Ex. 6. Given n quantities a, p, y, <bc., to find the value of 

1, 1, 1, 1, die. 
a, ^, y, d, &c. 



^, 



y^ 



^, Ac. 



a*-S /3«-», 7"-», d»-», Ac. 



It is evident (Art. 14) that this determinant would vanish if a = /3, therefore a — /9 
is a factor in it. In like manner so is every other difference between any two of the 
quantities a, /3, Ac. The determinant is therefore 

= 03 - a) (y - a) (5 - a)...(y - /3) (5 - /3)...(d - y)...&c. 

For the determinant is either equal to this product or to the product multiplied by 
some factor. But there can be no factor containing a, /3, &c., since the product con- 
tains a"-S j3»-*, &c. ; and the determinant can contain no higher power of a, p, Ac. 5 
and by comparing the coefficients of a»-> it wUl be seen that the determinant oontains 
no numerical factor. This example may also be treated in the same way as the 
next example. 
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Ex. 6. To calculate 1, 1, 1, 1 

o, /3, 7, ^ 

aS ^, y«, S» 

a\ ^, y«, i* 

Sabtract the last column from each of the first three and the determinant becomes 
divisible by (5— o) (d — /3) (i — 7), the quotient being 

1, 1, 1 

Subtract again the last column from the two preceding and the determinant is seen 
to be divisible by (a — y) (/S — y), and its value is thus at once found to be 

(a-^)(^-^)(y-^)(a-.y)(^-y)(a-/3)(a + /3 + y + ^).♦ 

Ex. 7. In the solution of a geometrical problem it became necessary to determine 
X from the equation 



(a + X)» {h + X)», (c + X)» 
(2a + X)», (2J + X)«, (2tf + X)» 



= 0. 



Subtract the first row from the second, and divide by X ; subtract 8 times the first 
TOW from the last and divide by X; then subtract the second row from the third 
and divide by 3 ; and, lastly, subtract this last row from the second and divide by X, 
when the determinant becomes 



2a + X, 23 + X, 2c + X 
3a« + aX, 3*« + 6X, 8c* + cX 



= 0. 



Again, subtract the first column from the second and third, and divide by 5 — a, 
e — a; then subtract the second from the third, and divide hj e — h; and then from 
the first column subtract a times the second and add db times the last ; and from 
the second column take (a + b) times the last, and we have finally 



ahc^ — (db + bc + ca), a + 6 + tf 
X, 2 

0, X, 3 



= 0, 



which reduced is 



(a + 6 + c) X« + 8 (a3 + Jc + m) X + 6aAc = 0. 



Ex.8. 



{b + c)«, o«, o« 

*«, {c + o)«, *« 
c», c«, (a + 6)« 



= 2ahc (a + 6 + c)». 



Ex.9. 



1, 1, 1 

sin a, sin)3, siny 
coso, cos/3, cosy 



= 4 sin |(a - /3) sin J (jS - y) sin i (a - y). 



* On the general theory of which this and the preceding example form part, see 
note at end on Bational Functional Determinants. 
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Similarlj, hj Ex. 5, 



siDPof Bin'a cos a, ana oo^a, oob'o, 

8m»/3, 8m«/3cos/3, 8m/3cori«/3, oos»/3, 

sin'y, flinty cosy, sinyco^, cos'y, 

sanHf sin'dcosd, sindooe'd, ooB>d, 

sin (a - /3) sin (o - y) sin (a - i) sm (j3 - y) sin 03 - i) sin (y - *). 



Ex. 10. 



COS (a — /8), cos (/3 — y), cos (y — o) 
cos (a + /3), cos 03 + y), cos (y + o) 
sin (o + /3), sin 03 + y), sin (y + o) 



= 2 sin (o - /3) sin 03 - y) sin (o - y). 



Ex. XL 



Bin Of cos a, sin a cos a 
sin/3, cos^ 8in/3cos/3 
siny, cosy, siny cosy 

= 2 sin J OS - y) Bin I (y - o) sin J (o - /3) {sin (o + /3) + sin 03 + y) + sin (y + a)}. 

This follows at once from the identities 

(a'J" + a"b' + a"6 + oJ" + oi' + a'6) 



o"6 + ar - 2a'6', «', 6' 
ab' + a'6 - 2a"6" a", *" 



1, ««, *« 
1, a**, 6'« 
1, a"«, *"« 





I, a. 


d 


= 




1, a', i' 






1, a", i" 










«, 


», 


a» 




-2 


a', 


*'. 


o'*' 


1 




«", 


*", 


o"*" 



/»/ 



/// 



Ex. 12. Many of these examples may be applied to the calculation of areas of 
triangles, it being remembered that the donble area of the triangle formed by three 
points is 

1, 1, 1 

y*, y", y" 

and by three lines ox + ^ + c, &g., is 

o, 6, c « 

a', y, c' 

a", 6", <j" divided by (a'6" - a'^O (o"i - oi") (o^ - o'6) 

(see Conic Sections, p. 32). For example, the area of the triangle formed by the 
centres of carrature of three points on a parabola is (the coordinates of a centre of 

cnrvature being hp + 8aj, — ~) 






=p(y'-y")(y"-y)(y-y1(yy'+y"y+y30. 



1, 1, 1 
y*, y^, y"* 
y*, y^, y"* 

In like manner may be investigated the area of the triangle formed by three ncnmala, 
or any other three lines connected with the curve. 

Ex. 13. 



=o««P+* V + 4J*/»-2aW^ - ibcef-Uitif. 



0, c, b 




0, c, b d 


<?, 0, a 




Cf 0, a, e 


b, a, 


-2a3c; 


6, «, 0, / 
<^ e, /, 
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Ex. 14. Prove 



0, 1, 1, 1 

1, «2, 0, a? 
I, y\ a^, 



0, «, y, z 
X, 0, «, y 
y, z, 0, a? 
«» y, aJ, 



and 



I, ar, y, » 

«, «, «, y 

y, «, «, « 

«, y, aj, « 



i=(/ + a; + y + 0) C^ + ay-y-*) (^-a? + y-«) («-a?-y + «). 

Ex. 15. a, X, \, X, do. 

X, &i X, X, dec. 

X) X, Cy Xy dco. 

X, Xy X, df <bo. 

dec. 

where all the ooiiBtitnents ore equal except those in the principal diagonal| la 
1^ (X) — X ^; where <p (X) is the continued product (a — X) (6 — X) dto. 



Ex. 16. Let tt be a homogeneous function of the v^^ order in any number of 
yariables; and let Uj, u^ u,, (fee, denote its differential coefficients with regard to 
the yariables ar|, X2i x^ <fec. ; and in like manner, let Uu, u^ ti|, denote the differ- 
ential coefficients of Vj, ko. Then, bj ^Euler's theorem of homogeneous functions, 
we have 

f»tt = u^Xi + ttjax, + «,a;, + Ac., (» — 1) «i = «,«„ + a^j^ + a:,tti, + 4c., &c. 



We shall hereafter speak at length of the determinant (called the Hessian) 
formed with the second differential coefficients, whose rows are Vn, tfijj «i„ <bc.; 
^i« 1^ ^1 <fec., Ac. At present our object is to shew how to reduce a cJass of 
determinants of frequent occurrence, which are formed by bordering the Hessian^ 
either with the first differential coefficients, or with other quantities, as for example 



«M, 


«W' 


«MI 


«1» 


«! 


«21» 


K22, 


«2i, 


«2, 


Oj 


«M» 


V^f 


»U, 


«8, 


o» 


«1, 


«2» 


«8, 


0, 






Oj, a,, flj 0, 0, 

In this example we only take three variables, and the determinant formed by the 
first three rows and columns is the Hessian, which we shall call ZT, but the processes 
which we shall employ are applicable to the case of any number of variables. 

We denote the above determinant by the abbreviation ( j , and use f j, I j , ( ) 

to denote the determinants of four rows, formed by bordering the Hessian with 
a single row and colunm, either both u's or both a's, or one u and the other a. We 
also write aiXi + a^c^ + a^^ = a. If now we multiply the first column of the above 
written determinant by ar^, the second by oc^ the third by a;,, and subtract the sum 
from n — \ times the fourth column, the first three terms vanish, the fourth becomes 
— nuy and the fifth — a. Again, multiply the fourth row by n — 1, and subtract 
in like manner the sum of the first, second, and third rows multiplied by Xy, x^, x^ 
respectively, then the first three terms vanish, the fourth remains unchanged, 
and the last becomes - a. Thus then (n ^ 1)' times the determinant originally 

J) 
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written is prored to be eqnal to 



««ll» «*!» «1» 

•*21> "jSl •*1S> 

«81» «»» «M» 

0, 0, 0, 

«1> «» <*» 



0, . a, 

0, a, 

0, a, 

— » (» — 1) tl, — o 

-o, 



Bat BOW since (Art. 15) a determinant which has only two terms dt, d^ of the fowth 
row which do not Yanlsh, is expressible in the form d^B^ + d^J)^] the above deter- 
minant may be resolved into the snm of two others^ and we find that the originally 
given determinant 

\u aj n — 1 \aj (» — 1)' 

In like manner it is proved that ( ) = 3-: Su, Or, again, if there be four 

variables, and the Hessian be triply bordered, we prove in the same way that 

When tt is of the second degree, it is to be noted that, in the case of three variables, 

\^\ = is the condition that the line a should touch the conic tt; ahd (" ^j — ^ ^ 

the condition that the intersection of the lines a, /3 should be on the conic. In like 

manner for four variables the vanishing off j,f ^)i{ o ) respectively, are the 

conditions that a plane should touch, that the intersection of two planes should touch, 
and that the intersection of three planes should be on, the quadric u. The equation then 

f "^^1 = expresses that the polar plane of a point passes through one or other 

of the two points where the line a/3 meets the quadric But points having this 
property lie only on the tangent planes at these two points. The transformation, 

therefore, that we have given for I \\ expresses the equation of the tangent planes 

at the points where a/3 meets the quadric, and the transformation for f j gives the 
equation of the tangent cone where a meets the quadric, 

Ex. 17. Find the value of a determinant of the form 

a, 1, 0, 0, 
-1, h, 1, 0,0 
0, - 1, €, 1, 
0, 0, - 1, rf, 1 
I 0, 0, 0, - 1, « 
Determinants in which all the constituents vanish except those in the principal 
diagonal and the two bordering minor diagonals, have been studied by Mr«.Muir 
under the name of continuants {Proceedings of the Royal Soc.j Edinb,, 1878—4). The 
above determinant may be written in the abbreviated form (a, h, c, J, e) ,* and taking 
out the constituents in the first row (as in Art. 16), the value of the deteraiinant is 
seen to be a (6, c, d^ e) + (c, (f, 6). In this way we can easily form the serifla of 
values of continuants of two, three, d:c. rows, viz. 

oi + 1, abc + c + o, abed + cd + ad ■\- ab + l, ' 

abcde + oic + abe + ade + cdi6 + a + c + e, Ac. 



MULTIPLICATIOK OF DETERMINANTS. 
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The rnle of fonnation is, take the prodnct dbcde of all the constitnenta, and omit from 
it in every possible way the pairs of consecntiye literal constita^its. Thus, in the 
last case, the omitted pairs are dcj cd, be, ah, {be, de), {ab, de), {ab, cd), 

Detenninanta of the class here described occur in the theory of continued frac- 
tions; for it is obvious that the successive approximations to the value of the 

contijiued fraction <> + 7-7 — r , Ac, axe 

{a,b) (a, b, c) (a, b, 0, d) 

Ex. 18. Find the number of terms in a continuant of the n*** order. From the 
equation {a, b, e, <f, e) = a (5, c,d,e) + {c, d, e), it is obvious that if (n) be the namber 
xequiied, we have the relation (n) = (n — 1) + (n — 2) ; and that therefore for the 
orders 1, 2, 3, 4c., we have the series of numbers 1, 2, 3, 6, 8, 13, die.; and generally 

if -j —-* V = ii» + Bm ^(5), the number required \sAn-¥ J5». 



LESSON III. 



MULTIPLICATION OF DETERMINANTS. 

22. The product of two determinants may be at once 
written down as a determinant whose order is the sum of 
their orders. For instance, the product of {afi^^ [^J^%i^ ^^7 
be written down 



a. 



«8) » 







h.s J., , 



'1) 

0, 



'«) 







'ij 



^) 





a. 



0, 0, ^„ ^,, ^. 
0, 0, 7,, 7,, 7, , 

as is evident on expanding the last written determinant. (See 
also post Art 32). We shall now shew that the product 
of two determinants may be written down as a determinant 
whose order does not exceed the highest of the two. 

The product of two determinants of the same order w the 
determinant whose constituents are the sums of the products of the 
constituents in any row of one by the corresponding constituents 
in any row of the other. 
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rs 



^8 



For example, the product of the determinants {ajbji^ and 
(aA7s) w 

a,a, + & A + c,7i, «ia« + *A + c,7«, «,a. + *A + ^i7« 
«A + ^A + ^a7„ «A+*A + ^«7,i «A + *A + c,7, 

«8«i + *8^l+^87„ a3«^ + *8^, + ^87^, «S«8+^8'3; + «37, 

The proofs which we shall give for this particular case will 
apply equally in general. Since the constituents of the deter- 
minant just written are each the sum of three terms, the de- 
terminant can (by Art. 19) be resolved into the sum of the 27 
determinants, obtained by taking any one partial column of the 
first, second, and third columns. We need not write down the 
whole 27, but give two or three specimen terms : 



a,a„ a,a,, a^^ 

«8«i) ^a«2) ^a«8 

^8«l) ^8^8? ^8«8 



«!«!» *,^8? ^iT 

a,a„ J^, c,7. 



«,«!> ^i7,? \^^ 
«3«1» ^«78i KS], 



8 



8 



+ &c. 



a„ a„ o, 




«1? *0 ^t 




«,» ^I) *I 


a„ a,, a. 


+ « A7s 


«8» K ^2 


+ «i7 A 


«»? ^8? *8 


«8) «8» «8 




«85 *8) ^8 




«81 S? h 



a3a„ 53/3,, C37, 

Now it will be observed that in all these determinants each 
column has a common factor, which (Art. 15) may be taken out 
as a multiplier of the entire determinant. The specimen terms 
already given may therefore be written in the form 



CtjWjvXj 



Sut the first of these determinants vanishes, since two columns 
are the same; the second is the determinant [ajbji^] and the 
third (Art. 13) is = — {afi^c^. In like manner, every other 
partial determinant will vanish which has two columns the 
same ; and it will be found that every determinant which does 
not vanish will be [afi^c^^ while the factors which multiply it 
will be the elements of the determinant {ol^^^* 

It would have been equally possible to break up the deter* 
minant into a series of terms, every one of which would have 
been the determinant {a^^y^) multiplied by one of the elements 
of (a^&3C3). 

The theorem of this article is applicable to the multiplicatiou 
of determinants of different orders, because it has been shewn 
(Art. 17) that we can always write that of the lower order 
as one of the same order with the higher, / 



r 
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23. On account of the importance of this theorem, we give 
another proof, founded on our first definition of a determinant. 

The determinant which we examined in the last Article is 
the result of elimination between the equations 

(a,a, + 5,^j + c,7j a;+ (a,a,+ i,/S,+ c,7a)y + («A+ ^A 

{«s«i + h^i + ^3%) «+ («»««+ *A+ ^87jy + («»a8+ *a^8+ ^87.) «=0. 

Now if we write 

7i« + 7,y + 78« = -2; 

the three preceding equations may be written 

a,X+J,r+c,Z=0, 
a3Z+ 6,7+ 03^=0, 

from which, eliminating X, Y, Z, we see at once that {afi^c^ 
must be a factor in the result. But also a system of values of 
Xj y^ z can be found to satisfy the three given equations, provided 
a system can be found to satisfy simultaneously the equations 
X=0, F=0, Z=0. Hence (a^l3^y^) = 0j which is the con- 
dition that the latter should be possible, is also a factor in the 
result. And since we can see without difficulty that the degree 
of the result in the coefficients is exactly the same as that of the 
product of these quantities, the result is [afi^c^) {a^^^y^* 

So in general the product of any number of determinants 
may be expressed as a determinant whose order does not exceed 
the highest of the orders of the given determinants, and whose 
elements are rational functions of the elements of the given 
determinants. 

It appears from the present Article that the theorem con- 
cerning the multiplication of determinants can be expressed in 
the following form, in which we shall frequently employ it: 
J[fa system of equations 

a,X+J,r+c,Z=:0, a^X+b^Y-{^c^Z^O^ a^X-^-b^Y+c^Z^O 



\ 
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be transformed by the substitutions 

then the determinant of the transformed system will be equal to 
(^A^s) '^^ determinant of the original system^ multiplied by 
(^i^s^s)} ^^ich we shall call the modulus of transformation. 

24. The theorems of the last Articles may be extended as 
follows : We might have two sets of coustitnents, the number 
of rows being different from the number of columns; for 
example 



«a» *s) ^2 



and from these we could form, in the same manner as in the last 
Articles, the determinant 

«i«2 + *A+^i78) «A + *A + ^27s 
whose value we purpose to Investigate. 

NoW| first, let the number of columns be greater than the 
number of rows, as in the example just written, so that each 
constituent of the new determinant is the sum of a number of 
terms greater than the number of rows ; then proceeding, as in 
Art. 22, the value of the determinant is 



«1«») «««! 



a.OL % a a 



+ «S:c. 



. = (^c.) (/3.r.)'+ («.«.) (T.fiO + («A) {«A)- 

That is to say, the new determinant is the sum of the products of 
every possible determinant which can be formed out of the one set 
of constituents by the corresponding determinant formed out of the 
'other set of constituents. 

25. But in the second place, let the number of rows exceed 
the number of columns. Thus, from the two sets of <x>n-> 
stituents. 



«l> *I 




a,i A 


«.» \ 




«,, /3, 


«.» h 




«„ P, 
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let us form the determiDant 

«A + *A? ^a«8 + *a^s) «3«8 + *8^8 

Then when we proceed to break this up into partial determinants 
in the manner already explained, it will be found impossible to 
form any partial determinant which shall not have two . columns 
the same. The determinant^ therefore^ will vanish identically. Or 
this may be seen immediately by adding a column of cyphers to 
each matrix and then multiplying, when we get the determinant 
last written as the product of two factors each equal zero. 

26. A useful particular case of Art. 22 is, that the square of 
d determinant is a symmetrical determinant (see Art. 10). Thus 
the square of {afi^c^ is 

< +V +c,% «,«, + * A + c,c,, «i«8+^*8 + ^A 

«I«8+*A+^A> «2«S + ^*8 + V85 < +V +^3* 

Again, it appears by Art. 24, that the sum of the squares of the 
determinants (JjCj)* + [cfl^^ + (^i^J* is the determinant 

a^ + J/ + c^ , afl^ + h)>^ + CjCj 

Ex. 1. If O], 5|, Ci ; Oj, 62, Cj be the direction-cosines of two lines in space, and 9 
fheir inclination to each other, cos 6 = OjO, + bjli^ + e^c^ \ and the identity last proved 
gives sin« = {b^e^"^ + (CjOj)* + (aiAj)'. 

Ex. 2. In tlie theory of equations it is important to express the product of the 
squares of the dijOEerences of the roots; now the product of the differences of n 
quantities has been expressed as a determinant (Ex. 5, p. 14), and if we form the 
square of Uiis determinant we obtain 



»2> 



«« 



•*il+l 






where Sp denotes the sum of the^)^'* powers of the quantities a, /3, <bc. 



Ex. 3. In like manner it is proved; by Art. 2i, that the determinant 

*1> *2 



= £(a-/3)«, 



'W 'u *2 



= Z(^-y)«(y-a)«(a-/3)«. 
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We thus fonn a eeries of determinants, the last of which is the product of the 
sqnaies of the differences of a, j3, &c. ; all similar determinants beyond this vanish 
identically by Art. 25. This series of determinants is of great importance in the 
theory of algebraic equations. 

Ex. 4. If there be any n quantities a, /S, y, Ac, and a like number a\ ^^ y\ Aq,, 
the product may be formed 



o", ra'^\ Jr (r - 1) o'-*...l 



1 - o', o** ...(- ay 



(a - «')', (a - O', (« - y')' ... 



when if the number n > r + 1 each side yanishes; otherwise as each determinant of 
the first matrix contains as factors every difference of the first quantities, and each of 
the second every difference of the second set, the resulting determinant is divisible by 
the product of both continued products of differences. 

Ex. 5. Various well-known identities may be established by the method of 
Art. 25. Thus it is easily seen that 



cos a, sin a 
cos/3, 6in/3 
cosy, siny 



coso, sina 
cos^ sinj3 
cosy, siny 



gives 



similarly 

cos a, sina 
C06j3, sin/3 
cosy, siny 



1, cos (/3 — a), cos (y — o) 

cos(o-/3), 1, cos(y-^) 

cos (« - r)i cos (/3 - y), 1 



= 0, 



sina', cos a' 



sin/3^, cos/3' 
siny', cosy' 



= 0. 



sin(o + a*), sin (/3 + a*), sin (y + a*) 
sin(a + /3'), sin(^ + ^, sm(y+^ 
sin(a + y'), sin(/3 + y'), Bin(y + yO 

' If a conic break up into two lines (aa; + fy-\- yz), {a*x + ^tf + yz\ we find, 
equating coefficients, 

2a, 2A, 2^ 
2A, 26, 2/ 
25^, 2/, 2o 



a, a' 




a', a 




/3, i3' 




/S", ^ 


= 


yi y' 




y. y 





= (cf. Ccnicsy Art. 77). 



If a biquadratic be of the form (a» + /3)* + (o'a; + /S*)*, by similarly identifying 



tot 



ap, a'/3 
/3», ^« 





a«, o'2 




a, *, tf 




a)3, a'/S' 


Z2 


ft, c, d 




^, /3'2 




Cf df e 



= 0. 



Ex. 6. In like manner, from Art. 24, the two methods of writing 



a, bf c 
a', y, c' 



c —2h, a 
d - W, a' 



2 (ac - 62) ac* + o'c - V)h* 
ae' + a'<J - 2W, 2 (a'c' - 6'2) 



= 2 (ftc') (aft') - (ca')^ + 2 (oft*) (ftc'), 
give the identity 

4 (oc - ft«) (a'c* - ft'2) - (atf* + a'tf - 2ftft')« = 4 (ftc*) (oft') - (pay. 
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Again, 
Of bf C) d 
a\ 6', e'i d' 



a* + i» + c« + (P, aa' + bh'^c<f + dd' 
aa'+ by +cc'+ dd^, o'* + d'^ + c'« + d'^ 



= {b(f)^+(€ay + (aby 
+ {acr)^ + [bd^^+(cd')^; 



but 



(6c0 (ad') + (ca') (*<f ) + (o^O (ccf) = 



acf — a'df a, a' 

6<?' - b'd, b, b* = 0, 

cd' — c'd, c, c* 
hence the right side may be written 

{(icO + {ad')Y + {{ca') + (W)}' + {(«*') + (<^^))'i 
and the identity exhibits the product 

(a2 + *2 + tf« + <P) (a'« + 6'2 + £J^ + d'«), 

as the sum of four squares, a theorem due to Euler. 

Ex. 7. The relation among six distances from a point along a line to points which 
form an involution is that the determinant 

1, a, + Cj, a,02 
1, bi + b^ b^bj 
1, Cj + C4, c,<?, 
may vanish. (Conies, Note, p. 310). 

Multiplying this by y«, — y, I 

(oj - Oj) (a? - a,), (y - %) (y - Oj), («-o,) (e-Oj) 
we get (»- *,) («- 6,), (y- W (y- J2)» («- *i) («- ^2) 

(a- <Ji) (»- Cj), (y- <Ji) (y- <?a), (a- cj («- c^) 

by taking the values a^ for a;, bi for y, C| for z, this reduces to 

0, .(*i - a,) (*i - Oa), (Ci - a,) (c, - %) 

(oi - *,) (a, - 62), 0, (<;, - bi) (ci - *,) 

(oi - Ci) («! - <^2)i {*i - <?i) {*i - ^2)1 

= (*i - Ci) (ci - Ci) (ai - *i) {(fli - y (*, - C2) (ci - a^) + (a, - 6j) (ftj - ^^i) (<?« - «i)}< 

whence the original determinant is expressed as the sum of the last two products^ 
or aa 

0| tfj - hi Ci - «2 

(jj - a,, *! - C2, 

Ex. 8. Let the origin be taken at the centre of the circle dicumscribing a triangle^ 
whose radius is Ji ; and let Jf be the area of the triangle, then 



2MIi = 






and - 2MJi = 



^\ y", - i2 



Multiply these determinants according to the rule, and the fust term a:^ + y'' ~ JS* 
vanishes; the second x'x" + i/y" - B? ^ - i {(a/ - a;")* + (y* - y")^} = - ^c«, where 
c is a side of the triangle. Hence then 

0, c2, ft2 
c«, 0, a2 
J«, o«, 



--Of«iP = -i 



aftc 



= - ia«6V, 



whence iJ = ^, m is well known. 



£ 
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Ex. 9. The same process may be used to find an expression for the radioft of the 
sphere cirenmscribing a tetrahedron. Starting with the expression for the Tolnme 
of the tetrahedron 



6F = 



x\ ff, z\ 1 



^% y", 2^\ 1 
a/-, f\ x'", 1 
a:% y"-, z'% 1 

We find, as before, MLa^d\ h^e^ c,/are pairs of opposite edges of the tetrahedron 

0, c«, *«, cP 

^, «', /*, 
whence itad+be + cf=2Si by Ex. 13, p. 16, we find 

361PV* = S{8-ad){8--be)(8-c/). 

Ex. 10. The above proofs by Mr. Bnmside were suggested by the following proof 
by Joachimsthal of an expression for the area of a triangle inscribed in an ellipse. 
Multiply the equations 





^ ^ 1 
a' b' ^ 




*' y' 1 




2Jf 

ttb ~ 


«" y" 1 


:23f 

' ab ~ 


a'" y" 1 

r» i' "^ 






x"' y'" , 






• 


is a s 


ymmetrical d( 


;terminant, o\ 


f which the lead 


in 







— + Ij- — 1, fanlsh when the points x't/^ x"f/', x"'%(" are on the curve, while the 

other terms are _ +?^- 1, Ac. Now it can easHy be proved that if y be • 
dde of the triangle, and b"* the parallel semi-diameter, 

5'"2- a* "*" 6« ~ V a* 6« ;* 



Thus we have 



-4-— =-4 



± £. 

6"2» fr'2' " 






Ex. 11. The following investigation of the relation connecting the mutual distances 
of four points on a circle (or five points on a sphere) was given by Prof. CSayley (Cam' 
h'idge and Dublin Mathematical Journal^ vol. ll., p. 270). 

Substitute the coordinates of each point in the general equation of a circle 

a? + y^- 2Ax - 2JBy + C= 0, 
and eliminate A^ B, C, when we get a determinant with four rows such as 

x'^ + y^, -2x\ -2y', 1. 
Multiply this by the determinant (which only differs by a numerical factor from tha 
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preceding) whose four rows are such as 1, x\ tf, x'^ + jf^, and the first term of the 
product determinant vanishes, the second being (a;' — x'y + (y* — y")*» ^^ *^®^ *^o 
square of the distance between two of the points be (12)^, the product determinant is 

0, (12)^ (13)«, (14)« 

(21)^ 0, (23)*, (24)'^ 

(31)«, (32)^ 0, (34)« 

(41)^ (42)«, (43)« =0, 

which is the relation required. As has .been abreadj seen, this determinant expanded 
gives the well-known relation (12) (34) ± (13) (24) + (14) (23) = 0. The relation 
connecting five points on a sphere is the corresponding determinant with five rows. 

Ex. 12. To find a relation connecting the mutual distances of three points on a line, 
four points on a plane, or five points in space. We prefix a unit and cyphers to the 
two determinants which we multiplied in the last example, thus 



1, 0, 0, 

a.'2 + y^, _ 2aj', - 2^^, 1 
Ac. 



0, 0, 0, \ 

1, a:*, y', «'« + y» 



We have now got five rows and only four columns, therefore the product formed, as 
in Art. 25, will vanish identicallj. But this is the determinant 

0, 1, 1, 1, 1 

1, 0, (12)^ (13)', (14)« 
1, (21)«, 0, (23)«, (24)' 
1, (31)', (32)', 0, (34)' 
1, (41)', (42)', (43)', =0, 

which is the relation required. If we erase the outside row and column, we have the 
relation connecting three points on a line ; and if we add another row, 1, (61)', (52)', &a, 
and symmetrical column, we get the relation connecting the mutual distances of 
five points in space. We might proceed to calculate these determinants by subtracting 
the second column from each of those succeeding, and then the first row from those 
snoceeding, when we get 

2 (12)', (12)' + (13)' - (23)', (12)' + (14)' - (24)' 

(12)' + (13)' - (23)', 2 (13)', (13)' + (14)' - (34)' 

(12)' + (14)' - (24)', (13)' + (14)' - (34)', 2 (14)' = 0. 

Now the determinants might have been obtained directly in this reduced but less 
symmetrical form by taking the origin at the point (1), and forming, as in Art. 25, 
with the constituents aft/, a/y, &c,, the determinant which vanishes identically, 

»'« + y^, ^x" + yy ', a^a^" + x{x{" 

x'x" + yY> «"* + y"*! »"«'" + y V 
^^" + yy ", a;' V" + y'y ", a:"" + y"". 

which it will readily be seen is equivalent to that last written. 

Ex. 13. To find the relation connecting the arcs which join four points on a sphere. 
Take the origin at the centre of the sphere, and form with the direction-cosines of 
the radii vectorea to each point, cos a', cos /3', cos y' ; cos a", &c., a determinant which 
vanishes identically, this will be 

1, cos ad, cos ac, cos ac2 
cosia, 1, cosdc, coAhd 
ooaeOf cosed, 1, cos^c2 
ooB^fo, oosiid, cose^, 1 = 0» 
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If we Bubstitate for each cosine, coaahyl — ^— -j- + &c., and then suppose r the radios 

of the sphere to be in&iite, we derive from the determinant of this article the relation 
of last article connecting four points on a plane. 



Ex. 14. If (X) = 



, calculate <p (X) . ^ (— X). The new 



a-X, hf fff 
A| * - ^» /» 

determinant is one of like form with X' instead of X, the first line being 
A — X*, Hf Gf &c., where 

F = ffh-\-/{b + c)y G = hf+g(c + a), Ja:=fg + h (a + b), 

and the expanded determinant equated to cypher gives X« — Lk* + 3fX* - JV= 0, where 

i = o« + fi« + tf« + 2 (/« +5r2 + A«), 

M = {b€ -/2)« + {ca - g^y + (a* - A«)« + 2 {of- gKf + 2 (i$r - hjy + 2 {ch --/gf, 

land N is the square of ^ original determinant with X in it = ; L, M, N are then 
all essentially positive quantities. In like manner if </> (X) be formed similarly from 
any symmetrical determinant, </> (X) <p (— X) equated to nothing, gives an equation for 
X', whose signs are alternately positive and negative, which therefore, by Des Cartes'a 
rule, cannot have a negative root. The above constitutes Sylvester's proof that 
the roots of the equation <^ (X) = are all real. It is evident, fiom what has been 
just said, that no root can be of the form j3 4(r 1)} and in order to see that no root 
can be of the form o + /3 J(— 1), it is only necessary to write a — a^a't b — a = b', 
9 — a^c% when the case is reduced to the preceding. 
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27. We have seen (Art. 16) that the minors of any deter- 
minant are connected with the corresponding constituents by 
the relation 

a^A^ + a^A^ + a^A^ + &c. = A, 

and these minors are connected with the other constitaents by 
the identical relations 

i,^, + i,^, + J3^3H-&c. = 0, 
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For Since the determinant is equal to a^A^ + %A^ 4 &c., and since 
-4,, -4j, &c. do not contain a^, a^, &c., therefore b^A^-\-\A^-\- &c. 
is what the determinant would become if we were to make in it 
a^ = J^, ttj = Jjj, &c. ; but the determinant would then have two 
columns identical, and would therefore vanish (Art. 14). 

28. From the above can be deduced useful identical equations 
connecting the products of determinants formed with the same 
constituents. Thus writing down the two identical equations 
(Art. 3) 

a ( Jc') + h (caO + c [aV) = 0, 

a' {he') + V {ca') 4 c' {aV) = ; 

multiplying the first by d\ the second by d] and, subtracting, 
we have 

{ad") [he') 4 [bd') {ca') 4 {cd') [aV) = 0. 

Similarly from the three equations 

a {he'd;')"}) {cd'ol')^c {dolV')-d (a5'O = 0, 
cl [he'd!') - V [cd'a!') 4 (/ [da'V) - df (aiV) = 0, 
a" [hc'df') - V {cd^a'') 4 c" {da'b'') - d'' [aVc'') = 0, 

multiplying these respectively by (6^"), (e'y), (e/"), and adding, 
we deduce the identity 

[oeT') [he'd!') - {he'D {cd!c[') 4 (ce'/'O (da'J'O - Wf) (aiV0=O ; 

and so on. 

29. We can now briefly write the solutioa of a system of 
linear equations 

a^x^-h^ 4 c^z 4 &c. = f, 

a^x + bj/-\- c^z 4 &c. = 7jj 

a^ 4 Jgy 4 c^ 4 &c. = f, &c., 

for, multiply the first by -4^, the second by -4^, &c., and add, 
the coefficients of y, «, &c. will vanish identically, while the 
coefficient of a ' will be a^ud, 4 ^a-^^ 4 &c., which is the deter- 
minant formed out of the coefficients on the left-hand side of 
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ffae equatioD, which we shall call A. Thus we get 

Ay = 5,1 4 5.17 + 5.?+ &c., 
A2J = (7,f + (7,17 + (7,C+ &c., &c. 

30. The reciprocal of a given determinant is the determinant 
whose constituents are the minors corresponding to each con- 
stituent of the given one. Thus the reciprocal of (a,&^cj is 

A. A, c, 
A, A. 0, 
A. A. c, 

where A^^ 5,, &c., have the meanings already explained. If we 
call this reciprocal A', and multiply it by the original deter- 
minant A, by the rule of Art. 22, we get 

But (Art. 27) a^A^ + J,5, + c, (7, = A, a,^, + 5,5, + c, (7, = 0, &c. 
This determinant, therefore, reduces to 

A, 0, 

0, A, = A". 

0, 0, A 

Hence {a^ {A.B^O,) = {afi,c,y ; therefore {A^B^C,) = K^J'. 
And in general, A'A = A*" ; therefore A' = A* 



n-i 



31. If we take the second system of equations in Art. 29, 

and solve these back again for ^, 97, &c., in terms of Ao;, Ay, &c., 

we get 

A'f = a, Ajb + bjAy + c,A« + &c., 

where a,, b,, c, are the minors of the reciprocal determinant. 
But these values for ^, 97, ^, &c., must be identical with the ex- 
pressions originally given ; hence, remembering that A' = A*"*, 
we get, by comparison of coefficients, 

a. = A-a., b. = A-»J„ c, = A-c., &c., 
which express, in terms of the original coefficients, the first 
minors of the reciprocal determinant. 



\ 
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32, We have seen that, consideriDg any one column a of a 
determinant, every element contains as a factor a constituent 
from that column, and therefore the determinant can be written 
in the form 2a^p. In like manner, considering any two 
columns a, b of the determinant, it can be written in the form 
^{apbg)Ap^^j where the sum 2{apbg) is intended to express all 
possible determinants which can be formed by taking two rows 
of the given two columns. 

For every element of the determinant contains as factors a 
constituent from the column a, and another from the column b ; 
and any term OpbgCrds^ &c., must, by the rule of signs, be accom- 
panied by another, — a^bpCrdgj &c. Hence we see that the form 
of the determinant is 2 {apbg) Ap g ; and, by the same reasoning 
as in Art. 16, we see that the multiplier Ap g is the minor formed 
by omitting the two rows and columns in which Op, bg occur. 

In like manner, considering any p columns of the determi- 
nant, it can be expressed as the sum of all possible determinants 
that can be formed by taking any p rows of the selected 
columns, and multiplying the minor formed with them, by the 
complemental minor ; that is to say, the minor formed by erasing 
these rows and columns. For example, 

+ KO(^i^A) - (^A) M8«5) + {«A)M80 + K^J Ma) 

The sign of each term in the above is determined without diffi- 
culty by the rule of signs (Art. 8). 

It is evident, as in Art. 27, that if we write in the above a 
c for every 5, the sum S [a^c^ (^a^i^s) "^"^^ vanish identically, 
since it is what the determinant would become if the c column 
were equal to the b column. 

33. The theorem of Art. 31 may be extended as follows: 
Any minor of the order p which can be formed out of the inverse 
constituents A^^ B^^ &c, is equal to the complementary of the cor-' 
responding minor of the original determinant^ multiplied by the 
[p "" ^)"* power of that determinant. 
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For example, in the case where the original determinant is 
of the fifth order, 

The method in which the general theorem is proved will be 
sufficiently understood from the proof of this example. We 
have 

Therefore 

AB^x - AAjf = M,5J f + {A,B;) ?+ (^,5J a> + {A^B^j v. 

But we can get another expression for x in terms of the same 
five quantities y, f , f, a>, v. For, consider the original equations, 

f = a,a: + J^y + c^z + d^w + 6,t*, 
and eliminate z^ w^ u, we get 

(«M«5)»+ (^M03^= Ma) f- Ms^i) ?+ Mi«a) «*- MsO ^ ; 

and since [aiC^d^e^] is by definition = B^^ comparing these equa- 
tions with the former, we find {A^B^) = A [c^d^e^^ &c., Q.E.D. 

Ex. 1. If a determinant yanish, its minors A^, A^, &Q , are respectively proportional 
to B,, ^2, Ac. For we have just proved that A^B^ — A^B^ — AC, where C is the 
second minor obtained by suppressing the first two rows and columns. If then 
/V = 0, we have A^^ i A^ : i B^ i B^ &c. 

Ex. 2. A particular example of the above, which is of frequent occurrence, is 
obtained by applying these principles to the determinant considered, Ex. 16, p. 17. We 

thus find, using the notation of that example (j rlj — (z) = ^ (" «) J (^ee Surfaces^ 
Art. 80); 

Ex. 3. As in Art. 32, the determinant {ajt^^d^ may be written 
(0,62) {c^d^ + (ajJa) {c^ii^ + (ai*4) {c^^ + (0,^4) {c^ + («A) {^M + Wa) MJ. 

Ex. 4. If six arbitrary quantities p, ^, r, «, j, u be assumed, and we denote by {fib) 
the quantity 
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Bimilarlj letting {cd)=zp {e^ + q (c,d,) + r {e^d^^ + 9 (tfjrfj + t {e^^ + u {e^d^\ Ac., 
with like meaninga for six BQch functions, then it is easily seen by the identical 
yanishing of gronps, as in Ait, 82, when the form in Ex. 3 is written with two 
or more sofGbces the same, that 

{be) (ad) + {ea) {bd) + {ab) (ed) = (ps + (ft -^ ru) {ajb^M' 

Bee Sur/aceSf Art. 57e. 

Ex. 5. The homographic relation between two sets of fonr quantities a, /9, y, d 
and a% /S', 7', i* is found &om the relation of a one-one correspondence between 
them, vis. Aaa' + £a + Ca' + D = 0, d(C. (CanieSf Art. 381) in the form of the 
Taaishing of the determinant 



€ta 



o, a', 1 



^a', a, a*, i 

Calculating this by Ex. 3, it is found 

= 08'-yO(a'-iO(^y + «^)+(y'-a')(^-^(y« + W + (a'-/3')(y'-d')(a^ + y«), 
but this is evidently 

/37 + ad, 1, /^y' + a'3' 

yo + /3a, 1, yV + /3'a' 

a/3 + ya, 1, a'/r + y'a' 

and since (^-y*) (a'-^O + (/-«') 08'-^ + (a'-/30 (y'- = 0, 
thejdeterminant may also be written with the following abbreyiations 

^=03-y)(«-a), 5=(y-a)(i3-a), C = (« -^) (y - a), 
^'=03'-y')(a'-a'), ^=(y'-«')08'-a'), C"= (a'-^ (y'- ^ 
in any of the forms J?'C- BC = C'il - (74' = A*B - 45'. 

This leads to the expansion of the involution determinant (Esl 7, p. 26) when 
i-sza'f a' = a, in the form there given among others. 



= 2 sin 6 sin (<r + 0) 



C0BV|, 008 o>i, 1 
008'a„ 0089^,, 1 
C0SV„ 008 Or„ 1 J 



Ex.6. 

on a sin (a + 0), sin a, sin (a + 6), 1 

8in/3 sin 03 + 0), sin /3, sin (/3 + 0), 1 

siny Bin(y + 0), siny, sin(y + 0), 1 

I sina sin(a + 0), sin a, sin (a + 0), 1 

i 16sin 0sin («r+0)sinj (^-y)8inj (y- a) sini (a-/8)8inHa-a) sinJ03-a) sini(y-a), 

f 3 is easily seen by applying Ex. 8, coupling first and fourth columns and second and 
chird, and introducing the abbreviations 

;,5or = o + /3+y + a, 2<ri = o + /3-y-a, 2<r, = o-/3 + y-a, 2or, = a-/3-y + a, 
Ex. 7. The theorem of Art. 83 may be established otherwise as follows. Let 



•11 fto ••• *» 



= ^, then 



Zfj, L^ ...Zn 



= A«-1 



is by Art. 30 the determinant of the reciprocal, or, as Cauchy called it, the adjoint 
system. 

F 
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Now we have the following forma for the product 



jBj, ...Bn 



A = 



0, Z>2t Xj, ,,.Ijn 



OlJ^l, Bn 



= «.A-«; 



whence a factor ^ can be removed. Similarly the product 



C|, ••.C|| 



A» = 



6|, 6, 



QiB-^+a^B^ hiBi+ifBf, B^ Bn 
aiC,+ flr,C» 



from which the common factor A^ can be removed. And in like manner generaDy 
for a minor of order ^. 



LESSON V. 



SYMMETRICAL AND SKEW SYMMETRICAL DETERMINANTS. 

34. In this lesson it is convenient to employ the double 
suffix notation, and to write the constituents a„, a,„ &c. ; and 
we, therefore, begin by expressing in this notation some of the 
results already obtained. We denote the constituents of the 
reciprocal determinant by a„, a,,, &c., where, If a^t be any con- 
stituent of the original, Ort is the minor obtained by erasing the 
row and column which contain that constituent. The equations 
of Art. 27 may then be written 

^rfln +a^a^ +«r,a„ +&c. = A, — 

a,fl^^ + a^a,'^ + a^a,., + &c. = 0, 
or more briefly 2,a„a„= A, S,a„a^, = ; that is to say, the 
of the products a„a/, (where we give every value to s i 
1 to n) is = 0, when r and / are diflferent, and = A when r = 
Since any constituent a^ enters into the determinant onb 
the first degree, it is obvious that the factor a„, which multip 
it, is the differential coefficient of the determinant taken w 
respect to a^.; similarly, that the second minor (Art. 32), whici 
multiplies the product of two constituents a^,, a^, is the secont 
differential coefficient of the determinant taken with respect t( 
these two constituents, &c. 



a: 

i 



■J 

\ 



v^ 



Uf Vf V) 




«, r, to 


«l» ^17 ^l 


—7 


«ll Vi, Wi 


«2» »« ^2 




«,, »|, tD, 
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If any^ of the coqstituents be fanctions of any variable a?, 
the entire differential of the determinant, with regard to that 

variable, is evidently a,j -^^ + a„ -t^'4 &c., and may be written 

down as the sum of n determinants in each of which one row 
(or column) only, differs from that in the original determinant 
by having the constituents of the latter differentiated. 

Ex. If Uif Vi, Ac. denote the first difEereatials of Uf v, dw. with respect to a; ; t<s) v^ 
the Becond differentiala^ Ac^ pioye 

dx 

The differential is the stun of the nine prodacts of the differential of each term by the 
minor obtained by sappreasing that term, 

(ttiitti + Oij«i + aijWi) + (ojitt2 + OjatJj + a^to^) + (ojitig + a„i;, + o„w,). 
Bat the first three terms denote the result of changing in the given determinant the 
first row into Ui, V}, tOj, and therefore vanish; the second three terms vanish as 
denoting the result of changing the second row into «2, «^ to^ ; and there only 
remain the last three terms which denote the result of changing the last row into 
•f, v^ to,. The same proof evidently applies to the similar determinant of the 
n*^ order formed with n fonctiona. 

35. The ' determinant is said to be symmetrical (Art. 10) 
when every two conjugate constituents are equal {a„ = 0* ^^ 
this case it is to be observed, that the corresponding minors will 
also be equal (a„ = a^); for it easily appears that the deter- 
minant got by suppressing the r^ row and the s*^ column differs 
only by an interchange of rows for columns from that got by 
snppresfflng the s*^ row and the r*^ column. It appears from 
the last article, that if any constituent a„ were given as any 

^f. fimction of its conjugate a„, the differential coefficient of the 

doterminant, with regard to a„, would be a„ + a,^ -r^ . In 

present case then, where a„ = a^^ a„ = a^, the differential 

cient of the determinant, with regard to a„, is 2a„. The 

ntial coefficient, however, with respect to one of the con- 

ents in the leading diagonal a„ remains as before a^, since 

a term has no conjugate distinct from itself. 

36. If, as before, a„ denote the first minor of any deter- 
ant answering to any constituent a„, and if /8^ denote the 
; minor of the determinant a„ answering to any constituent 
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a^, which will, of coarse, be a second minor of the original 
determinant, then this last may be written 

where we are to give i every value except r, and k every valae 
except a. For, any element of the determinant which does not 
contain the constituent a„ must contain some other constituent 
from the r^ row, and some other from the s*^ column ; that is to 
say, must contain a product such as a^a^, where % and k are 
two numbers different from r and s respectively. But as we 
have already seen, the aggregate of all the terms which multiply 
a„ is oe„ ; and the coefficient of a^j,a^ (by Art. 32) differs only 
in sign from that of a^a^ ; that is to say, differs only in sign 
from the coefficient of a^ in a^ Therefore --fifk i^ ^^^ value 
of the coefficient in question. 

Thus then if we have calculated a symmetric determinant 
of the n — 1** order, we can see what additional terms occur 
in the determinant of the n*^ order. Let A be the determinant, 
D that obtained by suppressing the outside row and column, 
I3„ any minor of the latter, and we have 

where r is supposed to be different from «, and every value is 
to be given to r and s from 1 to n — 1. 

Again, we have occasion often, as at p. 17, to deal with 
determinants such as 
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obtained by bordering a symmetric determinant horizontally 
and vertically with the same constituents. This is in fact a 
symmetric determinant of the order one higher, the last term 
vanishing, and is 

- KK + «a V + «»sV + 2a„\\ + 2a,.\\, + 2a„\\}, 
or generally - 2,ouV " 22„a„W. 

37. If any symmetric determinant vanishes^ the same deter" 
minant bordered as in the last article is^ with sign changed if 
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need fe, a perfect square^ when considered as a function of 
X,, \, \, cfec. We saw (Art. 33, Ex. I) that when the deter- 
minant vanishes oi^fl^^o?^^^ &c., whence it is evident that 
^11^9 &c. must have all the same sign, and we have generally 
aw = ±V(fl^rO- Further, since it was shewn in the same ex- 
ample that when a determinant vanishes, the constituents of the 
reciprocal determinant in the second row are proportional to 
those in the first, it follows that the signs to be given to the 
radicals are not all arbitrary. If, for instance, in the above 

we write «,, = + VKiOja)) «»='+ VCajiO? ^^^ ^® *^ forced 
to give the positive sign also to the square root in a^ = *J[ol^ol^* 
Substituting, then, these values in the result of the last 
article, it becomes, if o^^, &c. be positive, the negative 
square, 

- {\ v(«..) + \ v(o + \ v(o + &c.}*, 

and if a^^, &c. be negative the determinant is a positive square* 

What has been just proved may be stated a little difierently. 
We may consider the bordered determinant as the original de- 
terminant ; of which, that obtained by suppressing the row and 
column containing \ is a first minor, and 0,3 obtained by sup- 
pressing the next outside row and column is a second minor. 
And what we have proved with respect to any symmetrical 
determinant wanting the last term a„^, is, that if the first minor 
obtained by erasing the outside row and column vanish, then 
the- determinant itself and the second minor, similarly obtained, 
must have opposite signs. And this will be equally true if a^^ 
does not vanish. For in the expansion of the determinant, a^ 
is multiplied by the first minor, which vanishes by hypothesis, 
and therefore the presence or absence of a^ does not affect the 
truth of the result. 

33. A skew symmetric determinant is one in which each 
constituent is equal to its conjugate with its sign changed. 
Constituents a^ in the leading diagonal, being each its own 
conjugate, must in this case vanish ; otherwise each could not 
be equal to itself with sign changed. 

A skew symmetrical determinant of odd degree vanishes. For 
if wo multiply each row by — 1 ; in other words, if we change 
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the sign of every term, it is easy to see that we get the 
same result as if we were to read the colamns of the original 
determinant as rows, and vice versa. Thus, then, a skew 
symmetrical determinant is not altered when >maltiplied by 
(-1)"; and, therefore, when n is odd, such a determinant mnst 
vanish. 

It is easy to see that the minor a^ differs by the sign of 
each constituent from the minor a^ and therefore a^=(— l)""*a^ 
Hence a„ = OLr$ when n is odd, and is equal with contrary 
sign when n is even. a„ is itself a skew symmetric deter- 
minant, and therefore vanishes when the original determinant 
is of even degree. 

The differential coefficient of the determinant, with regard 

to any constituent a^, being a„ + a^ tt ^ «f« ~ «.r- When 
therefore n is even it is = 2a„ and when n is odd it vanishes. 

39. Every skew symmetrical determinant of even degree is 
a perfect square. (Prof. Cay ley). 

It was shewn (Art. 36) that any determinant is 

= aa "^ a a 8 » 

and in the present case a^ vanishes, as does also a^, which is 
a skew symmetric of odd degree. On this account therefore 
we have, as in Art. 37, I3l*„ — Prr0mi ^nd therefore, exactly as 
in that article, the determinant is shown to be 

K. V(^„) + a.. V(^J + a^ V(^J + &c.}». 
The determinant is therefore a perfect square if /8„, /3^ are 
perfect squares, but these are skew symmetries of the order 
n — 2. Hence the theorem of this article is true for deter- 
minants of order n if true for those of order n — 2, and so on. 
But it is evidently true for the determinant of the second order 
0, a 



IS 



, which is == a\^. Hence it is generally true. 



40. We have seen that the square root of the determinant 
contains one term ««.i,« V(i8„.i^,.J, where /8^.i,,., contains no 
constituent with either of the suffixes n ~ 1 or n. But takmg 
any two of the remaining suffixes, such as n - 3, n -2, we see that 
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V(^„.,,^t) contains a term a,..,,., V(7„.,.„ J, where 7,-.,,^ con- 
tains none of the four suffixes, of ^hich account has already 
been taken. Proceeding in this manner we see that the square 
root will be the sum of a number of terms such as a,„a^a^....a_, ; 
each of which is the product of ^n constituents^ and in which 
no suffix is repeated. The form, however, obtained in the last 

article a,^ V(/8n) ± <*9« V{/8m) + ^^' ^^^ ^^^ show what sign is 
to be affixed to each term. Thus if the method of the last 
article be applied to the skew symmetric of the fourth order, 
its square root appears to be «,8«84 ± a,a«,4 ± a,4aj, ; but it 
has not been shown which signs we are to choose. This, 
however, will appear from the following considerations : When 
in the given determinant we interchange any two suffixes 
1, 2, since this amounts to a transposition of the first and 
second row, and also of the first and second column, the 
determinant is not altered. Its square root then must be a 
function, such that if we interchange any two suffixes it will 
remain unaltered, or at most change sign. But that it will 
change sign is evident on considering any term a„a^, &c 
which, if we interchange the suffixes 1 and 2, becomes a^^a^^ 
&c.; that is to say, changes sign, since a,, = — a,,. It follows 
then, in the particular example just considered, that the signs 

of the terms are a^^a^ — «,8«m + ^1*^28 ? ^^^ ^^ ^^ S^^^ ^^^ second 
term a positive sign, the interchange of 2 and 3, which alters, 
the sign of the last term, would leave the first two unchanged. 
And generally the rule is, that the square root is the sum of 
all possible terms derived from «„«s4« ••«„.,, n ^7 interchange of 
the suffixes 2, 3, >..n, where, as in determinants, we change sign 
with every permutation. But it is possible, and the better 
course is, to effect the interchanges in such manner that the 
signs shall be each of them + ; thus, in the particular example, 
the expression may be written a„«,4 + (^^^43 + ^1 A«- 

Ex. 1. To write out the skew symmetrical determinant of the sixth order. 
Piloting by (1234) the expression jnst given with all signs positive for the square 
TOot of that of the fourth order, if we proceed always in the same cyclical order we 
write down the expressions (3456), (4562), (6623), (6234), (2345), and the expression 
required is the square of the sum of the fifteen terms contained in 

a„ (8466) + fli, (4662) +a,4 (6623) + «„ (6^34) + a^ (2346). 
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Ex. 2. If the constituents of a symmetrical determinant be each increased by 
k times the corresponding constitnents of a skew symmetrical, the determinant 
BO formed when expanded contains only CTen powers of k. For, altering k to 
— k does not change its ralne. 

For instance (see Surfaces, Art. 80c) we may write 

a, h — kZf ff + ky, I — ka 

h + kz, b, f— kXf m^kfi 

9 - % /+ *«> ^1 n-ky 

I +kaf m+kfi, n + ity, d. 
The same proof shews that if conjugate constituents of a determinant beimaginary 
quantities, the yalue of the determinant is real. 

Ex. 3. The square of any determinant of even order may be written as a skew 
symmetrical determinant. For instance, calculate the product 






«i» <hi «» «4 

*1» *2» *W *4 
^1» **» ^8» ^4 
^li ^ ^t ^4 






and it is found to be of the skew symmetrical form. Or, again, for any multipliers 
Pf 9t ^t h *t ^i ^^^1^°^ ^® determinant product of 



0, -r, q,^8 

r, 0, -p, -< 

-gr, p, 0, -tt 

f, t, u, 



«D «» ««» «4 

bij b^ 6„ 6^ 

^V ^» ^» ^^4 

^'ll <t <^» ^'^ 



and multiply it by 



the product may be written 



«i> «» «» «4 

*1» *J» *» *4 
<^1» <^> <^ f^4 

, (o^), (otf), {ad) 
(6a), , (6c), {bd) 
(ca), (eb), , {ed) 



{da), {db), {dc), 
in the notation of Ex. 4, Art. 33. Since {ab) = — {ba) &c., we hare thus prored 

{{be) {ad) + {ea) {bd) + (oi) {ed)}^ = (p# + jt + «♦)« {ajf^^\ 
which was otherwise seen in that Example. 

41. We can reduce to the calculation of skew symmetric 
determinants the calculation of what Prof. Cayley calls a skew 
determinant, in which, though the conjugate terms are equal 
with opposite signs, a-^ = — a^,., yet the leading terms a,,., a^^, &c. 
do not vanish. We shall suppose, for simplicity, that these 
leading terms all have a common value \. We prefix the 
following lemma : If in any determinant we denote by D the 
result of making all the leading terms =0, by Di what the 
minor corresponding to an becomes when the leading terms are 
all made = 0, by jD,.^ what the second minor corresponding to 
^iflkk becomes when the leading terms vanish, &c., then the 



SKEW DETERMINANTS. 41 

given determinant, Expanded as far as the leading constitnents 
are concerned, is 

where, in the first sum t has any value from 1 to rt, in the second 
sum t, h are any binary combinations of these numbers, &c. 

For, the part of the determinant which botitains no leading 
xonstituent is evidently D ; the terms which contain an are anAu^ 
where A^^ is the corresponding minor, hence the terms which 
contain a^,. and no other leading constituents are got by making 
the leading constituents =0 in A^-] and so foir the other terms. 

42. If this lemma be applied to the case of the skew deter- 
minant defined in the last article, all the terms 2>«-, i>,.^, &c. 
are skew symmetric determinants ; of which, those of odd order 
vanish, while those of even order are perfect squares. The 
term a^,a,,-*-a.. is X*, and the determinant is 

A = X" + X"^SZ>^ + X*^S2)^ + &c., 

where i?,, 2>^, &c. denote skew symmetrical determinants of the 
second, fourth, &c. orders formed from the original in the 
manner explained in the last article. 



Ez.1. 






I where d^i = " Oisf ^^ 



is = \» + \ (a,2« + ai,« + a»«). 
2. The similar skew detenninaiit of the fourth order expanded is 
^* + ^' (««• + «u* + «m' + a»* + «»' + «»**) + («iz«i4 + ffi»a« + «i4«a>'- 

43. Prof. Cayley (Crelle^ vol. xxxii., p. 119) has applied 
the theory of skew determinants to that of orthogonal substitu- 
tions, of which we shall here give some account. It is known 
(see Surfaces^ p. 10) that when we transform from one set 
of three rectangular axes to another, if a, i, c, &c. be the 
direction-cosines of the new axes, and if 

that we have X" + r"+Z" = a;* + 2^* + a*, 

whence a' + a'^-f o"* = l, &c., aJ + a'i' + a"J" = 0, &c.; 
that also we have 

a 
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and that we have the determinant formed bjr 

a^hjC] a', y, c' ; &c. = ± It 

It is also nseful (in studying the theory of rotation for example) 
instead of using nine quantities a, &, c, &c. connected by six 
relations, to express all in terms of three independent variables. 
Now all this may be generalized as follows: If we have a 
function of any number of variables, it can be transformed by 
a linear substitution by writing 

and the substitution is called orthogonal if we have 

aj« + 2^« + «« + &c.«Z' + r" + Z«-f&c., 

which implies the equations 

a„" + a,/ + &c. = 1, a^fij^ + a^^a^ + &c. = 0, &c. 

Thus the n' quantities a„, &c. are connected by ^n (n + 1) re- 
lations, land there are only ^n [n — 1) of them independent. 
We have then conversely 

X= a^^x -h a^^y + a^^z + &c., Y= a^^x + a^ + a^z + &c., &c., 

equations which are immediately verified by substituting on the 
right-hand side of the equations for a?, y, «, &c. their values. 
And hence, the equation X* + F* + &c. = (B'-f-y* + &c. gives us 
the new system of relations 

^11* + ^ja* + &c. = 1 , a^fl^^ + a^jx^ + &c. = 0. 

Lastly, forming by the ordinary rule for multiplication of 
determinants, the square of the determinant formed with the n" 
quantities a,j, &c., each constituent of the square vanishes except 
the leading constituents, which are each = 1. The value of the 
square is therefore = 1. Thus the theorems which we know to 
be true in the case of determinants of the third order are gene- 
rally true, and it only remains to shew how to express the n* 
quantities in terms of \n [n - 1) independent quantities. This 
we shall effect by a method employed by M. Hermite for the 
more general problem of the transformation of a quadric 
function into itself. See his paper 'Remarques, &c./ Comb. 
and Dub. Math. Jour.^ vol. IX. (1854), p. 63. 
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44. Let us suppose that we have a skew determinant of the 
(n - 1)*^ order, 5„, i,„ &c. where b^ = - 6^,., and J„ = J^ = J^. = 1 J 
and let us suppose that we form with these constituents the 
two different sets of linear substitutions, 

» = *iif + Kn + hj+ &c., X= bj + J„i; + J,,? + &c., 

y = *2if + Kv + &«?+ &c., r= bJ + &„i7 + 63,?+ &c, 

« = ^tf + M + ^8,?+ &c., Z = bJ + 5„i; + 5,3?+ &c., 

from adding which equations we have, in virtue of the given 
relations between b^^^ &„, &c., 

aj + Z=2f, y + F'=2i7, &c. 

If now the first set of equations be solved for |, 17, &c. in terms 
of x^j &c., we find, by Art. 29, 

Af = fi^^x + ff^y + ^„« + &c., A17 = ^„aj + fi^ + &c. 

(where ^8^,, ^8^,, &c. are minors of the determinant in question} ; 
and putting for 2|, a; + X, &c., these equations give 

AZ= (2/3,, - A) a? + 2/3„y + 2fi^,z + &c., 

A r= 2/3,,aj + (2/3„ - A) y + 2/3^« +&c., &C., 

which express X, F, &c. in terms of Xj y, &c. But if we had 
solyed from the second set of equations for f , 97, &c. in terms 
of X and F, &c. we should have found 

Af = /3,,X+ i8„ r+ ^8,3^+ &c., Ai; = fi,,X+ /3„ F-f /3..Z+ &c., 

whence, as before, 

Ax = (2/3„ - A) X+ 2/3,3 ^+ 2/3,.^+ &c.. 
Ay « 2/3„Z+ (2/S„ - A) r+ 2^83,^+ &c. 

Thus, then, if we write 

2At-A ^ 2;3,,-A _ .2/3s._^ ?^*^^ 

we haye a;, y, &c. connected with X, F, &c. by the relations 

X = a^^X + a^ F+ &c., y = a3,X+ a,, F+ &c., &c., 

X^a^^x +a^ +&C., Y=a^^x + a^ +&c., &c. 

We tAve then x^ y, &c., X,«'F, &c. connected by an orthogonal 
rabstitation, for if we substitute in the value of x the values 
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of X^ Yj &c. given by the second set of eqaatioi)s, in order that 
our results may be coi^sistent, we must have 

Thus then we have seen that taking arbitrarily the ^n (n - 1) 
quantities, 5,,, i,,, &c., we are able to express in terms of these 
the coefficients of a general orthogonal transformation of the 
w** order. 

Ex. 1. To form an orthogonal transformation of the eeoond order. Write 

A= 1, X 

-X, 1 =1 + X«, 

then /9ii = /S^ =1, ^^ = ^ fin = — \ <^^ ^^ tranafprmation is 

(1 + X«) aj = (1 - X«j X + 2Xr, (1 + X«) JP = (1 - X«) a; - 2Xy, 
(1 + X«) y = - 2XX+ (1 - X«) F, (1 + X«) 7= 2X« + (1 - X«) y. 

Ex. 2. To f prm an orthogonal transformatio^ of the third order. Write 
Then the constitnents of the reciprocal system are 

1 + X«, V + Xfi, -ft + Xir 
— 1/ + X/i, 1 + ft*, X + /uf 
ft + Xjr, — X + /«^ ! + »• 

consequently the opefficients of the orthogonal sabstitation hence depyed are 
l + \«-^t-i^, 2{ii + Xai), 2(X<?-m)i 

2(Xai-v), l + M«-X«-y», 2(Aar + X), 
2(Xv + /ii), 2(/wi-X), l + y«-X«-^«, 

where each term is to be divided by 1 + X« + fi« + ^i*.* 

45. Jt is easy to see that for a symmet^cal determinant of the 
orders 1, 2, 3, 4 the number of distinct terms is »], 2, 5, 17 
respectively, and the question thus arises what is the number 
of distinct terms in a symmetrical determinant of the order n. 
This number has been calculated as follows by Professor Cayley : 



=:l + X« + fi« + ,r». 



* The geometric meaning of these coefl^cients may be stated as follows : Write 
X = a tan ^6, /x = d tan ^d, v — c tan ^0, then the new axes may be derived from the 
old by rotating the system through an angle 6 romid an axis whose direction-cosinefl 
are a, b, e. The theory of orthogonal substitutions was first inyestigated by Enler 
{Nov. Comm. Petrop., vol. XV., p. 76, and vol. XX., p. 217), who gave formula for the 
transformation as far as the fourth order. The quantities X, fi, i|^ in the case of the 
third order, were introduced by Bodrigues, Liouville, voL ▼., p. 405. The general 
theoiy, explained above, connecting linear transformations if^th ske^ determinants, 
was given by Cayley, CrelU^ voL xxxii., p. 119, 
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45 



Consider a partially Bjmmetrlcal determinant represented (see 

Art 11] hj the notation 

<ia 

hb 

cc 

where in general fg—gf^ but all the letters /?, ?) ••• ^re distinct 
from all the letters f'^ ^^ ...so that these letters give rise to no 
equalities of conjugate terms ; say, if in the bicolumn there are 
tn rows aa^ hb^ ... and n rows pp\ q<^^ ••• this is a determinant 
{m^ n] ; and in the case n=0, a symmetrical determinant. And let 
4> (m^ n) be the number of distinct terms in a determinant (m, n)« 
Consider ^r«^ a determinant for which n is not 0, for instance 

Ih boj 6bj bp\ b^ 

pp' p^i v\ pp% pi 

then qa^ qbj qp\ q<^ are distinct from each other and from every 
other constituent of the determinant, and the whole determinant 
is (disregarding signs) the sum of these each multiplied into a 
minor determinant ; the minors which multiply qa^ qb are each 
of the form (1, 2) ; those which multiply qp'^ qg[ are each of the 
form (2, 1] ; and we thus obtain 

* (2, 2) = 2* (1,2) + 2^ (2,1), 

imd so in general 

^ («i, n) =s m^ {rn — 1, w) + n^ (wi, n — 1), 

whence in particular 

^(7/1, l) = m^(«i— 1, l) + ^(«i, 0). 

I^ext, if n = 0, let us take for instance the symmetrical de- 

termUiant 

aa , s: oa, oi, oc, ad 

bb baj bbj &c, bd 

cc ca^ cbj cc^ cd 

dd da^ dbj dc^ dd 
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We bare here terms ninltiplied hj dd; ad.da^ bd.dbj cd.de ^ 
and hj the pairs of equal terms ad.iRf'\'hd.dajad.dc'\'cd.da^ 
bd^dc-^cd.dbj the other factors beiDg in the three cases minors 
of the forms (3, 0), (2, 0), and (1, 1; respecUTelj ; thus we have 

* (4, O; = 0(3,O) + 3^(2,O) +3^(1,1), 

and so In general 

^ («t, 0) « ^ (m - 1 , 0) + (m - 1 ) ^ (« - 2, 0) 

+ i(m-l)(iii-2)^(m.3,l), 

which last equation combined with the foregoing 

^{m, l)=wi<^(m-l, l) + ^(m, 0) 

giyes the means of calculating (m, 0), ^ (m, 1) ; and then the 
general equation 4> (m, n) = wi^ («i — 1, n) + n^ (m, n — 1) gives 
the remaining quantities (m, n). 
It is easy to derive the equation 

2^(»i, 0)-^ (w-1, 0)-(w-l) ^(m-2, 0)= ^ (m-l, 0) 

+ (m-l) 4> («i-2, 0) 

+(m-l)(m-2) <^(«i-3, 0) 

+ 

4- (m-l) •..3.2.1 ^(0,0). 

And hence, using the method of generating functions, and 
assuming 

« - * (0, 0) + ? ^ (1, 0) + ^2 * (2, 0)...+ j-^ i> («., 0) +..., 

du u 
we find at once 2-5 — u — aw = , 

dX 1 — (B 

that is 2 — = ( 1 + a; -{■- J dx. 

u \ 1 - a;/ ' 

or, integrating and determining the constant, so that for x=^0 
u shall become b i^ we have 



V(l-aj)' ^ 

whence ^ (m, 0), the number of terms in a eymmetrlcal deter- 
minant of the order m, is 

B 1 ,2...m coefficient of a;"* in 



V(l - X) • 



NUMB£K OF TERMS. 47 

The nnmerical calculation by this formula is, however, somewhat 
complicated; and it is practically earner to use the equations 
of differences directly. We thus obtain not only the values of 
^ (^9 ^)) ^^^ ^^^ series of values 

* (0, 0), 
.^(1,0), 1^(0,1), 
^(2,0), 1^(1,1), ^(0,2), 
4> (3, 0), &C., 
which are found to be 

2, 2, 2, 

5, 6, 6, 6, 

17, 23, 24, 24, 24, 

73, 109, 118, 120, 120, 120, 

388, 618, 690, 714, 720, 720, 720, 

&c., &c., 

as is easily verified. But as regards ^(m, 0) we may, by 
writing the equation in u under the slightly different form 

obtain from it the new equaticm of differences 

^ (wi, 0) =7n^ («i- 1, 0) - 4 (w- 1) («i-2) <^ (m- 3, 0), 

and the process of calculation is then very easy. Starting 
from the values ^ (1, 0) = 1, ^ (2, 0) =2, which imply ^ (0, 0) = 1, 
we have • 

wi = l, 1 = 1. 1 

= 2, 2 = 2. 1 

= 3, 5 = 3. 2- 1.1, 

= 4, 17 = 4. 5- 3.1, 

= 5, 73 = 5.17- 6.2, 

= 6, 388 = 6.73-10.5, 

» ' &c., &c. 



f 4% 
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id. Iv WO add the qnantitj X to each of the leading terms 
of a symmetrical determinant, and eqnate the resolt to 0, we 
have an e/{uati(m of considerable importance in analysis.* We 
have alroaily given one proof (Sylrester^s) that the roots of 
this equation are all real (Ex. 14, p. 28), and we purpose in 
this lieiMon to give another proof by Borchardt (see Idouville^ 
vol* Xir. p. SO), chiefly because the principles involved in this 
proof are wortli knowing for their own sake. First, however, 
wo may remark that a simple proof may be obtamed by the 
application of a principle proved in Art. 37. Take the de- 
tonniuant 

o„ + X, a,., a,3, &c. 

and form (W>m it a minor, as in Art. 37, by eramng the ontmde 
lino and colunm ; form from this again another minor by the 
«MMiio ndO| and so on. Wo thus have a series of functions 
of X) who«o dogr«C8 n^gularly diminish from the n'^ to the 1" ; 
and wi^ may tak« any positive constant to complete the aeries. 
NoW| if wt^ suWtituto successively in this aeries any two values 
\^' X^ and o\uint in ^Nich case the variations of agn, as in Storm's 
ttHHMr^^m^ it is ^smt to see that the difierenoe in the niimber of 
variati\vn$ cannot exc^N^d the number of noots of the equation 
\\f tK<t n"^ dit'^irv^^^ whicli lie betwe^oi the two assomed Taloea 
\^f \« TkU appi^an at once fnun what was proved in Ait. 37, 
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that if \ be taken so as to make any of these minors vanish , 
the two adjacent functions in the series will have opposite signs. 
It follows, then, precisely as in the proof of Sturm's theorem, 
that if we diminish \ regularly from + oo to - oo , when \ 
passes through a root of any of these minors, the number of 
variations in the series will not be affected ; and that a change 
in the number of variations can only take place when X passes 
through a root of the first equation, namely, that in which X 
enters in the n'* degree. The total number of variations, there- 
fore, cannot exceed the number of real roots of this equation. 

But, obviously, in all these functions the sign of the highest 
power of X is positive ; hence, when we substitute + oo , we get 
no variation ; when we substitute — oo , the terms become 
alternately positive and negative, and we get n variations; 
the equation we are discussing must, therefore, have n real 
roots. It is easy to see, in like manner, that the roots of each 
function of the series are all real, and that the roots of each 
are interposed as limits between the roots of the function next 
above it in the series. 

47. It will be perceived that in the preceding Article we 
have substituted, for the functions of Sturm's theorem, another 
series of functions possessing the same fundamental property, 
viz. that when one vanishes, the two adjacent to it have 
opposite signs. Borchardt's proof, however, which we now 
proceed to give, depends on a direct application of Sturm's 
theorem. 

The first principle which it will be necessary to use is a 
theorem given by Sylvester [Philosophical Magazine^ December, 
1839), that the several functions in Sturm's series, expressed 
in terms of the roots of the given equation, differ only by 
positive square multipliers from the following. The first two 
(namely, the function itself and the first derived fianction) are, 
of course, [x — a) (as — /8) [x — 7) &c., S (a? — ^8) (a; — 7) &c. ; and 
the remaining ones are 

2(a-i8)*(aj-7)(aj-S)&c.;S(a-/3n/3-7)'(7--a)'(a:-S)&c.,&c., 

where we take the product of any k factors of the given 

H 
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eqnation, and mnitipljing by the product of the sqtiares of 
the differences of all the roots not contained in these fitctors, 
form the corresponding symmetric function. We commence 
by proving this theorem.* 

48. In the first place, let V be the function, V its first 
derived function, iZ^, iZ,, &c., the series of Sturm's remainders ; 
then it is easy to see that any one of them can be expressed 
in the form AV-BU. For, from the fundamental equations 

we have 

and so on. We have then in generalf -B* = -4 F— JB17, where, 
since all the Q's are of the first degree in a;, it is easy to see 
that A is of the degree A;- 1, and B of the degree Aj — 2, while 
B^ is of the degree n — k. 

But this property would suffice to determine JB„ B^ &c., 
directly. Thus, if in the equation B^ = Q^ F— 17, we assrnme 
Q, = ao? 4- &, where a and b are unknown constants, the condition 
that the coefficients of the highest two powers of x on the right- 
hand side of the equation must vanish (since B^ is only of the 
degree n - 2] is sufficient to determine a and &• And so in 



* I suppose that Sylvester must have originally divined the fonn of thesis 
functions from the characteristic property of Sturm's functionSi v&. that if the 
equation has two eqaal roots a = /3, every one of them must become divisible by 
X — a. Consequently, if we express any one of these functions hb the sum of a 
number of products {x — a) {x — /3) Ac, every product which doe6 not include either 
X— a or x — fi must be divisible by (a — /S)* j and it is evident in this way that 
the theorem ought to be true. The method of verification here employed does not 
differ essentially from Sturm's proof, Liouville^ vol. vii. p. 356, 

•f The theory of continued fractions, which we are virtually applying here, shews 
that if we have Rk = JttV — BtUj Ek+i = ^*+iK— Bk+iUj then AtBt+i — Ah^^Big is 
constant and =1. In fact, since i?fc+, = QjeRk — Rk-n we have 

-Ak+i = QkAk - ^jt-i, Bk^x = QkBk - Bk^i, 

whence AkBk^ i - Akn^k = Ak-^Bk - AkBk-u 

and by taking the values in the first two equations above, namely, wheie k = 2 
and A; = 3, we see that the constant value = 1. 



general, if in tHe function AV- BU we write for A the moat 
general function of the (A - 1)"^ degree containing k constants, 
and for B the most general function of the {k -* 2)^ degree con<- 
taining k — l constants, we appear to have in all 2h — l constants 
at onr disposal, and have in reality one less, since one of the 
coefficients may by division be made ^1.* We have then just 
constants enough to be able to make the first 2k —2 terms of 
the equation vanish, or to reduce it from the degree n + A — 2 
to the degree n — A. The problem, then, to form a function of 
the degree n — k^ and expressible in the form AV—BUj where 
A and B are of the degrees A;- 1, i — 2, is perfectly definite, 
and admits but of one solution. If, then, we have ascertained 
that any function B^ is expressible in the form A V— BU^ where 
A and B are of the right degree, we can infer that R^ must be 
identical with the corresponding Sturm^s remainder, or at least 
only differ from it by a constant multipliei;. It is in this way 
that we shall identify with Sturm's rejiainders the expressions 
in terms of the roots. Art. 47. 

49. Let us now, to fix the ideas, take any one of these 
functions, suppose 

S(a-/3j«()8-.7)»(7^a)'(x-S)(x-e)&c., 

and we shall prove that it is of the form AV-^BU^ where A 
is of the second degree, and B of the first in x. Now we can 
immediately see what we are to assume for the form of ^, by 
making a; = a on both sides of the equation. The right-hand 
side of the equation will then become 

^ (a-i8) (a - 7) (a- S) (a- e) &c., 

since U vanishes ; and the left-hand side will become 

2(a-i8)-(;3-7r(7-ar(a-8)(«-eJ Ac- 
It follows, then, that the supposition x == a must reduce A to the 
form 2(/8-7)"(a-;8)(a-7), and it is at once suggested that 
we ought to take for A the symmetric function 

S(/3-7)'(a;-/3)(a;-7). 



* Jost as the six oonatants in the most general equation of a conic are only 
eqnnralent to five independent constants, and only enable ns to make the cottq 
utiafj five oonditjonn. 
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And in like manner, in the general case, we are to take for A 
the symmetric function of the product of A; — 1 factors of the 
original equation multiplied by the product of the squares of the 
differences of all the roots which enter into these factors. It 
will not be necessary to our purpose actually to determine the 
coefficients in J?, which we shall therefore leave in its most 
general form. Let us then write down 

S(a-/3)«(/3-7)»(7-a)»(«^S)&c, = S(a-/3)«(aj-a)(aj-/3) 
X 2;(a:- jS) {x - y) &c. + (ax+ b) (a?- a) (»- /8) &c, 

which we are to prove is an identical equation. Now, since an 
equation of the p** degree can only have p roots, if such an 
equation is satisfied by more than p values of a;, it must be an 
identical equation, or one in which the coefficients of the several 
powers of x separately vanish. But the equation we have 
written down is satisfied for each of the n values x=a^ ^~P^ &c., 
no matter what the values of a and h may be. And if we sub- 
stitute any other two values of x^ then, by solving for a and b 
from the equations so obtained, we can determine a and by so 
that the equation may be satisfied for these two values. It is, 
therefore, satisfied for n + 2 values of a;, and since it is only an 
equation of the (w + 1)** degree, it must be an identical equation. 
And the corresponding equation in general, which is of the 
degree n + A;— 1, is satisfied immediately for any of the n values 
a; = a, &c. ; while B being of the degree & — 1 we can determine 
the h constants which occur in its general expression, so that 
the equation may be satisfied for k other values ; the equation 
is, therefore, an identical equation. 

60. We have now proved that the functions written in 
Art. 48 being of the form AV--BU 2lvq either identical with 
Sturm's remainders, or only differ from them by constant factors. 
It remains to find out the value of these factors, which is an 
essential matter, since it is on the signs of the functions that 
everything turns. Calling Sturm's remainders, as before, 
R^y R^, &c., let Sylvester's forms (Art. 47) be jP,, 2;, &c., then 
we have proved that the latter are of the form T^'=\R^^ 
Tg = ^3^3, &c., and we want to determine X,, \^ &c. We can 
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at once determine \ by comparing the coefficients of the 
highest powers of y? on both sides of the identity T^^A^V—B^U] 
for oj* does not occur in T,, while in V the coefficient of x*'^ is w, 
and the coefficient of x is abo n in A^^ which = 2 (a; — a) ; hence 
B^ = n^. But the equation T^ = A^V—B^U must be identical 
with the equation B^ = Q^ F— U multiplied by \ ; we have, 
therefore, \ = n\ 

To determine in general X^ it is to be observed that since 
any equation T^^^A^V—B^U is \ times the corresponding 
equation for i2^, and since in the latter case it was proved 
(note, Art, 48) that -4^B^^j — -4^^^Bj= 1, the corresponding 
quantity for T^, T^^^ must = X^X^^j. Now from the equations 

we have 

A^,T, - A,T^^ = (^ Ai " ^^^B,) Z7= W,^ U. 

Comparing the coefficients of the highest powers of x on 
both sides of the equation, and observing that the highest power 
does not occur in Aj,Tj^^^ we have the product of the leading 
coefficients of Aj^^ and T* = Xi\+i« But if we write 

S (a - ^Y = p„ 2 (a - /3)' (a - 7)" (-8 - 7)' =P^^ &c., 

we have, on inspection of the values in Arts. 47, 49, the 
leading coefficient in T.^—p^^ in T^^p^^ &c., and in -4, = n, in 
A=i>«>J» ^4=A)&c- Hence 
P^^'^W^ ?.*= W) P4 - Wj &c-> whence X,^^, X, = ^, &C. 

The important matter, then, is that these coefficients are all 
positive squares, and therefore, as in using Sturm's theorem 
we are only concerned with the signs of the functions, we may 
omit them altogether. 

51. When we want to know the total number of imaginary 
roots of an equation, it is well known that we are only con- 
cerned with the coefficients of the highest powers of x in 
Sturm's functions, there being as many pairs of imaginary roots 
as there are variations in the signs of these leading terms. 
And since the signs of the leading terms of 7,, T^^ &c. are the 
tame as those of ^,, jB„ &c., it follows that an equation has as 
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many pairs of imaginary roots as there are variations In the 
series of signs of 1, n, 2 (a - ;3/, 2 (a - iS/ {0 - yY (y - a)% &c 
This theorem may be stated in a different form by means of 
Ex. 3, Art. 26, and we learn that an equation has as many pairs 
of imaginary roots as there are variations in the signs of the 
series of determinants 
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the last in the series being the discriminant ; and the condition 
that the roots of an equation should be all real is simply that 
every one of these determinants should be positive. 

52. We return now, from this digression on Sturm's theorem, 
to Borchardt's proof, of which we commenced to g^ve an 
account, Art. 47; and it is evident that in order to apply 
the test just obtained, to prove the reality of the roots of the 
equation got by expanding the determinant of Art. 46, It will 
be first necessary to form the sums of the powers of the roots of 
that equation. For the sake of brevity, we confine our proof 
to the determinant of the third order, it being understood that 
precisely the same process applies in general; and, for con- 
venience, we change the sign of X, which will not affect the 
question as to the reality of its values. Then It appears Im- 
mediately, on expanding the determinant, that «, = a„ + ^» + ^m 
since the determinant Is of the form X* - X* (a„ + «„ + «„) + &c 
And in the general case «, Is equal to the sum of the leading 
constituents. We can calculate s^ as follows : The determinant 
may be supposed to have been derived by eliminating x^ y^ z 
between the equations 

'Kx^a^^X'\-a^^y-\ra^z^ ^^y^a^^x^^a^y^-a^z^ \z=a^^x+a^y'\'a^z. 

Multiply each of these equations by X, and substitute on the 
right-hand side for Xa;, Xy, Xz their values, thus we get 

XV=KAi+«««,,+««'»,>+(««"+««+««3*)y+K«s.+^^ 
X»«=(a,,a„+a„a„+a„aJ«+(a,,a„+a„a„+a,3aJy+(a„»4a3,'+a„«)«^ 



borchardt's investigation. 
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from these elimiDatiDg x^ y^ 0, we have a determinant of form 
exactly similar to that which we are discassing, and which 
may be written 



K--^^ 



\\1 






18 



28 



*«-^' 



31' *^89» 

Then, of course in like manner, 

*. = *n H- ^« + *«8 = < + < + ^88' + ^< + ^< + 2(7,,'- 

The same process, applies in general and enables us from s^ to 
compute 8,^^. Thus suppose we have got the system of equations 

Va?=€/,,a;+rf,^+rf,g2?, TsFy^d^^x^-d^^d^^ >»''«=^8i^+^88y+^88^j 

from which we could deduce, as above, s^, = d^^ + ^m + ^88 5 *^®" 
multiplying both sides by X, and substituting for Xo;, &c. their 
values, we get 

^'^y = (^2i«,i + ^«^» + ^28^18) « + (4«« + ^««« + ^88« J y 

>^'*'« = (^8l«„ + ^a8«,i + ^38^19) « + (^8,«« -♦• ^.,«« + ^83«m) y 

+ (^«l«8t + ^82^88 + ^88« J «> 

whence *^, = d^^a^^ + J^a„ + ^'33^33 + 2rf„a„ + 2rf^a^ 4- 2^3,03,. 

53. We shall now shew, by the help of these values for 
8^ &c , that each of the determinants at the end of Art. 51 
can be expressed as the sum of a number of squares, and 
is therefore essentially positive.* Thus write down the set of 
constituents 

1, 1, 1, 0, 0, 0, 0, 0, 

^11 J ^M) ^88J ^88? ^81 J ^19? ^MJ ^8l) ^H 



then it is easv to see that 



*0» *l 
*1J *8 



is the determinant formed 



'^ M. Knmmer first found out by actnal trial that the discriminant of the cnbic 
which determines the axes of a surface of the second degree is resolvable into a sum 
of squares. (Crelle, yol. XXYi., p. 268). The general theory given here is due, as 
we have said, to Borchardt. 
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from this, by the method of Art. 24, which expresses it as 
the sum of all possible squares of determinants which can be 
formed by taking any two of the nine columns written above. 



The determinant 



^01 *1 



is thus seen to be resolvable into the 



sum of the squares 

K - « J" + («M - « J* + («8s - «,i)* + 6 [a J 4 a3,« 4 a,,*), 
and is therefore essentially positive. Again, if we write down 

1, 1, 1, 0, 0, 0, 0, 0, 

^n) ^M» ^88? ^28? ^8lJ ^t8» ^88? ^8lJ ^12 



Kj *M» *88» *28» *81? *1S» *28» ^Sl^ 



19 



where i,,, &c. have the meaning already explained, it will be 



easily seen from the values we have found that 
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is the 



determinant which, in like manner, is equal to the sum of the 
squares of all possible determinants which can be formed out of 
the above matrix. And similarly in general. 
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54. We assume the reader to be acquainted with the theory 
of the symmetric functions of roots of equations as usually given 
in works on the Theory of Equations. Thus, we suppose him 
to be acquainted with Newton's formulee for calculating the sums 
of the powers of the roots of the equation 

a" -i>,a:"*' 4 p^oT^ -i>3«"'' + &c. = 0, 
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whence «,=;>„ «,=/>,• -2p„ «,=i>,'-3^,/>, + 3p3, &c., 
and with the formuhe 

laT^y^ = «^,«, - 8^^8^ - 5^,^, - 5^,,^^ + 25^^,,, &c. 

We can thus calculate Sa'^/S', &c. first in terms of the sums «„ «,, 
&c.y and ultimately in terms of the coefiScients^^, />„ &c.* 

Ex. We can get detenninant expressions for the sums of powers in terms of 
the coefficients, or vice versd, by solring, as in Art. 29, the system of linear equationa 
above written, for «{, s^ Am;., or^i, p^, &c. Thus we haye 
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55. It Is more natural to start from the equations 
2a=;?„ 2a^=jP2, 2a^7=^3, &c., 



* This process is a very bad one, in fact if it were employed thionghoiit, we 
should hare for instance to calculate £a/3y, that is p, from the formula 

eZafiy- #i» = pi* 

- 8#i«, - 8p, (pi« - 2pt) 

+ 2», +2(pi»-8p,p, + %>,) 

= 6p» 
but the prooesB introduces terms pi* and piPf each of a higher order than p^ 
(reckoning tiie order of each coefficient as unity) with numerical coefficients which 
destroy each other. And so again £a'/3 would be calculated from the formula 

-H - CPi* - ^PiPz + 8P») 

= P1P2 - ^P» 
but there is hero also a term pi* of a higher order, with iramerical coefficienta 
which destroy each other. And the order in which the several expressions are 
derived, the one from the other is a non-natural one; «, is required for the 
detennination of £a*/3, whereas it is properly £a^/3 which leads to the value of $^ 

I 
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and tbence derive tbe sets of equations 

/..• =2a*+ 220/9, 

/>, = 2a^7i 

;>,^,= 2a'3 4 320^87, 

/>,» =2a*+32a'/8 + 62a)S7; 
we thus have 1 equation to give 2a; 2 equations to give 
2a5 and 2a' ; 3 equations to give 2a^7, 2a*)8, 2a*, and so on. 
And taking, for instance, the third set of equations, the first 
equation gives 20^87, the second then gives 2a*)8, and the third 
then gives 2a' ; thus 

20/87= ft, 

2a'^=ftp,-3ft, 

2o» =p/ -3 {ftp. -3ft) -6ft, 
=i'.' -3ftft +3ft. 
The process for the formation of the successive sets of equations 
is further explained and developed in Prof. Cayley's " Memoir 
on the Symmetric Functions of the Boots of an Equation," 
Phil. Trans., vol. CXLVii, (1857), and the original and inverse 
sets of equations, for equations up to the order 10, are therein 
exhibited in the form of tables (see Appendix). 

56. If we have any homogeneous function of the coefficients 
Pij ft* &c., we shall use the word order of that function, in 
the usual sense, to denote the number of factors of which 
each term consists. Thus, if any term were ft'ft'ft*, the order 
of the function would be r + A + ^. If the function be not 
homogeneous, the order of the function is as usual regulated 
by the order of the highest term. By the weight of a function 
we shall understand the sum of the suffixes attached to each 
factor. Thus, if any term were ft*]p,5?j*, the weight of the 
function would be r + 2« + 3« ; or, again, if any term were 
PrP,Pn this term would be of the third order, while its weight 
would be r + 5 + <. In the case of every function, with which we 
shall bo concerned, the weight will be the same for every term. 
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57. On inspecting the expressions given above for 5,, «,, «„ &c. 
in terms of the coefficients, it is obvious that the weight of every 
terra in s^ is two, in s^ is three, and it is easy to conclude by 
induction that the weight of every terra in s^ is n. In like 
manner, it is evident that the weight of 2a*"/8' is m+^, of 
2a~yS^7« is 7» + p + J, &c. 

This may be proved in general as follows: If for every 
root a, )8, 7, &c. we substitute X times a, X times )8, X times 7, 
&c., we evidently multiply the function 2a~^V by X*"''"'. But 
it is known that if we multiply every root by X, we multiply 
Pt by \ P% by X*, ^3 by X', &c. It follows then that "^oT^^^ 
expressed in terms of the coefficients must be such that if we 
substitute for ^,, Xp„ for p^^ X*^^, and so on, we shall multiply 
every term hy X"*+^« j and this, in other words, is saying that 
the weight of every term is ?7i -f p + j. 

58. Since 

Pj = a + i8 + 7 + &c., ;?, = a (yS + 7 + &c.) + ^87 + &c., &c., 
and none of the coefficients, p^, p^, &c. contains any power 
of a beyond the first, it is plain that the order of any symmetric 
function 2a"')S^7' (where m is supposed to be greater than p 
or q) must be at least m. For, of course, unless there are at 
least m factors, each containing a, oT cannot appear in the pro- 
duct. But, conversely, any symmetric function, whose order is 
w, will contain some terms involving a"*. For if g^,, q^^ q^^ &c. 
be the sum, sum of products in pairs, in threes, &c. of ^, 7, 5, 
&c., we have p^ = a + y^, i?^ = oj', + q^^ p^ = aq^ + 3^3, &c., and the 
coefficient of the highest power of a in such a terra as p^p^p*^ 
will be q^q^q^\ and, conversely, the multiplier ql^q^q^ can only^ 
arise from the term p^p^p^^ It therefore cannot be made to 
vanish by the addition of other terms. It follows then that 
the order of any symmetric function 2a'"iS*7' is equal to the 
greatest of the numbers wi, p, qy for we have proved that it 
cannot be less than that number, and that it cannot be greater, 
since functions of a higher order would contain higher powers 
of a than a*". 

By the help of the two principles just proved (that the 
weight is the degree in the roots, and the order the highest 
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degree in any one root), we can write down the literal part of 
any symmetric function, and It only remains to determine the 
coefficients. Thus if it were required to form 2a* (jS - 7)*, we 
see on inspection that this is a function whose weight is four, 
and that it is of the second order ; that is to say, there cannot 
be more than two factors in any term. The only terms then 
that can enter into such a function are p^y P^Pm) Pti ^"^ ^^^ 
calculation would be complete if we knew with what coefficients 
these terms are to be affected.* 

59. Symmetric functions of the differences of the roots of 
equationsf being those with which we shall have most to deal, 
it may not be amiss to give a theorem by which the sum of 
any powers of the differences can be expressed in terms of 
the sums of the powers of the roots of the given equation. 
Expanding (a; — a)"* by the binomial theorem, and adding the 
similar expansions for [x — )3)"*, &c., we have at once 

2 (a? — a)"* = 5^aj"* — ms^x"^^ + Jw (m — 1) «,aj"*^ — &c. 

Now if we substitute a for x in 2(a; — a)** it becomes 
(a — )8)"* + (a - 7)*" + &c. ; similarly if we substitute ff for x it 
becomes ()8 — a)"* +{13— 7)"* 4 &c., and so on ; and when we add 
the results of all these substitutions, if m be odd, the sum 
vanishes, since the terms (a — )8)"*, (^8 — a)"* cancel each other. 
If m be even, the result is 22(a — )8)**. But when the same 
substitutions are made on the right-hand side of the equation 
last written, and the results added together, we get 

If m be odd, the last term will be — ajs^y which will cancel the 
first term, and, in like manner, all the other terms wIU destroy 
each other. But if m be even, the last term will be identical 
with the first, and so on, and the equation will be divisible by 
two. Thus, then, when m is even, we have 

2 (a- /Sr = Vm- ^*A.-, + i^ (»«- 1) V«-«-&c, 



* The foregoing example of the calculation of Sa/Sy, £a'/3, £a*, in effect shows 
how we can in eyerj case obtain for the determination of the coefBdentB the xequired 
number of linear relations. 

t Such functions have been called critical functions. 
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where the coefficients are those of the binomial until we come 
to the middle term with which we stop, and which must be 
divided by two. Thus 

60, Any function of the differences will of course be un- 
changed if we increase or diminish all the roots by the same 
quantities, as, for instance, if we substitute a— \ for a? in the 
given equation. It then becomes 

- {ft+ (^-2) \p^ + &c.] «"■•+ &c. = 0. 

Now any function ^ of the coefficients p^j /?,, &c. will, when 
we alter ^j into^^ + Sp^, />, into p^ + Sp^, &c., become 

If then, in any function of /?,,/?,, &c., we substitute ^, + nX for 

-Pii A + (^ " 1) ^Pl + h^ (^ "" 1) ^" for p^j &c., and arrange the 
result according to the powers of X, it becomes 

* + >.{«^ + («-l)i>.^^ + («-2)A^^ + &c.}4V(&c)-0. 

But since we have seen that any function of the differences b 
unchanged by the substitution, no matter how small X be, it is 
necessary that any function of the differences, when expressed 
in terms of the coefficients, should satisfy the differential equation 

Ex. 1. Let it be reqtdred to form £ (a ~ /3)'. We know that its order and weight 
axe both = 2. It must therefore be of the form Ap^ + Bp^, Applying the differential 
equation, we have {(n — V) A + 2nB} p^ - 0, whence B is proportional to n - 1 and 
il to — 2n. The function then can only differ by a factor from (n - 1) p^ - 2np,. 

The factor may be shewn to be unity by supposing a = 1 and all the other 
loots = 0, when pi = 1, jp, = 0, and the yalue just written reduces to n — 1, as it 
ought to do. 

Ex. 3. To form for a cubic the product of the squares of the differences 
(« - A* 09 - y)* (y - a)*. This is a function of the order 4 and weight 6. It must 
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therefore be of the form 

Operating with 3 -^ — I- 2p. -7- +0. ^— it becomes 

(2i4 4- 8J5) p,p, + (2jB + 9C) p.pi* + (J5 + 62) + 6JS:) p^^ + (C+ 4£)p^p^*, 

and as this is to yanish identically, we mnst have C- — 4Ef B = 18£, ^ = — 27i?| 
2> =: — 4 J?, or the function can only differ by a factor from 

Pi W + 18Pi PtPi - 4i?j» - 4p,;?,» - 27p,«. 
The factor may be shewn to be unity by supposing y and consequently |>, to be = 0. 



61. We shall id fatare usually employ homogeneous equa- 
tions. Thus, writing x\y for x^ and clearing of fractions, the 
equation we have used becomes 

We give aj" a coeflScient for the sake of symmetry ; and we find 
it convenient to give the terms the same coefficients as in the 
binomial theorem ; and so write the equation 

aX + wa,aj""'y -^^nin- 1) a,aj"^/ +. . .+ na^^xf"^ + ay = 0^ 

or, as this may be for shortness represented, 

{a^,a^^ ...«J(^jyr = ^- 

One advantage of using the binomial coefficients is, that thus 
all functions of the differences of the roots will, when expressed 
in terms of the coefficients, be such that the sum of the numerical 
coefficients will be nothing. For we get the sum of the nume- 
rical coefficients by making a^ = aj = a, = &c. = l; but on this 
supposition all the roots of the original equation become equal, 
and all the differences vanish. 

When we speak of a symmetric function of the roots of the 
homogeneous equation, we understand that the equation having 
been divided by a^, the corresponding symmetric function has 

(t a X 

been formed of the coefficients — , — * , &c. of the equation in - , 

«o «o y 

and that it has been cleared of fractions by multiplying by the 
highest power of a^ in any denominator. In this way, every 
symmetric function will be a homogeneous function of the co- 
efficients a^, aj, &c. ; for, before it was cleared of fractions, it was 
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a homogeneous function 'of the degree 0, and It remains homo- 
geneous when every term Is multiplied by the same quantity. 
Or we may state the theory for the symmetric functions of the 
roots of the homogeneous equation, without first transforming It 
to an equation In a; : y. If one of the roots of the latter equation 
be a, that is, if a factor of the function Is a; ~ ay, then it Is 
evident that the homogeneous equation Is satisfied by any 
system of values a?', yf for which we have oi = mf\ since it 
is manifest that we are only concerned with the ratio x' : y\ 
And since the equation divided by if is resolvable into factors, 
so the homogeneous equation is plainly reducible to a product 
of factors {pcyf — yx') {pcy" ~ yx'') \xy''' — yx''')^ &c. Actually mul- 
tiplying and comparing with the original equation, we get 

«o=/yV&c., wa,=-2aj'yY''&c., iw(n-lja,= SxVy &c., 

By making all the y's = 1, these expressions become the ordinary 
expressions for the coefficients of an equation. In terms of its 
roots, «', a/', &c. And conversely, any symmetric function ex- 
pressed In the ordinary way in terms of the roots a/, d\ may 
be reduced to the other form, by imagining each x' divided by 
the corresponding y, and then the whole multiplied by such 
a power of y'y'^ &c., as will clear It of fractions. Thus the 
sum of the squares of . the differences S (a?' — x''f becomes 
S (a?y - y'^i'fy'^'^yl'^ &c And generally any function of 
the differences will consist of the sum of products of deter- 
minants of the form (a;y — yV) (a:y — yV) &c., by powers 

62. The differential equation which we have given for 
functions of the differences of the roots requires to be modified 
when the equation has been written with binomial coefficients* 
Thus, if in the equation a^ + na^^y + &c. = 0, we write a: + \ 
for a:, the new a^ becomes a^ + \a^, a^ becomes a, + 1\a^ + X^a^, 
c, becomes a, -f SXa, + 3\*a, + \*a^, &c., and any function of 
the coefficients is altered by this substitution into 



('A 

Avj fboetioD tben of die ^ffereBec*. soee h lenains unaltered 
whta »+X a sobstitoted for jt, moat ntiafy the equtioa 

In like maoiier any fiancdon wbich remains nnalteied^ when 
y -f X b tabstitoted for y, must satufy the equation 



k 



Fonctions of the latter kind are functions of the differences of 
the reciprocals of the roots^ and in the homogeneous notation 
consist of products of determinants of the form ^}f' —}f^\ &e.| 
bj powers of a!^ af\ &c. Functions of the determinants 
afi/' ^j/a!^ alone, and not multiplied by any powers of the sc^s 
or the y^n^ will satisfy both the differential equations. 

63. It is to be observed that the condition 

is not only necessary but suflScient, in order that ^should be 
uimltcred by the transformation x-^X for x. We have seen 
that the coefficient of \ in the transformed equation then 
vanishes, and the coefficient of X* is easily found to be 

where, considering the second term as denoting y^.^A.A^, the 
{?Q, fip (&C. which appear explicitly in ^<f> are not to be differen- 
tiated. But this being so, the two terms together are = y^^ A . A^, 
whore A • A^ denotes now the complete effect of the operation A 
upon A^. For, when we operate with the symbol on itself, 
the result will be the sum of the terms got by differentiating 
the ci^, o^, &0,, which appear explicitly, together with the result 
ou the suppoaition that these a^, a,, &c, are constant. Thus, then 
A^ vanishing identically, we have A.A^^O, or the coefficient 
of X* vanislies. So, in like manner, for the coefficients of the 
other powers of X« 



«0 



PARTIAL DIFFERENTIAL EQUATIONS. 65 

Ex. To fonn for the cubic a^x* -I- daja^ + Ba^sn/* + a^, the fonctioii 

This can be deriyed from Ex. 2, Art. 60, or else directly as followa. The function is to 
be of the order 4 and weight 6. It must therefore be of the form 

J J J 

Operate with a^ — + 2^1 -r- + ^-jTj Mid we get 

(J? + 6 J[) a,a^oao+ (3^+25) fl,o,a,o»+ (2^+ 62) +85) a,ajaiOo+(4^ + SC) Ojaiaia, = 0. 
Equating separately to the coefficient of each term, and taking ^ = 1, we find 

5 = -6, C=4, JD=:4, JS? = -8. 

64. M. Serret writes the operation ^oj^ + ^^- ^° *^ compact 

form, which is sometimes convenient. If we imagine a fictitious 
variable ^ of which the coefficients a^, a,, &c., are such func- 
tions, that 

■rf? •' 5f'^"" ^ = 3a., &c., 
then evidently -^ = ^o ;p + ^^i ;j^ + ^^i T^ ■*" ^^- 

In like manner «a, ^ + &c. may be briefly written ^ , where 

17 is a variable, of which cz^, a,, &c. are supposed to be such 
functions, that 

65. The above operators 

may be represented by 

respectively, since the first of them operating on {a^j a,...aj(:r, t/Y 
produces the same effect as yS^^ the second the same effect as 
xS . If the function be expressed in terms of its roots 
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then the two operators may be transformed into Bjmbols 
operating on the roots, as we have 

the proof of which may be supplied without difScfdty. 



LESSON VIII. 



ORDER AND WEIGHT OF ELIMINANTS. 

66. When we are given k homogeneous equations in k 
yariables (or, what comes to the same thing, k non-homoge- 
neous equations m k—1 variables) it is always possible so to 
combine the equations as to obtain from them a single equation 
A = 0, in which these variables do not appear. We are then 
said to have eliminated the variables, and the quantity A is 
called the JEliminant* of the system of equations. Let us take 
the simplest example, that which we have already considered in 
the first lesson, where we are given two equations of the first 
degree aa: + J = 0, a^x + J' = 0. If we multiply the first equation 
by a\ and the second by a, and subtract the first equation from 
the second, we get aV — ah = 0, and the quantity aV — ab is the 
eliminant of the two equations. Now it will be observed, that 
we cannot draw the inference aV — a'i = unless the two given 
equations are supposed to be simultaneous, that is to say, unless 
it is supposed that both can be satisfied by the same value 
of X. For, evidently, when we combine two equations (x) = 0, 
-^(ajjasO, and draw such an inference as Z^ (aj) + w^ (a) = 0, 
it is assumed that x means the same thing in both equations. 
It follows then that ai' — a'b = is the condition, that the two 
equations can be satisfied by the same value of a;, as may 
also be seen immediately by solving both equations for Xy 
and equating the resulting values. And so generally, if we 

* Eliminuite are also called resuUantt* 
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are given any number of equations, ?7=0, F=0, TF'ssO, &c.> 
we maj proceed to combine them, and draw an inference such 
as lU-\-mV+ n T)^= 0, only If the variables have the same values 
in all the equations. And, if by combining the equations, we 
arrive at a result not containing the variables, this will vanish If 
the equations can be satisfied by a common system of values 
of the variables, and not otherwise. Hence for any such system 
of equations the eliminant jnay In general be defined as that 
/unction of the coefficients^ whose vanishing expresses that the equa* 
tions can he satisfied hy a common system of values of the variables. 

67. We have now to show how elimination can be performed, 
and what is the nature of the results arrived at. We commence 
with two equations written in the non-homogeneous form 

a;"*-j?,aj**"' + jp,a""'-&c. = 0, or <^(a:)=0, 

«" - J,®""" + ?,«""* - &c. = 0, or ^ (a?) = 0. 

The vanishing of the eliminant of these equations is, as we have 
seen, the condition that they should have a common root. If 
this be the case, some one of the roots of the first equation 
must satisfy the second. Let the roots of the first equation 
be a, )8, 7, &c., and let us substitute these values successively 
in the second equation, then some one of the results ^(a), 
^(/8), &c. must vanish, and therefore the product of all 
must certainly vanish. But this product is a symmetric func- 
tion of the roots of the first equation, and therefore can be 
expressed In terms of Its coefficients, In which state it Is the 
eliminant required. The rule then for elimination by this 
method, is to take the m factors 

-^ (a) = a" - j.a"-* + qji""^ - &c., 

^ (7) = 7'' - 2x7"'* H- 2,7"^ - &c., &c., 

to multiply all together, and then substitute for the symmetric 
functions (a)87)*, &c., their values In terma of the coefficients of 
the first equation. 

Bx. To eUminate x between a^ — pxx + p^ = 0} ^' ~ ?i^ + ;« = 0. Multiplying 
(«»-^io + gs)(/3*-5,^ + Sr^, we get 
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and then Bubatituting o + /3 = pi, a^-Ptt o* + /S* = Pi* - 2p^ we hara- 

or (Pa - ?«)' + (jPi - 9i) (/»i?2 -l»2?i)» 

which is the eliminant required. 

68. We obtain in this way the same result (or at most 
results differing only in sign), whether we substitute the roots 
of the first equation in the second, or those of the second in the 
first. In other words, if a\ ^j 7', &c. be the roots of the 
second equation, the eliminant may be written at pleasure as 
the continued product of ^(a'), 4>{^)j ^(7')? &c., or as the 
product of -^(a), -^(iS), ^(7), &c. For remembering that 
^ (a;) = (a; — a) {x — )8) (a? - 7), &c., the first form is 

(a' - a) (a' - /?) (a' - 7) &c. {^ -a){^- fi) [^ - y) &c., 

and the second Is 

(a-«') (a-yS') («-7') &c. (;3- a') (/8-y8') [ff-f/) &c 

In either case we get the product of all possible differences 
between a root of the first equation and a root of the second ; 
and the two products can at most differ in sign. 

^9. If the equations had been given in the homogeneous 
form, with or without binomial coefficients, 

a^" + ma^x'^^y + ^w (w - 1) ajc^^y" + &c. = 0, 

J^oj" + n\x'*^y + iw (n - 1) i,aj**^y* + &c. « 0, 

we can reduce them to the preceding form by dividing them re* 

spectively by a^"*, Jj^y", when we have^, = — — ^, Ji = "" x' » ^^' 

We substitute then these values for p^y y,, &c. in the result 
obtained by the method of the last article, and then clear of 
fractions by multiplying by the highest power of a^, or b^ in 
any denominator. Thus the eliminant of a^oi? + 2a^xtf + ajf\ 
b^x* + 2b^xy + b^'*^ obtained in this manner from the result of 
Ex., Art. 67, is 
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It Is evident thus that the eliminant is always a homogeneoua 

/unction of the coefficienta of each equation. For before we 

cleared of fractions, It was evidently a homogeneous function 

of the degree 0, and It remains homogeneous when every term 

is multiplied by the same quantity. 

The same thing may be seen by applying to the equations 
directly the process of Art. 67. Let the values which satisfy 
the first equation be x'tf^ ^"y'\ &c. ; then, if the equations have 
a common factor, some one of these values must satisfy the 
second equation. We must then multiply together 

{\x'^ + nh^x'^Y + &c.) {h.x''^ + nh^x^^-y + &c.) (&c.), 

which is a homogeneous function of the coefficients 5^, 5,, ... of 
the second equation, and of course remains so after substituting 
for the symmetric functions (a?V &c.)" i&c. their values In terms 
of the coefficients of the first equation. And in the same manner 
the function is homogeneous as regards the coefficients of the 
first equation. 

70. The eliminant of two equations of the ?n** and n^ orders 
respectively y is of the n^ order in the coefficients of the first equa^ 
tionj and of the wi** in the coefficients of the second. 

For it may be written either as the product of m factors 
^Ir (a), -^ (/8), &c., each containing the coefficients of the second 
equation in the first degree, or else as the product of n factors 
Kj) (a^), (/S^), &c., each containing In the first degree the coeffi- 
cients of the first equation. Or confining our attention to the 
form '^(a).'^(/3).&c. we can see that this form, which obviously 
contains the coefficients of the second equation In the degree 
«7t| contains those of the first In the degree n, since the sym- 
metric functions which occur in it may contain the n**, and no 
higher, power of any root (Art. 58). 

71. The weight of the eliminant is mn; that is to say, 
the sum of the suffixes In every term Is constant and = mn. 
For if each of the roots a, fi ; a\ ff^ &c. be multiplied by the 
same factor X, then since each of the mn differences cn—a' (see 
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Art. 68) 18 multiplied by this factor \, the eliminant will be 
multiplied by X*"**. But the roots of the two equations will be 
multiplied by \ if for p^^ q^ we substitute Xp^, \q^] for^,, j,; 
^Va) ^'^a 5 ^^* ^® ®®® then, that if we make this substitution 
in the eliminant, the eflfect will be that every term will be 
multiplied by X"*** ; or, in other words, the sum of the suffixes 
in every term will be mn. The same thing may also be seen 
to follow from the principle of Art. 57. In yfr (a?) the sum of 
the index of every term and the suffix of the Qorresponding 
coefficient is n ; that is to say, yjr {x) consists of the sum of a 
number of terms, each of the form q„.foK If, then, we take any 
term at random in each of the factors -^ (a), -^ (^), &c., the 
corresponding term in the product will be 5'„-,?„-j5'«.4a*iS^7*j &c., 
and if we combine with this all other terms in which the same co- 
efficients of the second equation occur, we get g'„_iy„-iJ„.42a*/8'7*, 
&c. The sum of the suffixes of the j's is w— 1+ w— y+«— A;+ &c., 
or since there are m factors, the sum is wn — (t+y+ A; + &c.). 
But, by Art. 57, the sum of the suffixes of the p's in the ex- 
pression for 2a')8'7*, &c. is i-\'j + k + &c. Therefore the sum 
of both sets of suffixes is rww, which was to be proved. 

The result at which we have arrived may be otherwise stated 
thus:* If Pi^ q^ contain any new variable z in the first degree ; 
if Pi'i ?a ^w^*'^ *'^ *'^ '^6 second and lower degrees; if p^^ j, in 
the thirdj and so on ; then the eliminant will in general contain 
this variable in the mri^ degree. 

It is evident that the results of this and of the last article are 
equally true if the equations had been written in the homo- 
geneous form a^ + &c., because the suffixes in the two forms 
mutually correspond. And again, from symmetry, it follows that 
the result of this article would be equally true if the equations 
had been written in the form o^a?"* + ma^^iS^^y + &c., where the 
suffix of any coefficient corresponds to the power of x which 
it multiplies, instead of to the power of ^. 



* Or again thus : if in the eliminant we substitnte for each coefficient Pa, the term 
s* which it multiplies in the original equation, every term of the eliminant will be 
divisible by a;"***. Or, in the homogeneous form, if we substitute for each cosfficient 
da the term a;*y**-*, which it multiplies, every term of the eliminant will be divisible 
by «»»«»yw». 
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72. Since the eliminant is a function of the di£ferences 
between a root of one equation and a root of the other, it 
will be unaltered if the roots of each equation be increased by 
the same quantity ; that is to say, if we substitute a: + X for a? 
in each equation. It follows then, as in Art. 60, that the elimi- 
nant must satisfy the differential equation 

' dCi , ^. dA f, dA , ^. dA t, 

„_ + («_l)p,_+&c + „_+(„-i)2,_ + &c. = 0, 

or, as in Art. 62, if the equations had been written with 
binomial coefficients, we have 

dA ^ dA p , dA ^j dA ^ 

73. Oiven two homogeneous equations between three variahle^j 
of the m** and w** degrees respectively^ the numher of systems of 
values of the variables which can be found to satisfy simultaneously 
ike tioo equations is mn»* 

Let the two equations, arranged according to powers of a?, be 

oa:- + (6y + cz) a?""*' + {dy^ + eyz + fz") oT^ + &c = 0, 

oV + (J> + c'z) a?"-' + ( jy + e> +/V) a?""* + &c. = 0. 

If now we eliminate a? between these equations, since the co- 
efficient of oS'^ is a homogeneous function of y and z of the first 
degree, that of a?"*^ is a similar function of the second degree, 
and so on, — it follows from the last Article that the eliminant 
will be a homogeneous function of y and z of the mr^ degree. 
It follows then that mn values of y and z\ can be found which 
will make the eliminant = 0. If we substitute any one of these 
in the given equations, they will now have a common root when 



* These equations may be oonsideTed as representing two curves of the m^ and 
vf^ d^rees respectively; the geometrical interpretation of the proposition of thir 
Article being, that two such curves intersect in mn points. The equations are re- 
duced to ordinary Cartesian equations by making 2 = 1. 

t The reader will remember that when we use homogeneous equations, the ratw 
oi the variables is all with which we are concerned. Thus here, z may be taken 
arbitrarily, the coireBponding value of y being determined by the equation iny ix. 
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iolred for a: ^siiioe tbetr elimiiiant Tuiidies* : and this nine of r, 
combined with the rafaies of y and z alread j found, gires one 
•yttem of ralnes nttsf jing the giToi equations. So we plainly 
bare in all mn sndi systems of ralnea. We shall, in Lesson x., 
gire a method by which, when two equations have a common 
root, that common root can inunediately be found. 



Ex. To find the oooidfzuitei of the focr pocnai of xBtcnectaon of the two oonics 

Amnge the cqaadons aoomiiag to the povezs ol 2^ and elfmfnmfip that Yariahlp, 
a« in Art. 67; then the lesnk ia 

whete, at in Lesson L, we have written (o^; for o^ - o'ft. This equation, aolTed for 
y : 2, determines the ralnes corresponding to the foor points of intetaection. Having 
found these, bj sobstitnting any one of them in both equations, and finding their 
common root, we obtain the corresponding ralue of z : z. We might have at once 
got the four ralues of z : « by eliminating jr betweoi the equations, but substitution 
in the equations is neoessaiy in order to find which ralue of jf oone^wnds to each 
ralue of x. By making 2 = 1, what has been said is translated into the language ol 
ordinary Cartesian coordinates. 

74. Any symmetric functions of the tnn values which simul" 
taneoualy satisfy the two equations can be expressed in terms of 
the coefficients of those equations. 

In order to be more easily understood, we first consider 
non-homogeneous equations in two variables. Then it is plain 
enough that we can so express symmetric functions involving 
either variable alone. For, eliminating y^ we have an equation 
in x^ in terms of whose coefficients can be expressed all sym- 
metric functions of the mn values of x which satisfy both equa- 
tions. Similarly for y. Thus, for example, in the case of two 
conies, xy, &c. being the coordinates of their points of intersec- 
tion, we see at once how to express such symmetric functions as 

and the only thing requiring explanation is how to express sym- 
metrio functions into which both variables enter, such as 

To do this, we introduce a new variable, f = \a? + AAy, and by the 
help of this assumed equation eliminate both x and y from the 
given equations. Thus y is immediately eliminated by substi-. 
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tilting in both its valne derived from / = Xa: + fiy^ and then we 
have two equations of the m^ and n*^ degrees in x^ the eliminant 
of which will be of the mvl^ degree in t^ and its roots will be 
obvionslj Xa?^ + ^y,, Xa;^^ + f*y^^, &c,, where a?,y^, x^^y^, are the 
values of x and y common to the two equations. The coeffi- 
cients of this equation in t will of course involve X and fi. We 
next form the sum of the U^ powers of the roots of this equa- 
tion in tj which must plainly be = (Xa?, + My,)*+(Xir^,+MyJ*+&c* 
The coefficient, then, of X* in this sum will be 2j?/ : the coeffi- 
cient of X*"V gives us ^x^^y^j and so on. 

Little need be said in order to translate the above into the 
language of homogeneous equations. We see at once how to 
form symmetric functions involving two variables only, such as 
^yfi,fi„fii^j for these are found, as explained, Art. 61, from the 
homogeneous equation obtained on eliminating the remaining 
variable ; the only thing requiring explanation is how to form 
symmetric functions involving all these variables, and this is 
done precisely as above, by substituting t = \x-\' fiy. 

Ex. To form the symmetric fanctioiis of the coordinates of the four points 
oommon to two conies. The equation in the last Example gives at once 

yjysJfs^s,^ = (oO* + 4 (a/) (c/) ; «^,/r,,;5^ = {aby + 4 {ah') {bh') ; 
and, from symmetry, x/b,/b,,jk,^ = {b&Y + 4 {bf) {cf% 

- ^ iHJSsJfuJ^J) = 4 {(aO {of) + {ah') {€/) + (a/) {ch') + 2{ag^ (fff')}, <bc 
To take an example of a function involying three yariables, let us form 

which caneBpoads to £ {x'y') when the equations are written in the non-homogeneous 
form. 

By the preceding theory we are to eliminate between the given equations, and 
i = kx '\- /jijf ; and the required function will be half the coefficient of \fi in 
£ (^;ei*^^;eV)* ^ the result of elimination be 

At* + {B\-{- Cm) fiz + (i>X« + EXfi + Ffi?) (^z^ + Ac, 
^ («*/^V^^V) = {B\ + CfiY - 2A (2)X« + -EV + ^M«), 
and £ («if/« WV) ^BC-^AE. 

Bj actual dimination 

^ = (0*7 + 4 (oA') (dAO, 5 = 4 {(JaO iW + ikn (aAO + {bh') {af) + 2 {bh*) {gh')], 

0=4. {(ay) (o/O + («/) (bh') + {ah') {bg') + 2 {ah') {fh')} 

E = 4 {(«0 (iAO + M iflh') - 2 {of) {hf) - 2 (6^) {hg') + 4 {hf) {hg')}. 

75. To form the eliminant of three homogeneous equations in 
three variables of the wi**, w**, and p**" degrees respectively. 

The vanishing of the elimiuaiit is the condition that a system 
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of valaes of Xj y^ z' can be foand to satisfy all three equations.* 
When this is the case, if we solve from any two of the 
equations, and substitute successively in the remaining one the 
values so found for Xj y^ z, some one of these sets of values mast 
satisfy that equation, and therefore the product of all the results 
of substitution must vanish. Let x\ y\ z^\ x'\ y", z'\ &c. 
be the systems of values which satisfy the last two equations, 
which (Art. 73) are np in number: substitute these values 
in the first, and multiply together the np results ^ [x\ y\ z'\ 
^ («'', y, /Qj &^ The product will plainly involve only sym- 
metric functions of x\ y\ z\ &c., which (Art 74) can all be 
expressed in terms of the coefficients of the last two equations ; 
and, when they are so expressed, it is the eliminant required. 

76. The eliminant is a homogeneous function of the np^ order 
in the coefficients of the first equation ; of the mp^ in those of the 
second ; and of the mn*^ in those of the third. 

For, each of the np factors (x\ tf^ z') is a homogeneous 
function of the first degree in the coefficients of the first equation ; 
and the expression of the symmetric functions in terms of the 
coefficients only involves coefficients of the last two equations, 
from solving which a;', y\ z\ &c. were obtained. The eliminant 
is therefore of the np^ degree in the coefficients of the first 
equation; and in like manner its degree in the coefficients of 
the others may be inferred. 

77. The weight of the eliminant will he mnp / 'that is to say^ 
If all the coefficients in the equations which multiply the first power 
of one of the variables^ «, be affected vnth a suffi^x 1, those which 
multiply «* with a suffix 2, and so on ; the sum of all the suffixes 
in each term of the eliminant will be equal to mnp. In other 
words : If all the coefficients which multiply z contain a new 
variable in the first degree; — if those which multiply sf contain it 
in the second and lower degrees^ and so on;- then the diminant 
will contain this variable in the degree mnp. 



* If the three equations represent cunres, the vanishing of the eliminant is the 
condition that all three curves shall pass through a common point. 
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This is proved as in Art. 71. In the first place, it is evident 
that if a homogeneous equation of the «!** degree be satisfied by 
values aJ', y', «'; and if the equation be altered by multiplying 
each coefficient by a ppwer of X, equal to the power of z^ which 
the coefficient, multiplies, then the equation so transformed will 
be satisfied by the values \x\ \y\ z' ; or, in general, that the 
result of substituting Xa;', \y\ a' in the transformed equation is 
X* times the result of substituting a?', y\ z' in the un transformed. 
Thus, take the equation x^ -{-y^ -z^- z^x — zy*^ the transformed 
is x' + y^- XV — XVa5 - Tusy* ; and, obviously, the result of sub- 
stituting \x\ Xy', a' in the second is X' times the result of 
substituting x\ y\ z' in the given equation. If, then, the three 
given equations be all transformed by multiplying each coeffi- 
cient by a power of X equal to the power of z^ which the 
coefficient multiplies, it follows, if x\ y\ / be one of the 
systems of values which satisfy the two last of the original 
equations, that the transformed equations will be satisfied by 
(\x\ \y\ 0'), and the result of substituting these values in the 
first will be X"*^ {x\ y\ z). The elimlnant, then, whlph is thei 
product of np factors of the form {x\ y\ z) will be multiplied 
by X""*. If, then, any term in the elimioant be a^J^c^, &c., 
where the suffix corresponds to the power of a, which the 
coefficient multiplies, since the alteration of a^ into X*a^, b^ 
into X'i^'&c, multiplies the term by X**"', we must have 
i + Z + &c. «= mnp. q.e. p. 

78. It is proved, in like manner, that three equations are in 
general satisfied by mnp common values; that any symmetric 
liinction of these values can be expressed in terms of their co- 
efficients ; and that we can form the elimlnant of four equations 
by solving from any three of them, substituting successively in 
the fourth each of the systems of values so found, forming the 
product of the results of substitution, and then, by the method 
of symmetric functions, expressing the product in terms of the 
coefficients of the equations. In this way we can form the 
elimlnant of any .number of equations; and we have the follow- 
ing general theorems : The eliminant of k equations in k—l 
independent variailes is a homogeneotts function of the coefficients 
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of each equation^ whose order is equal to the product of the degrees 
of all the remaining equations. If each coefficient in all the 
equations he affected toith a suffix equal to the pouter of any one 
variable which it multiplies^ then the sum of the suffixes in every 
term of the eliminant will be equal to the product of the degrees 
of all ike equations. And, again, if toe are given k equations 
in k variables^ the number of systems of common values of the 
variables J which can be found to satisfy all the equation^j mil h^ 
equal to th^ product of ih^ orders of the equations(* 



LESSON IX. 



£XPBESSIOH O? ETiTMTNAyrS AS DETEBMINAlfTS, 

79. The method of elimination by symmetric ftmctions la, 
in a theoretical point of view, perhaps preferable to any other, 
it being universally applicable to equations in any number of 
variables ; yet as (in the absence of tables of symmetric funo« 
tiona) it is not very expeditious in practice, and does not 
yield its results in the most convenient form, we shall in 
this Lesson give an account of some other methods of elimi'^ 
nation. The following is the method which most obviously 
presents itself. It is in substance identical with what is called 
elimination by the process of finding the greatest common 
measure. We have already seen that the eliminant of two 
linear equations ax + b = 0^ a'x + b^=^0 is the determinant 
oft* -r J<jf' = 0. If now we have two quadratic equations 

(W* + Jo: 4- c = 0, a V + J'a? + c' = Q, 

multiplying the first by a\ the second by a, and subtracting, 

we get 

(a^) x + (oc') = ; 

and, again, multiplying the first by c\ the seooud by c^ sab« 
tractin^, and dividing by Xj we get 

{ac) X + [be) = 0, 
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The problem is now reduced to elimination between two linear 
equations, and the result is 

(acO'+(iaO(6c')=0. 

80. Boj again, if we have two cubic equations 

we multiply the first by a\ the second by a, and subtract ; 
and also multiply the first by d\ the second by d^ subtract and 
divide by x. The problem is thus reduced to elimination be- 
tween the two quadratics 

(a J') a;' + {cuf) x + [ad') = 0, [ad') x^ + (tcT) x + [cd') = 0. 

By the last article the result is 

{[ad:Y'-{ab'){cd:)Y'^[[ad:)[^^^ 

Now it is to be observed that the equation 

[ah') (cd:) + [ac') [db') + {ad:) [Ic') = 

is identically true. Consequently when we multiply out, the 
preceding result becomes divisible by {a^)^ and the reduced 
result is 

{fld^f -^ 2 (cwT) (oiO (of) - [ad:) {ac') ( JeT) 

+ {acj [cd!) + (6(?)» (a JO - {aV) {be") (cd") = 0. 

The reason that in this process the irrelevant factor [ad^) is in- 
troduced is that, if acC = a'dy and therefore a to a^ in the same 
ratio BS d to d", we must get results differing only by a factor, 
if irom the first equation multiplied by a' we subtract the second 
equation multiplied by a, or, if from the first equation multiplied 
by (f , we subtract the second equation multiplied by d. Thus, 
on the supposition (acP) = 0, even though the original two cubics 
have not a common factor, the two quadratics to which we 
reduce them would have a common factor. In general then, 
when we eliminate by this process, irrelevant factors are intro- 
duced, and therefore other methods are preferable. 

81. EuUr^a Method. If two equations of the w** and ti* 
degrees respectively have a common factor of the first degree, 
WO must obtain identical results, whether we multiply the first 
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equation by the remaining n — 1 factors of the second, or the 
second by the remaining m—l factors of the first. If then wo 
multiply the first by an arbitrary function of the (n -1)** degree, 
which, of course, introduces n arbitrary constants ; if we multiply 
the second by an arbitrary function of the (m — l)** degree, intro-i 
ducing thus m constants; and if we then equate, term by term, 
the two' equations of the (w + n — 1)** degree so formed, we shall 
have m + n equations, from which we can eliminate the m + n 
introduced constants, which all enter into those equations only 
in the first degree ; and we thus obtain, in the form of a deter-- 
minant, the eliminant of the two given equations. 

Ex. To eliminate between aa^ + hxy + cy* = 0, aV + h'xy + cy = 0. 
We are to equate, term by term, 

{Ax + By) {fla? + bxy + cy^ and {A'x + By) (oV + b*xy + e^ff^ 
The four resulting equations are 

Aa -A'a' = 0, 

Ah + Ba-A'b'-B'a'^O, 

Ae-^-Bb- A'<f - Rb' = 0, 

Be -B'e'zzO, 

from which, eliminating Af Bf A*, B', the result is the determinant 



a, 


0, 


a', 


4, 


«» 


A', a' 


Cy 


*, 


c% V 


0, 


c, 


0, e' 



82. This method may be extended to find the conditions that 
the equations should have two common factors. In this case it 
is evident, in like manner, that we shall obtain the same result 
whether we multiply the first by the remaining « — 2 factors of 
the second, or the second by the remaining m - 2 factors of the 
first. As before, then, we multiply the first by an arbitrary 
function of the n — 2 degree (introducing « — 1 constants), and 
the second by an arbitrary function of the m - 2 degree ; and 
equating, term by term, the two equations of the wi + n — 2 
degree so found, we have m+n— 1 equations, from any r/i-f « — 2 
of which, eliminating the m + n — 2 introduced constants, we 
obtain m + n — 1 conditions, equivalent, of course, to only two 
independent conditions. 



stlyestbr's method. 
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Ex. To find the conditions that 

a«» + ba?y + ex^ + d^ = 0, a'as* + b*a?y + ^ay* + dy = 0, 

eihould haye two common facton. Equating 

{Ax + By) {aa? + &b^ + coy* + rfy*) = (A'a? + B^y) (oV + 6'«*y + c^xy'^ + rf'y*), 

we have Aa — A*a* = 0, 

Ab + Ba-A*V -Rc^zzO, 

Ae-¥Bh-A'c' -Rb'-O, 

Ad-^-Be-A^ef^B^^ -% 

Bd • — B^a ~ 0, 

from which, eliminating Af B, A'f B*, we have the system of determinants [for the 
notation used, see Art. 3], 

I a, A, tf, rf, 

; 0, a, b, c, d 

\ a', b\ e, ^, 

i 0, o', b'y e\ (f 



= 0. 



83. Sylvester^s dialyttc method. This method is identical in 
its results with Euler's, but simpler in its application, and more 
easily capable of being extended. Multiply the equation of the 
wi** degree by aj""\ a;""*y, ^""V*? &^* 5 ^^^ ^^ second equation 
by aj"*"^ 25"*"*^, aj'^y, ^^-i ^^^ ^® ^^^^ S^* m-Vn equations, 
from which we can eliminate linearly the 9n + ra quantities 
a"**""*, a;"*^*^y, a"^"*y*7 &c., considered as independent un- 
knowns. Thus, in the* case of two quadratics, multiply both 
by X and by y^ and we get the equations 

a»' + hx^y + cxy^ = 0, 

aa?y + hxt^ + cy' = 0, 
al7?'\-Va?y^'c'xy^ =0, 

aVy+yiry" + cy=0, 

from which, eliminating a;', a;'y, o;^*, y, we get the same deter- 
minant as before. 



a. 



h 



a, 5, c 



a', y, c' 
a , i , c 

In general, it is evident by this method, that the eliminant 
is expressed as a determinant of which n rows contain the coeffi- 
cients of the first equation, and m rows contain the coefficients 
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of the second. Thus we obtain the rule already stated for the 
order of the eliminant in the coefficients of each equation. 

Ex. 1. Eliminate x between a + Jar + ft8*=0, «» = 1, 
Multiply the former by x, and put x^ = l, and we get 

tf + oa: + Ax* = 5 
from this similarly 6 + ex + ox* = 0, 

and the eliminant is in determinant form and expanded 

= a» + d» + c» - Babe. 



Of bj c 


— — 


a,b, e 


c, a,b 




bf Cf a 


bf e, a 




e, a, b 



It can also be found by the method of symmetric functions : let w be an imaginary 
cube root of unity, then tiie roots of the second equation substituted in the first give 
the eliminant as 

{a-\-b + e)(a + b<0 + *«*) (o + d»' + c»), 
which is thus the value of the determinant. 

Ex. 2. Similarly eliminating between a + bx + ca^ + da? = 0, x* = I, 



a, by Cj d 
dj a, bj c 
Cf dj Of b 
bf Cj df a 



a, bf Cf d 

bf Cf dj a 

Cf df Of b 

df Of bf c 



= {(a + c)«-(ft + cl)»}{(a-'C)« + (6-rf)«} 



= (a + 6 + c + <Q (a - ft + tf - rf) (a + W - tf - <fi) (a — M - tf + <K). 
Ex. 3. Generally, in a similar manner for w an imaginary n** root of imity, the 



determinant 



Of bf Cf ,„l 
If Of bf ,,.k 

*, ^y (h 

bf Cf df ...a 



= (o + b + e +...+ 
(o+ bco + tfai« +...+ i»»-*) 
(a + fto»* + + ?«•-*) 

•••••••(••••(••••••••■•••■•••••••■•••a 

(o + d«*-» + + ^). 



Ex.4. Various determinants may be found by this method of elimination. 
Starting from the equations a,x + o^y = 0, ftjx + 63^ = 0, they are consistent if (oii^ = 0. 
Take the squares and product of these expressions, they also ranish together if the 
original equations be consistent ; hence, eliminating x*, xy, ^ dialytically, 

muEt be a power of {aib^)f and it is obyiously {aib^K 

Similarly (ajb^* can be written down as a determinant of order 4. Again, 

(A,x + b^) (cjx + e^y) = 0, 
(tfjX + Cgy) (ajX + Ojy) = 0, 
(ajX + flay) {bix + b^) = 0, 

are consistent if (b^c^) (^ja,) (a/j) vanish. Hence this product may be written 

biCif AjCj + bjCif b^2 
<r,a„ CiOj + c^^f c^2 



bezout's method. 
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And in like manner all determinantd of the matrix 



fli' 



*i' ^i'> Vi» 



tiaif 



oA 



iaiO^ 2*i6j, 2ciCff biC^ + 6^,j qo, + <V»i, Oi*, + Ojii 
V* V» C2'» V» «««» «A 

are products of tHe third order of the qnantities {bfy)t {fiitt^, (oi^s)* 

84. Bezoufs method. This process also expresses the elimi- 
nant in the form of a determinant, bat one which can be more 
rapidly calculated than the preceding. The general method 
will, perhaps, be better understood if we apply it first to the 
particular case of the two equations of the fourth degree 

Multiplying the first by o!^ the second by a, and subtracting, 
the first term in each is eliminated, and the result, being divisible 

Again, multiply the first by a'aj+J'y, and the second by ixx-k-hy^ 
and the two first terms in each are eliminated, and the result, 
being divided by y*, gives ♦ 

[ad) X* + {{ad') + [M]] a?y + {{ad) + {hd')] xy" + {Id) f = 0. 

Next, multiply the first by aV + Vxy + dy*\ and the second by 
aaj*4-ixy + cy*; subtract, and divide by y"; when we get 

[ad') a? + {{ad) + [hd')} x^y + {(Je') + {cd')\ xf + {cd) f = 0. 

Lastly, multiply the first by a'ix?-\-Vx*y-\'dxy^-\-d'y^] the second 
by aa? + hx*y + cxy* + dy^ ; subtract, and divide by y* ; when we 
get 

{ae)x'' + {hd) a?y+{cd) ajy" + (efeO y" = 0. 

From the four equations thus formed, we can eliminate linearly 
the four quantities x\ x^y^ xy\ y\ and obtain for our result the 
determinant 

(ab'), iac') , {ad') , (oe') 

(ae% {ad')+(b<f), (a/) + (W') , {be') 

{ad'), (06') + (Jcf), (*«') + {cd'), (ce') 

(oeO, {be'), {ce'), {de') 

n 
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85. The process here employed is so evidently applicable to 
any two equations, both of the n** degree, that it is unnecessary 
to make a formal statement of the general proof. On inspection 
of the determinant obtained in the last article, tbe law of its 
formation Is apparent, and we can at once write down the deter- 
minant which is the eliminant between two equations of the 
firth degree by simply continuing the series of terms, writing an 
{af) after every (ae'j, &c. Thus the eliminant is 

{ah'),{ao') ,{a^) , (oe') ,(0/") 

{ac') , {ad')+{bcX {ae') ^{hd') , (a/')+(ie') , (i/') 

{ad'),{ae')+(bcl'),{ar)^be')+(c^), (i/j+Cce') , (cf ) 

(ae') , (a/)+(Je'), m+icel , {cr)+icle% [df) 

<«/), m, (</), {dfhi^f) 

It appears hence that in the eliminant every term must con- 
tain a or a' ; as was evident beforehand, since if both of these 
were = 0, the equations would evidently have the common 
factor y = 0. 

It appears also that those terms wBich contain a or a^ only in 
the first degree are {ab') multiplied by the eliminant of the equa- 
tions got by making a and a ==0 in the given equations. For 
every element in the determinant written above must contain a 
constituent from the first row, and also one from the first column ; 
but as all the constituents of the first row or column contain 
a or a\ the only terms which contain a and a' in only the first 
degree are (aJ') multiplied by the corresponding minor; and this, 
when a and a^ are made = 0, is the next lower eliminant. 

86. It only remains to shew that the process here employed 
is applicable when the equations are of different dimensions; 
and, as before, we commence with the following examplie : 

Multiply the first equation by a\ the second by ax% and Bubtract| 
when we have 

( JaO a;« + {m') x^y + [da') xf + [eal] y' = 0. 
In like manner, multiply the first by a'aj+6'y, and the second by 

[ax + hy) cc", and we get 

\pa') x'^{{cV) + [da')\ x'y + [[dV] + (ea')} xy'^ {eb')y^^Q. 
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This process can be carried no further ; but if we join to the 
two equations just obtained the two equations got by multi- 
plying the second of the original equations by x and by y, we 
have four equations from which to eliminate a?\ x^y^ xy'^ y^. 

And in general, when the degrees of the equations are un- 
equal, m being the greater, it will be found that the process of 
Art. 84 gives us n equations of the (w - 1)** degree, each of 
these equations being of the first order in the coefficients of each 
equation : to which we are to add the m — n equations found by 
multiplying the second equation by a?"*"""**, a;"*"'*"^y, &c,, and we 
can then eliminate the m quantities as"*"*, a;"'"'^, &c., from the m 
equations we have formed. Every row of the determinant con- 
tains the coefficients of the second equation, but only n rows 
contain the coefficients of the first. The eliminant is, thereforOi 
as it ought to be, of the vt^ degree in the coefficients of the first, 
and of the tnl^ in those of the second equation. 

87. Cayley*a statement of BezouVs method. If two equations 
4> (a?, y), '^{xy y) have a common root, then it must be possible 
to satisfy anjr equation of the form ^ + X^ = 0, independently 
of any particular value of X. Take, then, the equation 

* (aj, y) yfr {x\ y') - 4> (x\ y') V^ («, y) = ; 
which, if tf> and ^ have a common factor, can be satisfied inde-« 
pendently of any particular values of a?' and y\ We may in the 
first place divide it hj xy'—yx^^ which is obviously a factor: next 
equate to the coefficients of the several powers of x\ y' ; and 
then eliminate the powers of x and y as if they were independent 
variables, when the result comes out in precisely the same form 
as by the method of Art. 84. 

Ex. To eliminate between aa* + 6ay + «y' = 0, a'x* + Vxy + <?y = 0. 

(aai« + ft«y + cy«) (a V« + A Vy' + c'y^) - ip.'^ + h'xy + <jy ) (ax^ + hs^tf + ^^ 

when divided hj xjf - ya:? gives 

{{ab')x+{acr)y]x'-^{{flc')x+{bc')y]i/ = Oi 

and, eliminaiing x, y between the coefficients of x' and y\ separately equated to 0, 

we get the eliminant 

(oO* + {ha') {Jxf) = a 

88. We proceed now to the theory of functions of three 
variables, th(8 eliminant of which, however, except in particular 
caseSi has not been expressed as a determinant, though it can 
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always be expressed as the qnotient of one determiDant divided 
by another. We shall shew, in the first place, how to form 
a fonction of great importance in the theory of elimination. 
Given h equations in k variables, w = 0, v = 0, ti> = 0, &c,, if we 

write w,, w„ w„ &c. for -rr , -T- , -7- , &c., then the determinant 



«1. 


«.» 


«.. 


&c. 


^.» 


»«> 


««> 


&p. 


^'l. 


«».. 


«,. 


&C. 



is called Jacobi's determinant, or simply the Jacdbian of the 
given equations, and will be denoted in whftt follows by the 
letter J. 

89. If any number of equations are satisfied hy a common 
system of values^ that system will satisfy the Jacolian ; and when 
the equations are of the sapie degree^ it will also satisfy the derived 
eqtuitions of the Jacobian with regard to each of the variables. 

The proof of this for three variables applies iq general. By 
the theorem of homogeneous functions we have 

au^ + yu^ + zu^ « nuj 

9!V^ + yv^ + zv^ = n'v, 

xu>^ + yw^ + zw^ = w'V» 

Now if, as in Lesson ly., we write the minors of the Jacobian, 
obtained by suppressing the row apd column containing i«„ t;^, &c., 
£^, Fj, &c., then if we solve these equations, we find (Art. 29) 
Jx = UjTiu + Vyv + W^n^^iPj from which it appears at once that if 
t<, Vj w vanish, J will vanish too. Again, di^Tereiitiatipg the 
equation just found, we have, for n^s^n^' ^n^ 

j^ dJ dJJ. dK^ ^^i _. / 77 ^ 17 _. iir\ 

J+x^^nu-^+nv^+nw'^+niu.U.'^v.r.-^w.W,), 

dJ dU, dV, dW, f rr . IT . TTr% 

But remembering (Art. 27) that 



w,c^^-f v,r, + u;,TF;=j; 



^.u,+v,r,^w,w^^o,. 



K 
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we see that the supposition w = 0, v = 0, t£? = (in consequence of 

which e/'is also =0) makes -r- , -p- also to vanish. 

dx^ ay 

90. We can now express as a determinant the eliminant of 
three equations, each of the second degree. For their Jacobian 
is of the third degree, and therefore its differentials are of the 
second. We have thus three new equations of the second 
degree, which will be also satisfied by any system of values 
common to the given equations. From the six equations, 

then, w, V, w, -7- , t- j ;t" , we can eliminate the six quantities 

0^, ^, s?^ yxj zxj xy^ and so form the determinant required. 
* Again, if the equations are all of the third degree, J is of the 
sixth, and its. differentials of the fifth, and if we multiply each 
of the three given equations by a;*, y', ^*, yz^ zxj xy^ we obtain 
eighteen equations, which, combined with the three differentials 
of the Jacobian, enable us to eliminate dialytically the twenty- 
one quantities, a;', x^y^ &c., which enter into an equation of the 
fifth degree. This process, howeveri cannot, without modifi- 
cation, be extended further. 

Bz. t. The Jacobian of two homogeneons equations may likewise be employed 
to w4te dpwn in detepnin^t form their eliminants. Thns, for 

iu^ + 2bxy + <ry« = 0, 

a'x^ + 2b'xy + e^y* = 0, 

writing the Jacobian t^ + 2aixy + a^^ 



the eliminant is 



a, 6, c 
a', h\ e 



Ex. 2. Por two cuWcs a$fi + 3&b^ + 3cary« + <^ =r 0, 

o'a» + W^ + Zifxit^ + rfy = •, 

the Jacobian may be written 

a^ + 4«i»»y + 6a,!»y + 4a^ + a^^ 

imd anoe its two derived functions vanish for a common value, the eliminant is 

Oy h^ e^ d 
o', 4', «?', d' 

«o» «i> «2» «a 
I tti, a,, a„ a^ 



/ 



^ i 
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Similarlj for two biquadratics with a like notation, the eliminant is 



a, bf e, dj Cj 



a', b\ c', cT, e\ 

0, a, 5, Cf df e 

0, a' b', c', d\ 6' 

a„ Oif Oj, rtj, a^j Oj 

«D %> «»» «4> «s» «• 

Ex. 8. As in Ex. 4, Art. 83, we can easQy determine the following and similar 
identities : 

«i*» «2*» «j'> ScjA,, 2a,Oi, gfliO, 

*!*, V, V, 2M., 26A, 26,6, 



(«! V»)* = 



«^1 » 



'2 f 



'a » 



2(?2C„ 



2c,tfi, 



2C|<^ 



(*lC!A)(^l«^8)(<^l«2*8) (fllVa) = 



Vl> *2<^2> Vl» Va + ^jCj, Vi + V»> 6iCj+Vl 
^i^it <V^ ^5«a» c^a, + TjOj, CjCTi + CjA^ Cjfl, + c^ 
Ojbij a^„ ajb^ a^^ + OjJjj <*»*! + «i*»» ^1*2 + <*2^i 

Vi» V2» Va» ^2pz + ^^ Vi + Va* Va + Vi 
c,ai, ^TjOj, c,a„ CjOj + c/i^, e^i + c,a, CjOj + Cj^i 

^i*i» <*2^2> ^*3» %*a + ^*2> *a*i + "i^»» *^i*2 + ''2^1 
<* A <V^» flgC^, Ojrfj+ajrfj, a^i + a^d^ c^d^+a^i 
bidi, b^ b^d^, b^d^ + b^d^, b^d^ + b^d^ 61^2 + ^^i 

C|C?i, C2<f2> <^8^8» *2''a + ^8^2> ^^l + <^l^ <^1<^ + 'V'l 

91. Dr. Sylvester has shewn that the eliminant can always 
be expressed as a determinant when the three equations are of 
the same degree. Let us take, for an example, three equa- 
tions of the fourth degree. Multiply each by the six terms 
(fic", iry, y*, &c.) of an equation of the second degree [or gene- 
rally by the ^n (w — 1) terms of an equation of the degree (n— 2)]. 
We thus form eighteen [|n (n — 1)] equations. But since these 
equations, being now of the sixth [2n — 2] degree, consist of 
twenty-eight [n(2n — 1)] terms, we require ten [i»*(w + l)] ad- 
ditional equations to enable us to eliminate dialytically all the 
powers of the variables. These equations are formed as follows : 
The first of the three given equations can be written in the 
form Ax^ •\-By-\- Cz^ the second and third in the form 

A'x*'\-B'y + C% A''x' + B''y + C''zi 

and the determinant (-45' C") which is of the sixth degree in 
the variables must obviously vanish for any values which 
satisfy all the given equations. We should form two similar 
determinants by decomposing the equations into the form 
Ay^ + Bx + Czj Az^-\ JBx-\-Cy, So again we might decompose 
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the equations into the forms -4x' + By^ + Cfe, -4 V + -By + G'z^ 
-4'V + 5'y + Cs) for every term not divisible by a;' or y* 
must be divisible by z) ; and then we obtain another deter- 
minant [AB^C'^) which will vanish when the equations vanish 
together. There are six determinants of this form got by inter- 
changing cr, y, and z in the rule for decomposing the equations. 
Lastly, decomposing into the form Ax* + By*-{- Cz*y &c., we 
get a single determinant, which, added to the nine equations 
already found, makes the ten required. In general, we decom- 
pose the equations into the fonn Ax'' 4- By^ 4- Cz'^^ such that 
a + i8 + 7 = w+2, and form the determinant [AB'C'^) ; and it can 
be very easily proved that the number of integer solutions of 
the equation a + )8 + 7 = n + 2 is Jn (n + 1), exactly the number 
required. 

92. When the degrees of the equations are different, it is 
not possible to form in this way a determinant, which shall give 
the eliminant clear of extraneous factors. The reason why 
such factors are introduced, and the method by which they are 
to be got rid of, will be understood from the following theory, 
due to Prof. Cayley : Let us take for simplicity three equations, 
Uy Vy Wj all of the second degree. If we attempt to eliminate 
dialytically by multiplying each by a?, y, Zj we get nine equa- 
tions, which are not sufficient to eliminate the ten quantities 
a', oj'y, &c. Again, if we multiply each equation by the six 
quantities, ar^, xy^ y*, &c., we have eighteen equations, which are 
more than sufficient to eliminate the fifteen quantities x\ x*y^ &€• 
If we take at pleasure any fifteen of these equations, and form 
their determinant, we shall indeed have the eliminant, but it will 
be multiplied by an extraneous factor, since the determinant is of 
the fifteenth degree in the coefficients, while the eliminant is only 
of the twelfth (Art. 76, mn + w^ 4- pm = 12, when m=n =^p =» 2). 
The reason of this is, that the eighteen equations we have formed 
are not independent, but are connected by three linear relations. 
In fact, if we write the identity uv = vu^ and then replace the 
first u by its value, aa? + hy^ 4- &c., and in like manner with the 
t? on the right-hand side of the equation, we get 

- ax\ + ly\ 4- cz^v 4- ^yzv 4- &c. = aVw 4- Vy'^u 4- &c. 
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In like maDDer, from the Identities vw^wv^ wu^uw^ we get two 
other identical relations connecting the quantities a?Uj t/^u^ ^v^ 
a?w^ &c. The question then comes to this : ^^ If there be m +^ 
linear equations in m yariableS| but these equations connected by 
p linear relations so as to be equivalent only to m independent 
equations, how to express most simply the condition that all 
the equations can be made to vanish together." In the present 
case fit = 15, ^ = 3. 

93. Let us, for simplicity, take an example with numbers 
not quite so large, for instance, tw = 3, /> = 1. That is to say, 
let us consider four equations, «, f, w, v, where 8 = a^x + 5,^ + c,«, 
t^a^x-\'hjif-\-c^z^ &c., these equations not being independent, but 
satisfying the relation, D^s + Djt + Dju + Djo = 0. Now I say, 
in the first place, that if we form the determinant [afij^^ of any 
three of these equations, 9, t^ u, this must contain 2)^ as a factor. 
For if 2>^ =: 0, we shall have s^ f, u connected by a linear rela- 
tion, so that any values which satisfied both s and t should satisfy 
u also; and therefore the supposition 2>^=s0 would cause the 
determinant [afija^ to vanish. And, in the second place, I 
say that we get the same result (or, at most, one differing 
only in sign) whether we divide {apji^ by D^ or [afi^c^ by D,. 
For (Art. 15) D^ («,i,c^) is the same as the determinant of which 
the first row is a,, &,, c^, the second, a,, 5,, c,, and the third, 
D/i^;i ^A) -^a; but we may substitute for Pfl^ its value 
-'Dfl^ — Djz^-'D^a^^ and in like manner for 2)^, D^c^. The 
determinant would then (Art. 18) be resolvable into the sum 
of three others; but two of these would vanish, having two 
rows the same, and there would remain D^ [O'fij^^ = "" -^s (^i^f^J* 
It follows, then, that the eliminant of the system may be ex- 
pressed in any of the equivalent forms obtained by forming the 
determinant [afi^c^ of any three of the equations, and dividing 
by the remaining constant 2>^. 

Suppose now that we had five equations «, ^, u, r, w^ con- 
nected by two linear relations D^s + Dji + Dju + Djo + D^w = 0, 
E^8-\-Eji-\-EjtA'^ Ejo-\-Ejbo=^0. Eliminating w from these 
relations, we have [D^E^ s 4 [D^E^) t + [D^E^] u -f {D^E^ r = 0, 
and we see, precisely as before, that the supposition [D^E^ =• 
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vould cause the determinant {aj>j(^^) to vanish; and that we 
get the same result whether we divide [afij^^ by (PJS^ or 
divide the determinant of any other three of the equations by 
the complemental determinant answering to {DJE^. This 
reasoning may be extended to any number of equations con- 
nected by any number of relations, and we are led to the 
following general rule for finding the ellminant of the system 
in its simplest form. Write down the constants in the m-\-p 
equations, and complete them into a square form by adding 
the constants in the p relations ; thus 



»; 


«.» ^> <'i 


A,^. 


«; 


««» ^» «» 


A, -e; 


«; 


«8» *»> "» 


D..E, 


»; 


«4l *4> <'4 


A,^« 


w; 


«.» *6» C. 


A, ^., 



then the eliminant in its most reduced form is the determinant 
of any m rows of the left-hand or equation columns, divided 
by the determinant got by erasing these rows in the right-hand 
columns. 

Thus, then, in the example of the last Article, we take 
the determinant of any fifteen of the equations, and, dividing 
it by a determinant formed with three of the relation rows, 
obtain the eliminant, which is of the twelfth degree, as it 
ought to be. 

94. And, in general, given three equations of the m"*, n**, 
and I?** degrees, we form a number of equations of the degree 
m + n+p- 2, by multiplying the first equation by all the terms 
a?***^, a""*^'y, and so on. We should in this manner have 

i(n+2>-l)(n+p)+i(;? + m-l)(|? + m) + ^(w + n-l)(»i + «) 

equations. But the number of terms, a;*"******^, &c., to be elimi- 
nated from the equations formed, is J (w + fi -f ^^ — 1) (w + n + /?), 
or, In general, less than the number of equations. But again, 
if we consider the identity uv = vuj which is of the degree m + w, 
and multiply it by the several terms af^^ &c., we get i{p''l)p 
identical relictions between the system of equations we have 

N 
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formed ; and in like manner ^ (w — 1) « + J (m — 1) m other iden- 
tities; and the number of identities subtracted from the number 
of equations leaves exactly the number of variables to be elimi- 
nated, and gives the eliminant in the right degree. 

95. If we had four equations in four variables, we should pro- 
ceed in like manner, and it would be found then that the case 
would arise of our having m + n linear equations in m variables, 
these equations not being independent, but connected by n + p 
relations; these latter relations again not being independent, 
but connected by p other relations. And in order to find the 
reduced eliminant of such a system, we should divide the deter- 
minant of any m of the equations by a quantity which is itself 
the quotient of two determinants. 1 think it needless to go into 
further details, but I thought it necessary to explain so much of 
the theory, the above being, as far as I know, the only general 
theory of the expression of eliminants as determinants; since 
whenever, in the application of the dialytic method, any of the 
equations is multiplied by terms exceeding its own degree, we 
shall be sure to have a number of equations greater than the 
number of quantities which we want to eliminate. 
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DETERMINATION OF COMMON ROOTS. 

96. When the eliminant of any number of equations 
vanishes, these equations can be satisfied by a common system 
of values, and we purpose in this Lesson to shew how that 
system of values can be found without actually solving the 
equations. The method is the same whatever be the number 
of the variables ; but for greater simplicity we commence with 
the system of two equations, <^ = 0, -^ = 0, where 

<!> = «„*" + «.„-.«''"" + «.-,^'"- + &c. - 0, 

f = by + i,.,*"-* + J,.,a;"^ + &c. = 0. 
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Let US suppose that some root of the second equation, x = a 
satisfies the first, and therefore that It the eliminant of the system 
vanishes. Now in <f> we may alter the coefficients {a^ into «„+-4^, 
a^_^ into a^_, + A _„ &c. ); and the transformed equation 

«-»"* 4 ««^aj"^' + &c. 4 A^^x"^ + ^n^i^'^'' + &c. = 
will obviously still be satisfied by the value a? = a, provided only 
that the increments -4^, -^mlu &c. are connected by the single 
relation 

^ma"* 4 •^•.-la"^' + &c. = 0, 
since the remaining part of the equation, by hypothesis, vanishes 
for a; = a. The transformed equation then has a root common 
with '^j and therefore the eliminant between fi and that trans- 
formed equation vanishes. But this eliminant is obtained from 
Hj the eliminant of (f) and -^j by altering in it a^ into o«+^a») &c. 
The eliminant so transformed is 

We have JJ = by hypothesis ; and since the increments -4^, &o« 

may be as small as we please, the terms containing the first 

^ powers of these increments must vanish separately. We have 

then A^ -^ — |- A^ . ^ h &c. = 0. This relation must be iden- 

tK Ilk— 1 

tical with the relation Ajil^ + A^^oT'^ + &c. = 0, which we have 
Been is the only relation that the increments need satisfy. It 
follows then that the several differential coefficients are pro- 
portional to a"*, a*""*, &c., and therefore that a can be found 
by taking the quotient of any two consecutive differential co- 
efficients. 

Gofi. 1. If a^, ag be any two coefficients in ^, we must have, 

m •n dH dR dR dR . « . i* 

when jResO, -7- : 3 — s: t~ • -3 — 5 since the quotient as well 

dOp da^ dag dUg^ 

of the first by the second as of the third by the fourth will = a*. 

It follows that J- 3 -j— -J — vanishes when JB = 0, and 

dap dag^ dag da^^ 

therefore must contain £ as a factor; or, in other words, 

dR dR dR dR , • -n ^ ^ -i? i. 

-j— -J -J— "j- contains £ as a factor if we have » + 2« r + 5. 

dapdaq dordog ^ ■-■ 
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C!oB* 2. It is evident, by parity of reasoning, that the differ- 
ential coefficients of the eliminant, with regard to the several 
coefficients in ^^ are proportional to a*, a*'^ &c ; and hence, as 

• • 1 mm 1 1 T> (zS uS dR dR 

in the last corollary, that, when jS=0, 3— : j — :: 37- : yr— \ 
^ dBdB dBdB . „ da, da^ db, db, 

or that -5 — = 5 — i7- contains £ as a factor when we have 

da^ dOf dor dOt 

Cob. 3. Or, again, if we snbstitnte in the second equation 
the values of a", a*"*, &c. given above, we have 

- dS , dS o ^ 

when jB = 0. But the left-hand side of this equation cannot 
contain J3 as a &ctor, for it obviously contains the coefficients 
of ^ in a degree less by one than that in which JS contains 
them. It must therefore vanish identically. 

97. The results of the preceding article may be confirmed 
by calculating the actual values of the differential coefficients 
of B. We know (Art. 67) that £ = ^ (a) ^ (y3) ^ (7) &c. But 

since ^ (a) = a^a" + a^^pT^ + &c., we have ■ ^^ = cf ; and 
therefore ' 

^ = a'^(/3)^(7)&c. + /3'^(a)^(7)&c + &c. 

If then a satisfies 0, we have ^ (a) = 0, and -7- = a'^ (fi) ^ (7) &c. 

dB ** 

In like manner v- = a*^ (jS) j> (7) &c. ; and therefore, as before, 

dB dB - / 

Ako, in general, if we multiply together, we find 
^^ = 0^ {^ m* [4> (7)}'&c+5 (a'i8»+ of^) ^(7) &c+&c. j 

and it can easily be seen that the series of terms multiplying B 

is ^ . If now we subtract ^ ^ , the terms not multiplied 
dafdOq dOr dag 

by B will destroy each other if we have p + j = r + «, and there 



. ^ 
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will then remain 

dR dR dBdB^j^f d^R d^'B \ 
dup duq dor da^ xdopda^^ da^daj * 

•n • M 1 ^ I < dR dR dR dR • 

iiy a similar process we can shew that -^— -=7 — -j—jr ^ 

dap aOq aa^ 00^ 

divisible by R^ but the quotient is not 



dUfdbq da^db. 



p 



98. What has been said is applicable, as we shall presently 
see, to a system of equations in any number of variables. The 
following simpler method only applies to a system of two equa- 
tions. In this case we have seen (Art. 84] that the eliminant 
can be expressed in the form of the determinant resulting from 
the elimination of aj"****, a?"*^, &c. from a system of equations 
linear in these quantities. When this determinant vanishes, the 
equations are consistent with each other, and if we leave out 
any one of them, the remainder will suffice to determine x. 
Hence if ^8,^, fi^^y &c. represent the minors of the determinant 
in question, we have 3?"*"^ a?*""^, &c. severally proportional to 

Aij ^»» Asi &Cj ^^ *^ /321J ^S2) ^88) &c., &c. These values are 
simpler than those found by the preceding method, since they 
are a degree lower than the eliminant in the coefficients of 
each equation ; whereas the values found by differentiating the 
eliminant are a degree lower than it only in the coefficients 
of one of the equations. For example, the common value 
which satisfies the pair of equations 

aa?'* + Ja? + c = 0, a V + J'a? + c' = 

is by this- method found to be — 7 — r = - tttt ; whereas by the 

■^ (ac) {ab) ' -^ 

preceding method it is given in the less simple form 

2c' {ac') -- V {be') _ a' [be') - c' [aV) 
a' [be') - c' [ab') " - 2a' [ac') + b' [ab') ' 

All these values are equal in virtue of the relation, which is 
supposed to be satisfied, [ac'f^ [ai') [be'). 

99. If we substitute in any of the equations used in the last 

dR 

article the values -^ for a;"*"*, &c., this equation must be 
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Batlsfied when JJ = 0, and therefore thejresult of substitution 
inust be divisible by R. In other words, if o^, o^, &c. be the 
constituents of any of the lines of the determinant of Art. 84| 

we must have a,, -^ 1- a^ -^ h &c. divisible by JB. But if 

^ da ^ ^da ■' 

we examine what a^^, &c. are, we see that a^ is the determinant 

(^m^f*-r)> &c., and thus that the function a^, ^ h &c. contains 

the b coefficients in a degree one higher than R^ while its weight 
exceeds that of 5 by w — r+1. Consequently the remaining 
factor must be h^.r+\ multiplied by a numerical coefficient. To 
determine this coefficient, we suppose all the terms of ^jr to 
vanish except 6,_^+,. Now it follows at once from the method of 
elimination by symmetric functions, that if ^ consist of factors 
F, TF, &c., the eliminant of (f) and '^ is the product of the 
eliminants of ^, F; ^, W; &c. For if F be {x — a) {x — ^), &c., 
and TF be [x- a') (a; — ^8^), &c., the eliminant of <^ and F is 
4) (a) <f> {13) &c., that of <^ and TF is <^ (a') ^ {fi') &c., and the 
product of all these is the eliminant of ^ and yfr. 

Again, if ^ reduce to the single term b^x'tfij since the elimi- 
nant of <l> and a; is a^ and of ^ and y is a^, the eliminant of 
^ and -^ will be h^a^aj. The only one then of the series of 

terms -j , &c., which will not vanish when all the coefficients 

*"-* dR 

of •^, except J., are made to vanish, will be -^, and this will 

be ab^a*'^a^P. But in the case we are considering, it will 

be found that the term by which -y- is multiplied will be hji^^ 

and hence that in general, when a = w — r + 1, 

dR dR 



+ a^;T— - + &c. = (n-r + l)iZJ, 



"' da ' "^da ' ^"-^ v» ' t -y ---.^i. 

** m-l ^^m-2 

Ex. In order to make what has been said more intelligible, .we repeat the proof 
for the particular case of the two cubics a^s? + a^'^ + a^x + a^, b^ + h^ + h^x + d<j, 
then we have the system of equations (Art. 84) 

(a A) ^ + (Ml) « + («8*o) = 0, 

(ojii) a;2 + {(ajfto) + (a»fti)} « + Wo) = 0, 
(aA) »» + (o^o) » + (a,*o) = 0. 
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Substituting then, Bnppose in the second equation, the following quantity must be 
divisible by i?, 

Bat, considering the order and weight of the function in question, it is seen at once 
that the remaining factor must be b^ multiplied by a numerical coefficient. To deter- 
mine th&t coefficient, let b^j dj, 5, all vanish, then the quantity we are discussing 

reduces to — d, f^i 3 — Ha^ -=—j . But i?, on the same supposition, reduces to b^ti^^ \ 

and therefore the function we are calculating at most differs in sign from 23,iZ. 

100. There is no difficulty in applying the method of 
Arts. 96, 97 to the case of any number of variables. For 
greater clearness we confine ourselves to three variables, but 
the same proof applies word for word to any number. 
Let there be three equations = 0, ^^ = 0, X"^) where 
= a^Q ^,a;"* + ...+ a, ^ ^a?*y'^j5''^ + &c., and let the values x'yz 
satisfy all the equations; then they will still satisfy them if 
in 4> we alter a^,^„ a^^^.r into a^,,,4 ^^,,,„ a„,^^^ + J,,^^t, &c , 
provided only that A^^^^^x^ + &c. -f A^^^^^x'^'y'^z"* + &c. = 0. 
But, as in Art. 96, the equation must also be satisfied 

and comparing these two equations, we see that the value of 
each term x^^'if^z'* must be proportional to the differential of 
the eliminant with respect to the coefficient which multiplies it. 
We obtain the values of a/, y', /, by taking the ratios of the 
differentials of E with respect to the coefficients of any terms 
which are in the ratio of a?, y, z. And this may be verified 
as in Art. 97. For let the common roots of ^, ;^, substituted 
in 0, give results 0', 0'', &c. Then R = <t>4>^4>" &c. And 

T^^ = a? V''^ Vf " &c. + af'YPz"^4/<l/" &c. + &c. ; 

and if we suppose if/ to vanish, the value of this differential 
coefficient reduces to its first term, and it is seen, as before, that 
the differential with regard to each coefficient is proportional 
to the term which that coefficient multiplies. The same corol- 
laries may be drawn as in Art. 96. 

101. And generally, in like manner, if the coefficients 
of be functions of any quantities a, l^ c, &c., which do 
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not enter into -^j Xi i* ^^ proved by the same method that 
-J- : ^ : : -J- : --57 ) where in the latter differentials a;, y, z are 

supposed to have the values a?', y', «', which satisfy all the 
equations. For either, as in Art. 97, we have when ^' = 0, 

"^ " ^ * '*' ' ^^'db^M *'* ' ^^' ' ^^' *S^^°' ^ ^° '^' ^^' 
if a, 5, c be varied, so that the same sjstpm of values continues 
to satisfy ^, we have 

da do dc ' 

while, because in this case the eliminant of the transformed ^ 
and of the other equations continues to vanish, we have 

dll ^ dR «^, dR ^ o 

-J- oa + -^r ^^ + J- So + &c. == 0, 

da do dc ' 

and these two equations must be identicaL 

102. The formulae become more complicated if we take the 
differentials of the eliminant with respect to quantities a, i, &c. 
which enter into all the equations. As before, if we give these 
quantities variations, consistent with the supposition that the 
eliminant still vanishes, we have 

dR « dR ^m dR ^ o 

-3- oa + -jT 00 + -J- oc + &c. =s 0. 

da do ac 

Now, in the former case, where a, h^ c, &c. only entered into 
one of the equations, a change in these quantities produced no 
change in the value of the common roots, since the coefficients 
remained constant in the other equatiouB, whose system of 
common roots was therefore fixed and determinate. But this 
will now no longer be the case, and the common roots of 
the transformed equations may be different from those of the 
original system. Let the new system of common roots be 
aj' + Sa/, y' + Sy', «' + S«', &c., then the variations are connected 
by the relations 
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If there are h such equations, there will be A; — 1 independeDt 
variables ;* we may, therefore, between these k relations elimi- 
nate the h "l variations ix\ hy\ &c., and so arrive at a 
relation between the variations £a, 56, &c. only ; the coefficients 

of which must be severally proportional to -j- , --jr , &c. 

Ex. 1. Let there be two equations and one variable. The final relation then is 

\da dx da dxj \db dx db dx) ' * 

and the several coefficients are proportional to ^ , -^f &c. If the equation had 
been given in the homogeneous form, we might have taken x as constant, and sub- 
stituted ~ , -J- for -^ , -J-- in the preceding formula. This makes no change, 

because it was proved, Art. 89, that the common root satisfies the Jacobian, or makes 

d<f> d\J/ _ d<f> diff 
dx dy " dy dx' 

Ex. 2. If there ore three equations, the coefficient of 6a is 

d4> dx}/ dx 
da* da^ da 

<t>v ^i» Xi 

4>2f ^2J X2 

where ^x, <t>2 denote the differential coefficients of <^ with respect to x and ^, &c, 

103. If a system of equations is satisfied by two common 
systems of values, not only will the eliminant B vanish, but 
^so the differential of B with respect to every coefficient in 
either equation. For evidently the values of the differentials, 
given Art. 97, all vanish if both <^(a) and ^(/8) = 0, or, in 
Art. 100, if 4/ J 0" both = 0. In this case the actual values of 
the two common roots can be expressed by a quadratic equa- 
tion in terms of the second differentials of B. The following, 
though for brevity, stated only for the case of two equations, 
applies word for word in general. We have (see Art. 97) 

j^ = o^fip^ (ry) ^ (S) &c. + /3V* (a) * (S) &c. + &c.. 



* If the equations had been given as homogeneous functions of k variables, still 
Bmce their ratios are aU we are concerned with, we may assume any one of the 
YBiiables to be the same in all the equations, and may suppose de' = 0. 

O 
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which, when ^ (a), (f) (/8) = 0, reduces to the single term 

of/3'<l> (7) ^ (S) &C. 
In like manner, in the same case, 

^^ = ioT^ + a'yS') ^ (7) ^ (S) &c., ^ ^^ = ««/3*^ (7) ^ (S) &c. 

If then we solve the quadratic in X : ft, 

da^ da^dag da* * 

the roots will give the ratios 6F : a*, ^ : ^, 

If the equations have three common systems of values, all 
the second differentials of R vanish, and the common roots are 
found by proceeding to the third differential coefficients and 
solving a cubic equation. 
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104. Before entering on the subject of discriminants, we 
shall explain some terms and symbols which we shall frequently 
find it convenient to employ. In ordinary algebra we are wholly 
concerned with equations^ the object usually being to find the 
values of x which will make a given function =sO. In what 
follows we have little to do with equations, the most frequent 
subject of investigation being that on which we enter in the next 
Lesson : namely, the discovery of those properties of a function 
which are unaltered by linear transformations. It is convenient, 
then, to have a word to denote the function itself, without being 
obliged to speak of the equation got by putting the function = : 
a word, for example, to denote ax^ + ixy + cy* without being 
obliged to speak of the quadratic equation aaj' + Ja?y + cy*«sO. 
We shall, after Prof. Cayley, use the term quanttc to denote a 
homogeneous function in general; using the words quadi^c, 
cubic, quartic, quintic, w% to denote quantics of the 2nd, 3rd, 
4th, 5th, n*^ degrees. And we distinguish quantics into binary, 
ternary, quaternary, n-aiy, according as they contsdn 2, 3, 4^ 
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n variables. Thus, by a biuary cubic, we mean a function 
such as ax^-\-hx^y-\-cxy*-\-dy^\ by a ternary quadric, such a3 
CLO? + iy* + cz* + ^fyz + 2gzx + 2hxy^ &c. Professor Cayley uses 
the abbreviation (a, J, c, d\x^ yf to denote the quantic 
ax* + ^bx^y + 3cicy* + rfy', in which, as is usually most con- 
venient, the terms are affected with the same numerical coeffi- 
cients as in the expansion of {x + yf. So the ternary quadric 
written above would be expressed (a, 6, c, /, g^ Ajar, y, z)\ 
When the terms are not thus- affected with numerical coeffi- 
cients, he puts an arrow-head on the parenthesis, writing, for 
instance (a, J, c, d^x^^ yf to denote ax* -{■ bx^y + cxy^ -{■ dy\ 
When it is not necessary to mention the coefficients, the quantic 
of the n** degree is written (a;, ^)*, (a?, y, a)*, &c. 

105. If a quantic in k variables be differentiated with respect 
to each of the variables, the eliminant of the k differentials is 
called the discrhninant of the given quantic. 

If n be the degree of the quantic^ its discriminant is a homo^ 
geneous function of its coefficients^ and is of the order k{n — 1)*~\ 
For the discriminant is the eliminant of k equations of the 
(n — 1)** degree, and (Art. 78) must contain the coefficients of 
each of these equations in a degree equal to the product of the 
degrees of all the rest, that is (n- 1)*~*. And since each of 
these equations contains the coefficients of the original quantio 
in the first degree, the discriminant contains them in the 
i(n— 1)*"* degree. Thus, then, the discriminant of a binary 
quantic is of the degree 2 (n — 1) ; of a ternary, is of the degree 
3 (n - 1)«, &c. 

106. If in the original quantic every coefficient multiplying the 
first power of one of the variables x be affected with a suffix 1, 
every term multiplying the second power by a suffix 2, and so on ; 
then the sum of the suffixes in each term of the discriminant is 
constant and ^n{n— 1)*"\ It was proved (Art. 78) that if 
every coefficient in a system of equations were affected with a 
suffix corresponding to the power of x which it multiplies, then 
the sum of the suffixes in every term of their eliminant would be 
equal to the product of the degrees of those equations, viz., 
BUtnp &0. Now suppose, that in the first of these equations 
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the suffix to the coefficient ot x^j instead of being 0, was Z; that 
of a?* was Z+ 1, and so on ; it is evident that the eflFect would be 
to increase the sum of the suffixes by I for every coefficient of 
the first equation which enters into the eliminant; and since 
(Art. 78) every term contains np &c. coefficients of the first equa- 
tion, the total sum of suffixes is mnp &c. + Inp&c, =:{m-^l)np &c. 
Now, in the present example, it is evident that every coefficient 
in the k — 1 differentials £^, £^, &c.,* multiplies the same power 
of X as it did in the original quantic U. But in the remaining 
differential, fTj, every coefficient multiplies a power of x one less 
than in Z7, and the coefficient multiplying any term x^ in this 
differential will be marked with the suffix Z+1, since it arose 
from differentiating a term a;'^^ in the original quantic. It 
follows, then, that the sum of suffixes in the discriminant 
must = (n - 1)* + (w - 1 )*-* = n{n- 1)*-\ 

We shall briefly express the results of this and of the last 
article by saying that the order of the discriminant is A (w — 1)*"* ; 
and its weighty n{n — 1 }*'*. Thus for a binary quantic the weight 
of the discriminant is n (n — J). 

107. If a binary quantic contain a square factor, then, as is 
well known, the discriminant vanishes Identically. For the two 
differentials must each contain that factor in the first degree, 
and therefore, since they have a common factor, their eliminant 
vanishes. In like manner, if a ternary quantic be of the form 
Z V -{-XYf + Y^^ where X = ax + iy + c«, Y= a'x + Vy + c'z^ 
then the discriminant must vanish, since every term in any of 
the differentials must contain either JC or Yj and therefore the 
differentials have common the system of roots derived from the 
equations X=0, Y=0. In like manner, the discriminant of a 
quaternary quantic vanishes, if the quantic can be expressed as 
a function in the second degree of X, Y^ Z^ these being any 
linear functions of the variables.! We shall call those values 

* We write, as before, 27}, 2/,, TJ^y dec. to denote the differential coefficients of IJ 
with respect to a;, y, «, <bc. 

t In other words, the vanishing of the discriminant of an algebraical equation 
expresses the condition that the equation shall have equal roots ; and the yanishing 
of the discriminant of the equation of a curve or surface expresses tbo condition that 
(he curve or surface shall haye a double pQint« 
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which make all the differentials vanish, the atnguiaf roots of the 
quantic. ' y\ 

108. We shall now discuss the properties of the discriminant 
of the binary quantic U— ajx"-}- na^x^y + \n (n— l)a,aj"'^y*-h&<j. 

The eliminant of U and U^ is a^ times the discriminant^ and 
the eliminant of U and U^ is a^ times the discriminant* For 
since nU=xU^ + yU^j the result of substituting in n 17 any root 
of C^ is yO^'; and when all the results of substitution are 
multiplied together, the product will be y'yf'yf'' &c. (which is 
= a^j, see Art. 61), multiplied by the product of the results of 
substituting the same roots in Z^, which is the discriminant. 

109. To exfpress the discriminant in terms of the values 
ar^^j, x^^j cfec, which make the quantic vanish. 

Let U= [xy^ - yx^) {xy^ ~ yx^ {xy^ - yx^ &c. (see Art. 61 ) ; 
then 

^1=^1 (^«-y^a) (^8-y^s) &c. +3^3 i^-y^x) [^Vz-y^^ &c.+&c. ; 

and the result of the substitution in U^ of any root xj/^ of U is 

^iC^iya^^i^s) f^iy8~yi^3) ^^' Similarly, the result of sub- 
stituting xj/^ is y^ {xj/^ - x^y^) [xjy^-y^x^ &c. If, then, all the 
results of substitution are multiplied together, the product is 

± y^Jfs &c. {x^^ - y.x^j^ {x,y, - y.ajj^ (aj^3 - y^x^j^ &c. 

This, then, is the eliminant of U and ^, and if we divide it 
by a^j which is =yiyg.y8&c., we shall have the discriminant 

= (^i^s — ^i^a)* (^1^8 ■" yj^s)* ^^* ^^ ^® make in it all the y's = 1, 
we get the theorem in the well-known form that the discriminant 
is equal to the product of the squares of all the differences of 
any two roots of the equation. We shall, for simplicity, refer 
to the theorem in the latter form. 

110. The discriminant of the product of two quantics is equal 
to the product of their discriminants multiplied by the square of 
their eliminant. For the product of the squares of differences of 
all the roots evidently consists of the product of the squares of 
differences of two roots both belonging to the same quantic, 



* We do not take account of mere numerical factors. 
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multiplIcS-by the square of the product of all differences between 
a root of t>ne and a root of the other, and this latter product is 
the eliminant (Art. 68). As a particular case of this, the dis- 
criminant of (a; — a) ^ [x) is the discriminant of ^ {x) multiplied 
, -.byfihe square of if> (a). For if fij 7, &c. be the roots of ^ (a?), 
'■then (a - /8)* (a — 7)* (^ — 7)* &c. is equal to the square of 
(a — /8) (a — 7) &c. which is ^ (a), multiplied by the product of 
the squares of all differences not containing ou 

111. The discriminant of (a^, ^i"-^«-i> ®JJ[^> vT ^ ^f '^^ 
form ajl> + a*^,^| tohere yp" is the discriminant of the equation of 

the {n~ 1)** degree (a^, a,...a^^, ^»-i5C^» !/T^' ^^^ ^® evidently 
get the same result, whether we put any term a» = in the 
discriminant, or first put a^ = in the quantic, and then form 
the discriminant. But if we make a^ = in the quantic, we 
get X multiplied by the (w- 1)" written above, and (Art. 110) 
its discriminant will then be the discriminant of that (n — 1)^ 
multiplied by the square of the result of making in it x=^0] 
that is, by the square of a^^. In like manner w« see that the 
discriminant is of the form a^nj) + a^y^.* 

112. The discriminant being a function of the determi- 
nants x^y^ - x^y^j &c must satisfy the two differential equations 
(Art. 62), 

^a,^^+(^.l)«^^^^ + (n»2)a4^^ + &c. = 0, 
rfA ^ dA ^ dA t, 

or, if the original equation had been written with binomial 
coefficients, 

rfA , » ddk o dA dd 

* This theorem was first published by Joachimsthal j I had, however, pieyiously 
been led by simple geometrical considerations to the follo\ring theorem in which it 
is included. If aj contain a factor 0, and if a^ contain 2^ as a factor, the discriminant 
will be divisible by z'^. If et^ contain 2 as a factor, if Oj contain a?, and a, contain 2*, 
the discriminant wiU in general be divisible by e*. In like manner, if a, oontain z ; 
a^z"^) ^1, 2* ; and a^, e^, the discriminant will be divisible by «", &c. 
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Ex. To fonn the discriminant of (a^, aj, a^j „.\xf ^)", which we suppose arranged 
according to the powers of o«. We know (Art. Ill) that the absolute term is 
Gi*2>, where D is the discriminant of (aj, o^, ...Ya?* y)"~*. The discriminant then is 

Oi^D + a^<l> + a^^xlr + Ac. : operating on this with a, .^ — i- 2a- •= — |- 3a, -; — I- Ac, we 

auQ cUii aa^ 

may equate separately to zero the coefficient of each power of a,. Thus, then, the 

part independent of a^ is 

a^4> + Aa^a^D + a^^ Ua^ ^+303 — + Ac.) 2> ; 
or, remembering that {^^ + ^^z7T + *c* ) -O = 0, we have 

and the discriminant is 

f d d \ 

{a^ - 40^02) D + fljao ( ^ ^ + 2a4 ^ + AcJ D + Co'i/r + Ac. 

In like manner, from the coefficient of Oi we can determine 1^, but the result does 
not seem simple enough to be worth writing down. 

113. If the discrimmant of a binary quantic vanishes, the 
quantic has equal roots, and the actual values of these roots can 
be found by a process similar to that employed in Lesson x. 
Let Z7= a^jCC* + a^aj"'* + «,«""" + &c. be a quantic whose discrimi- 
nant vanishes, and having therefore a square factor [x — ay. 
Then evidently F, where 

F= ^X + A^x""' + ^.x"^ + &c. 

will also be divisible by a; - a, provided that -4^, -4^, &c. be any 
quantities satisfying the condition 

Ajx"" + Afl""' + u4,a""* + &c. = 0. 

In this case then we shall have Z74XF divisible by x — a. 
Iiet it =[x — a) {{x'- a) 4> (a?) ^-X-^ [x]]. It follows then, from 
Art. Ill, that the discriminant of U+W is the discriminant 
of the quantity within the brackets, multiplied by the square 
of the result of substituting a for x inside the brackets. But 
this result is X'^(a). We have proved then that in the case 
supposed, the discriminant of Z7+ XFis divisible by X'. 

But since 17+ XF is derived from U by altering a^ into 
€yj^ + X-4^, &c., the discriminant of Z7+XF is derived from the 
discriminant of Z7by a like substitution, and is therefore 
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By hypothesis A = 0. But the discriminaDt will not be divisible 
by X* unless the coefficient of X vanish. Now the relation thus 
obtained between A^j A^^ &c. must be identical with the relation 
A^a + A^a'^ + &c. = 0, which we have already seen is the only 
relation that need be satisfied by A^^ A^^ &c. in order that the 
discriminant of fT'+XF may be divisible by X*. We must have 
therefore the quantities a", a""*, a""*, &c. respectively propor- 
tional to -^ , -T- , -7— , &c. Dividing any one of these terms 

by that consecutive to it, we get an expression for a. We may 
state this result : When the discriminant vanishes^ the several dif" 
ferential coefficients of the discriminant with respect to a^, a„ cfeo. 
are proportional to the dijj^erential coeffixdents of the quantic with 
respect to the same quantities. 

114. This result may be confirmed by forming the actual 
values of these differential coefficients in terms of the roots, which 
may be done by solving from the n equations 

rfA _ rfA da^ dA da^ « 
doL da^ da da^ da 

We know the expressions for A, a,, a^, &c. in terms of the 
roots, and therefore from these n equations can find the n 
quantities sought. The result will be found to be 

^^ = S(/8-7)''(7-Sr(S-/3)« 

X {(a-/3) (a-7)+ (a-/S) (a-S) + (a-7) (a- S)l, 

where the product of the squares of all the differences, not con- 
taining a, is multiplied by the sum of the products (w — 2 taken 
together) of the differences which contain a, 

^=2aOS-7r('y-S)'(S-/3r{(«-/3)(a-7) + &c.}, 



dA 



da. 



= 2a» (/S - 7)' (7 - S)« (S - /S)' {(a - /3) (a - 7) + &c.}, &c., 



n-S 



and the supposition a = reduces these sums to quantities which 
are in the ratio 1, a, a*, &c. As in Art. 96, it follows from the 
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theorem of the last article that -y- -= 3— -=— is divisible by 

dap aa, cUz^ aa^ ^ 

A when p + j = r + «. If more than two of the roots are equal 

to each other, all these differentials vanish identically, and we 

find the equal roots by proceeding to second differentials of the 

discriminant. 

115. We know, from Art. 98, that instead of the functions 
in the last two articles, which are of an order in the coefficients 
only one lower than the discriminant, we may substitute func- 
tions of an order two lower, and possessing the same property, 
viz. that they vanish when more than two roots are equal, and 
that if two roots are equal (a = fi) they are to each other in 
the ratios 1, a, a*, &c. If we proceed by Bezout's method of 
elimination (Art. 84) to eliminate between the two different 
tials Z7j, t^, the resulting equations of the (« — 2)* degree, when 
expressed in terms of the roots, are 2 (a — ^)* {x — 7) (a; — S) = 0, 
2 jj (a — fif (a; - 7) (« - S) = 0, 2^j (a - ^)" &c. = 0, where j„ j,, &c. 
are the sum, sum of products in pairs, &c. of all fhe roots 
except a and )8.* The discriminant is then, by Bezout^s 
method, expressed as a determinant, whose constituents are 

S (a-/8)«, 2j, (a-ySr, 2j. (a-)8)«,&c., 
2j,(a-/9r, 2j,- (a-^r, 2^. (« " ^r, &c., 
2?. (a - fi)\ ^M. (a - ^)\ S?.« (a - /8f, i&c., &c. 

And when the given equation has two roots equal, the first 
minors of this determinant will, by Art. 98, be in the ratio 
1, a, a*, &c. A somewhat simpler series, possessing the same 

property, is 2 (^8-7)^ (7-8)' (»- fi)\ 2a (^8-7)" (7-8/(8-/8)', 
2:a"(/8-7)"&c.. 

116. The following proof of the theorem of Art. 113 Is 
applicable to the case of a quantic in any number of variables. 
For simplicity, we confine ourselves to the case of two Inde- 
pendent variables, the method, which is that of Art. 102, being 

* The fint of these fanctions of degree n — 2 is one of the series to which we 
ne led by Storm's process. With regard to the extension of Sturm's theorem, see 
Bjjlfester'fl memoir in the Philosophical Transactions for 1853. 
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equally applicable in general. Let the coefficients In 27 be 
functions of any quantities a, by &c., and let variations be given 
to these quantities consistent with the supposition that the dia* 
criminant still vanishes, and therefore such that 

-7- Sa -f -jt S J + &c. = 0. 
da do 

Now If the effect of this change In a, hj &c., Is to alter the 
singular roots from a?, y Into x-\-Sxj y + Stf^ since these new 
values satisfy Z^, C^, U^ &c., we must have 

-j-^ oa + -5^* 06 + &c. + -3-*' oa: + -7-^ 5y = 0. 
aa do dx dy 

Multiply these equations by a?, y, z respectively and add; 
then since nU^xU^-\-yU^-\- zU^^ the coefficient of ha will be 

dU , . dU^ dU, dU^ da ^. «. • * r s^ 

n -J- ; and smce -r^ = -7—* , -7-* = -7-* « the coefficient of &? 
da ^ dx dy ^ dx dz ^ 

will be (n — 1) Z7,, which will vanish, since U^ is satisfied for the 

singular roots. We get therefore 

-7— oa + -77- 06 + &c. = 0, 
da do ' 

and therefore the differentials of A with respect to a, ft, &c. are 
proportional to the differentials of U with respect to the same 
quantities, it being understood that the ar, y^ z which occur ia 
the latter differentials are the singular roots. 

117. The theorem proved for binary quantlcs (Art. Ill) may 
be extended to quantlcs In general. Let a be the. coefficient 
of the highest power of any of the variables, 5, c, J, &e., those 
of the terms involving the next highest power, then the dis* 
criminant is of the form 

aO + (^, Xj '^j &C.JJ, e, rf, &c.)*. 

IliQBy for a ternary quantic, to which for greater shnpKcIty 
opnelvesi if a be the coefficient of z''^ h^c those of 
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z^-^x, z^'^y] then if in the discriminant we make a = 0, the re- 
maining part will be of the form b*<f> + Jc^ + c\. To prove 
this: first, let U be any quantic whose discriminant vanishes, 
V any other reduced to zero by the singular roots of IJ^ then 
I say that the discriminant of J7h- \V will be divisible by \*. 
For, let ?7=: a«* + 6«""'aj + &c., F= ^a" + £«""'a; + &c, then 
the coefficient of X in the discriminant of U-\-\V will be 

A-^ — hB -jT + &C., and (Art. 116) -7- , &c. are proportional 

to «*, «""*«;, &c. The coefficient of X is therefore proportional 
to the result of substituting the singular roots in F, and there* 
fore vanishes. 

Now, in the case we are considering, the supposition of 
a = 0, & = 0, = must make the discriminant vanish, since 
then all the differentials vanish for the singular roots a; = 0, 
y = 0. Any other quantic V will vanish for the same values, 
provided only -4«=0. The general form of the discriminant 
then must be such that if we substitute for bj b-^ \B ; for c, 
c-^-XO^ &c., and then make a, 5, c = 0, the result must be 
divisible by X*; or, in other words, if we put for J, X-B; for c, 
XC7, &c., and then make a = 0, the result is divisible by X*| 
which was the thing to be proved. 

118. Concerning discriminants in general, it only remains 
to notice that the discriminant of a quadratic function in any 
number of variables is immediately expressed as a symmetrical 
determinant. And, conversely, from any symmetrical deter- 
minant, we may form a quadratic function which shall have 
that determinant for its discriminant. The simplest notation 
for the coefficients of a quadratic function is to use a double 
Baffix, writing the coefficients of a;*, y", &c., a^,, a^^ a^^ &c., 
and those of xy^ xz^ &c., a,,, a^^ ; a,, and a^^ being identical in 
this notation. The discriminant is then obviously the sy m« 
metrical determinant 

«I11 «t«) «18> &®- 
««) «M) ««> &C- 
«ttJ «W> «8») &C- 

&c 
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119. LnxMrianU. The diBciiiniDint of a biiiaiy qmntic 
being a function ot tlie differeooet of the roots u evidently 
unaltered when all the roots are increased ^h* diminished by 
the same quantity. Now the substitution ofx+Xf^H'^Bisa 
particular case of the general linear trangformation^ where, in 
a homogeneous function, we substitute for each yariable a linear 
function of the Tariables; as for example, in the case of a 
binary quantic where we substitute for x, Xj; + /iy, and for 
y, X'x-k- fiy. It will illustrate the nature of the enquiries ia 
which we shall presently engage if we examine the effect <^ 
this substitution on the discriminant of the binary quadratic, 
aa?-\'2hxy-^'C}/^, When the Tariables are transformed, it be« 
comes 

a (\aj'+ /ly)' + 2 J (Xx + ;ty) (X'oj + /y) + c (X'aj + A*'y)" ; 

and if we call the transformed equation a'j^-Vib'ocy + ift^^ we have 

a' = aV + 2 J\V + cX", d' = a/i* + 2i/i/A' + c/a'*, 

b'^oKfi, + h (X/i' + X» + cXV* 

It can now be verified without difiScolty that 

that is to Bay, the discriminant of the transformed quadratic is 
equal to the discriminant of the given quadratic multiplied by 
tho square of the determinant X/i^'-X^/bf, which is called the 
fnoduliM qf tran^ormation* 

120. Now, a corresponding theorem is true &r the discrimi* 
nant of any binary quantic. We can see h priori that this 
moit be the case, for if a given quantic has a square factor, 

hwra a square factor still when it is transformed; so 
the discriminant of the given quantic vanishes. 
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that of the transformed must necessarily vanish too. The one 
must therefore contain the other as a factor. The theorem 
however can be formally proved as follows: Let the original 
quantic h&[xy^-'yx^{xy^—yx^&c,^ then (Art. 109) the dis- 
criminant is [x^y^ - yjo;,)* [xj/^ - y^x^^ &c. 

Now the linear factor [xy^ — yx^ of the given quantic be- 
comes by transformation y, (XX+/iF) — a?, (VX + At'l^)! and 
if we write this in the form Y^X-X^Y^ we shall have 
yj = Xy, — X'o:,, Xj = — /i^i + At'a?,. If then the transformed 
quantic be written as the product of the linear factors 
(F,X- X^Y) [Y^X- -^9^) &c., we have expressions, as abovOi 
for Y„ Xj ; Y^, X,, &c., in terms of y^, a?, ; y^, a?,, &c. We 
can then, without diflSculty, verify that 

(y;X,-X,F,) = (XA.'-X»(y,a:.-a?,y,). ^ 

It follows immediately that [Y^X^^Y^X^y[Y^X^^Y^X;j^&Q. 
is equal to {y^xi^^x^y^* {y^x^^y^x>l^ &g. multiplied by a power 
of X/it' — X'/A equal to the number of factors in the expression 
for the discriminant in terms of the roots. A corresponding 
theorem is true for the discriminant of a quantic in any number 
of variables. 

What I have called Modem Algebra may be said to have 
taken its origin from a paper in the Cambridge Mathematical 
Journal for Nov. 1841, where Dr. Boole established the prin- 
ciples just stated ' and made some important applications of 
them. Subsequently Prof. Gayley proposed to himself the 
problem to determine h priori what functions of the coefficients 
of a given equation possess this property of invariance\ that 
when the equation is linearly transformed, the same func- 
tion of the new coefficients is equal to the given function 
multiplied by a quantity independent of the coefficients. The 
result of his investigations was to discover that this property 
of invariance is not peculiar to discriminants and to bring 
to light other important functions (some of them involving 
the variables as well as the coefficients) whose relations to 
the given equation are unaffected by linear transformation. 
In explaining this theory, even where, for brevity, we write 
only three variables, the reader is to understand that the 
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processes are all applicable In exactly the same way to any 
number of variables. 

121. We suppose then that the variables in any homo- 
geneous quantic In k variables are transformed by the 

substitution 

a; = \-X + /x, F-f v,Z+ &c., 

y = \x + /x, r+ F,Z+ &c., 

z = X3Z+ /X3 F+ v^Z-\- &c., &c., 

and we denote by A the modulus of transformation ; namely, 
the determinant, whose constituents are the coefficients of 
transformation, X,, /i,, v^, &c., X^^, fi^^ v^, &c., &c. 

Now it Is evidently not possible in general so to choose the 
coefficients X„ /i^, &c., that a certain given function oaj" + &c. 
shall assume, by transformation, another given form a'X" + &c, 
In fact, if we make the substitution in 00;" + &c., and then 
equate coefficients, we obtain, as in Art. 119, a series of equa- 
tions a' = a\^ + &c., the number of which will be equal to the 
number of terms in the general function of the n** degree in 
k variables. And to satisfy these equations we have only at 
our disposal the h^ constants X„ X,, &c., a number which will 
in general be less than the number of equations to be satisfied.* 
It follows then that when a function a^ + &c. is capable of 
being transformed into a'X" + &c., there will be relations con- 
necting the coefficients a, 5, &c., a\ h\ &c. In fact, we have 
only to eliminate the k^ constants from any A;* + l of the 
equations a' = aX,* + &c., and we obtain a series of relations 
connecting a, a\ &c., which will be equivalent to as many 
independent relations as the excess over J^ of the number of 
equations. Thus, in the case of a binary quantic, the number 

* The nnmber of terms in the general equation of the n^ degree homogeneoiui 

«- 7 ' x.^ .(«+!)(« + 2)...(» + * - 1) _ .. . . XI. i. i.1. 1 

in h vanables is ^ ~o — ,1 \x -1 Mid it is easy to see that the only 

1.2...(«-1) ' "* 

cases where this number is not greater than k^ are, first, when n - 2, when it becomes 

\h {k + 1), a number necessarily less than k^j k being an integer ; and secondly, the 

case ^ = 2, n = 3, when both numbers have the same value 4. That is to say, the 

only cases where a given function can be made by transformation to aasume any 

assigned form are, first, the case of a quadratic function in any number of vaxiiibleB; 

and secondly, the case of a cubic function homogeneous in two variables,- 
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of terms in a bomogeneouff function of the n^ degree is n + !• 
If then, in any quantic ax"^ + &c., we substitute for a?, X,X+ fi^ F, 
and for y^ X^X-^- fi^Y^ and if we then equate coe£Scients with 
a'-X;*-f &c., we have n + 1 equations connecting a, a', \,, &c., 
from which, if we eliminate the four quantities \^ \^ /-t,, ^„ we 
get a system equivalent to n — 3 independent relations between 
a, &, a\ h\ &c. It will appear in the sequel that these relations 
can be thrown into the form ^ (a, J, &c.) = ^ [a\ J', &c.) ; or, 
in other words, that there are functions of the coefficients 
a, &, &c. which are equal to the same functions of the trans* 
formed coefficients. The process indicated in this article is 
not that which we shall actually employ in order to find such 
functions, but it gives an h priori explanation of the existence 
of such functions, and it shows what number of such functions, 
independent of each other, we may expect to find. 

122. Any function of the coefficients of a quantic is called 
an invariant^ if, when the quantic is linearly transformed, the 
same function of the new coefficients is equal to the old function 
multiplied by some power of the modulus of transformation; 
that is to say, when we have 

if> {a% &', c', &c.) = A'^ (a, J, c, &c.). 

Such a function is said to be an absolute invariant when^s^O; 
that is to say, when the function is absolutely unaltered by 
transformation even though A be not =1. If a quantic have 
two ordinary invariants, it is easy to deduce from them an 
absolute invariant. For if it have an invariant <^, which when 
transformed becomes multiplied by A^, and another '^, which 
when transformed becomes multiplied by A', then evidently the 
J** power of if> divided by the p** power of -^ will be a function 
which will be absolutely unchanged by transformation. 

It follows, from what has been just said, that a binary 
quadratic or cubic can have no invariant but the discrimi- 
nant, which we saw (Art. 120) is an invariant. For if there 
were a seeond, we could from the two deduce a relation 
^ (a, bj &c.) = <f> (a', J', &c.). But we see from Art. 121 that 
there can be no relation connecting a, &, &c. with a^, j^^, &c., 
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since, with the help of the four constants \,, &c at our dis- 
posal, we can transform a given quadratic or cubic, so that the 
coefficients of the transformed equation may have any values 
we please. In the 'same manner we see that a quantic of 
the second order in any number of variables can have no 
invariant but the discriminant. On the other hand, suppose 
we take the binary quartic aa?* + 4 Jaj'y + 6cxy + ^diry' + ey*, 
and that the coefficients become by linear transformation 
a', J', &c., it will be found that we have two invariant 
functions both distinct from the discriminant ; in fact, we have 
the two equations 

aV - Q)d' + Sc'" = A* {ae - ^d + 3c»), 

ddd^ 2iV(i'- eld"* - e'J"- c'' = A* {ace + 2Jci- oeT - 6&« - c'), 

and from these two we deduce the absolute invariant 

(aV - 4J'i' + 3c'y [ae - 46d + 3c*)» 

In this case the invarlance of the discriminant may be deduced 
as a consequence of the preceding equations, for the discri- 
minant is 

{ae - Q)d + Sc")' - 27 (ace + %lcd -ad'^-eh^- <^% 

and consequently the discriminant of the transformed equation 
is equal to that of the original multiplied by A^^ 

123. In the same manner as we have invariants of a single 
quantic we may have invariants of a system of quantics. Let 
there be any number of simultaneous equations ax^'\-&c.^Oj 
a'sc* + &c. = 0, &c., and if when the variables in all are trans- 
formed by the same substitution, these become -4X* + &c. = 0, 
jil'X* + &c. = 0, &c., then any function of the coefficients is an 
invariant if the same function of the new coefficients is equal 
to the old function multiplied by a power of the modulus of 
transformation ; that is to say, if 

<l> {Aj 5, &c.. A' J 5',&c., A'\&c.) = A''^(a,J,&c.,a',J', &c., o", &c.). 

The simplest example of such invariants is the case of a 
system of linear equations. The determinant of such a system 
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is an invariant of the system. This is evident at once from 
the definition of an invariant and from the form ih which the 
fundamental theorem for the multiplication of determinants has 
been stated in Art. 23. 

If we are given an invariant of a single quantic, we can 
derive from it a series of invariants of systems of quantics of 
the same degree. In order to make the spirit of the method 
more clear, we illustrate it in the first instance by a simple 
example. We have seen (Art. 119) that ac-^b* is an in- 
variant of the quadratic oaj* + 2&ry + cy*, and we shall now 
thence derive an invariant of a system of two quadratics. 
Suppose that by a linear transformation ax* -\- 2bxy •{■ cy' 
becomes -4X" + 25ZF+CF*, and aV + 2J'ay + cy becomes 
^'X"-t.2jB'Zr+C'r*; then evidently, by the same transfor- 
mation {k being any constant), 

(a + Aa') ^* + 2 (J + A6') a^^ 4- (c -f fc;')y* 
will become 

{A + JcA') Z* + 2 (5+ kB') XY+ {C+kC) Y\ 

Forming then the invariant of the last quadratic, we have 
(Art. 119) 

(-4 + A-4')(C7+*C70-(-B+*-BO'=A"{(a+AaO(c+Ac')-(&+iJO'i- 

But since k is arbitrary, the coefficients of the respective powers 
of k must be equal on both sides of the equation ; and therefore 
we have not only, as we knew before, 

(^(7-5«) = A«(ac-&«), (^'C'-.-B^) = A'(aV-Oj 
but ako AC'+ CA - 2BB' = A« [ac' -{-ca'^ ibV\ 

an equation which may also be directly verified by the values 
of -4, 5, &c. given Art. 119. We see then that cud ^oo! — ibV 
is an invariant. 

By exactly the same method, if we have any invariant of a 
quantic aa^ + &c., and if we want to form invariants of the system 
dOB* + &C.J a'aj" + &c., we have only to substitute in the given 
invariant for each coefficient a, a-\-ka\ for 5, h-\-kh\ &c., and 
tihe coefficient of each power of k in the result will be an 
invariant. Writing down, by Taylor's theorem, the result of 

Q 
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Bubstitutuig a + h/ for a, &c., the theorem to which we hare 
been led may be stated thus: If we have any Inyariant of 
a qnantic ax^ -f &c , and if we perform on it the operation 

d' -T- + y -^ + &e., we get an invariant of the system of two 

qoantics ax* + &c., t/x"^ + &c. We may repeat the same opera- 
tion and thus get another invariant of the system, or we may 

operate with a" ;/" + ^'' "T + ^^> ^^^ ^^^^ S^^ ^^ invariant of 

a system of three qnantics, and so on. This latter process 
gives ns the invariants which we should find by sobstitnting 
for a^a + ha' + la\ &c., and taking the coefficients of the pro- 
ducts of every power of h and L In the same manner we get 
invariants of a system of any number of quantics. 

124. Covariants. A covariant is a function involving not 
only the coefficients of a quantic, but also the variables, and 
such that when the quantic is linearly transformed, the same 
function of the new variables and coefficients shall be equal 
to the old function multiplied by some power of the modulus 
of transformation ; that is to say, if aac^ + &c. when transformed 
becomes AX"^ -I- &c., a function ^ will be a covariant* if it is 
such that 

^ (-4, -B, &c., X, F, &c.) = A'^ (a, J, &c., a, y, &c.). 

Every invariant of a covariant is an invariant of the original 
quantic. This follows at once from the definitions. Let the 
quantic be ax" 4 &c., and the covariant a'oT + &c. which are 
supposed to become by transformation -4X* + &c., -4'JC"' + &c. 
Now an Invariant of the covariant is a function of its coefficients 
such that 

4> [A\ B\ &c.) = A'i^ (a', i', &c.). 

* In the geometry of cnrves and surfaces, all transformations of ooordinatee are 
effected by linear substitution. An inyariant of a temaiy or quaternary quantic is 
a function of the coefficients, whose vanishing expresses some prop^iy of the curve 
or surface independent of the axes to which it is referred, as, for instance, that the 
curve or surface should have a double point. A covariant will denote another curve 
or surface, the locus of a point whose relation to the given curve is independent of 
the choice of axes. Hence the geometrical importance of the theory of iiiTariant^ 
■od covariAntB, 
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But A\ B\ &c. by definition can only dififer by a power of 
the modolos from being the same functioqs of A^ Bj &e. that 
a% b% &e. are of a, bj &c Hence when the functions are both 
expressed in terms of the coefficients of the original quantic and 
its transformed, we have 

-^ {A, B, &c.) = AV («, h &cOj 

or the function is an invariant. Similarly, a covariant of dk 
covariant is a covariant of the original quantic. 

125. We shall in this and the next article establish prin- 
ciples which lead to an important series of covariants. 

If in any quantic u we substitute x + hx' for a;, y + ky' for y, 
&C., where x'j/z' are cogredient to xyz^ then the coeffi- 
cients of the several powers of k^ which are all of the form 
ft Ji \P 

a/ ^ +y' -T- + &c. j u, have been called the first, second, third^ 

&c. emanants* of the quantic. Now each of these emanants ia 
a covariant of the quantic. We evidently get the same result 
whether in any quantic we write x + kx' for a;, &c., and then 
transform a;, x'^ &c. by linear substitutions, or whether we make 
the substitutions first and then write X-\'kX' for X, &c. For 
plainly 

=\(x+AXO + /^,(r-hA:ro+Vi(^+*^')- 

If then u becomes by transformation 27, we have proved that 
the result of writing x + kx^ for a;, &c. in u^ must be the same 
as the result of writing X+AX' for X, &c. in J7, and since k 
is indeterminate, the coefficients of k must be equal on both 
sides of the equation ; or 

a/$5 + 3^^ + &c. = X'^+r^+&c.,&c. Q.E.D. 
ax ^ ay dX ax ' 

126. If we regard any emanant as a function of x\ jf^ (fee, 
treating Xj y, (fee. as constants^ then any of its invariants will b& 

* In geometry emanants denote the polar coryes or aurf aoes of a point with regard 
to a cnrre oir QDx&oe. 
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a catfartant of the arigindl guantie when Xj y, dkc. are considered 

as variables* 

dFu d^TJ 

We have joat seen tbat a/' -^ + &c. becomes X'^ -^^ + &c. 

when we sabstitnte for J^ X,^' + /*, I^^ + &C| and for x^ 
X^J[ + /x, F+ &C. It Is evidently a matter of indifference 
whether the substitutions for x^ &c, and for x^ &c., are 
Bimoltaneons or successive. If then on transformbg J, &c. 

alone, a/'-T-^+&c. becomes aX^' + Ac., then a, &c. will be 

sudi functions of x^ &c. as when x^ y^ &c. are transformed will 

d^U 
become -j^pj ^^ Kow an invariant of the given emanant 

considered as a function of x\ y^, &c. only, is by definition such 

a function of its coefficients as differs only by a power of the 

modulus from the corresponding function of the transformed 

coefficients a, b^ &c. But since, as we have seen, a, &c. become 

d'U 

-7^ , &c. when x, &c. are transformed, it follows that the given 

... . d'u 

invariant will be a function of -^ , &c, whidi when a;, &c. are 

transformed will differ only by a power of the modulus from 

d^U 
the corresponding function of -jy-p^ &c. It is therefore by 

definition a covariant of the quantic. 

Thus then, for example, since we have proved (Art. 119) 
that if the binary quantic aa? + 2ban/ + cy^ becomes by trans- 
formation AX* + 2£XY'\-CY\ then 

it follows now, by considering the second emanant f a' ^ — hy' 7"}^ 
of a quantic of any degree, that ^ 

d'U d'U ( d'U V (d\ d*u fd'u \^ 
dX'' dr [dXdYj ^^\dx*' dy^ " \dxdy)]^ 

a theorem of which other demonstrations will be given. 

127. In general, If we take the second emanant of a quantio 
in any number of variables, and form its discriminant, this will 
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be a covariant which Is called the Hessian of the quantic It 
was noticed (Art. 118) that the discriminant of every quadratic 
function may be written as a determinant. Thus then if, as 
we have done elsewhere, we use the suffixes 1, 2, &c to de- 
note differentiation with respect to x^ y^ &c., so that, for 

example, u^^ shall denote -^ , then the quadratic emanant is 

fi,^a^ + 2tf„a;^y + &c., and its discriminant, which is the HessiaUi 
is the determinant 

&c. 
&c. 

&c. 



^n) "^isJ ^i3> 

^81> ^Wl ^M» 
^81) ^8SJ ^83» 



128. We have seen (Art. 123) that the determinant of a 
system of linear equations is an invariant of the system. K 
then, given a system u^ v, w^ &c. of as many functions as 
rariables, we take the first emanants 

a/Uj -f y'w, + z'u^ + &c., &c., 



their determinant 


«*tj ^21 ^'si &c. 




^i» ^.) ^8^ &c. 




^i> ^«i ^81 &c. 




&c. 



is a covariant of the system. This is the determinant already 
called the Jacobian (Art. 88). The Hessian is the Jacobian of 
the system of differentials of a single quantic u^^ u^^ ti,, &c. 

129. Contravariants. When a set of variables x^ y^ &c are 
linearly transformed, it constantly happens that other variables 
connected with them are also linearly transformed, but by a 
substitution different from that which is applied to x^ y, &c. 
If the equations connecting x^ y, z with the new variables be 
written as before 

then variables f , i;, (f are said to be transformed by the inverse 
Babstitntion, if the new variables, expressed in terms of the 
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old, are 

where if in the first substitution the coefficients are the con- 
stituents of the determinant (Xj/i^vJ read horizontally, in the 
second they are the same constituents read vertically; and 
where if in the first substitution the old variables are expressed 
in terms of the new, in the second the new are expressed in 
terms of the old. Stated thus, it is evident that the relation 
between the two substitutions is reciprocal. Solving for f , 17, ^ 
in terms of E, H, Z, we get (Art. 29) 

Af = i,B + if,H + iV^Z, Ai7 = i,H + if,H-f JV,Z, 

where X,, if„ &c are the minors obtained by striking out from 
the matrix of the determinant (X,/ijV,) (the modulus of transfor- 
mation) the line and column containing X„ /i,, &c. 

Sets of variables Xjt/j z] ^, 17, ^, supposed to be transformed 
according to the different rules here explained, are said to be 
contragredient to each other. In what follows, variables sup- 
posed to be contragredient to a?, y, z are denoted by Greek 
letters, the letters a, /8, 7 being usually employed in subsequent 
lessons. We proceed to explain two of the most important 
cases in which the inverse substitution is employed. 

130. When a function of x^ y, 0, &c., is transformed by 
linear substitutions to a function of X, F, Zj &c., then the 
differential coefficients, with respect to the new variables, are 
linear functions of those with respect to the old, but are ex- 
pressed in terms of them by the inverse substitution. We have 

d d dx d dy d dz ^ 
dX dx dX dy dX dz dX 

But from the expressions for a;, y, &c. in terms of X, y, &c., 

we have 

dx ^ rfy __ dz^ _ 

dX^^'' dX'^^' 5z"^«- 
Hencethen ^=x,^ + X.| + X.|+&c. 



INVERSE TRANSFORMATIONS. 119 

Similarly ^= ^, ^ + /,, | + ;*. | + &c., &c. 

Thus then, according to the definition given in the last article, 
the operating symbols ;;" > j^ > j~ > &c- ^^e contragredient to 

Xj y, Zj &c., that is to say, Tvhen the latter are linearly trans- 
formed, the former will be linearly transformed also, but 
according to the different rule explained in the last article. 

If, as before, u,,* u^^ &c. denote the differential coefficients of ti, 
and 27], Z7,, &c. those of the transformed function Z7, we have 
just proved that 

Consequently, if w„ m^, u^ all vanish, Z7„ ZJ^, U^ must all vanish 
likewise. Now we know that w,, u^^ u^ all vanish together only 
when the discriminant of the system vanishes ; if then the dis- 
criminant of the original system vanishes, we see now that the 
discriminant of the transformed system must vanish likewise, 
and therefore that the latter contains the former as a factor, 
as has been already stated (Art. 120). 

131. In plain geometry, if x^ y^ z be the trilinear coordinates 
of any point, and a;f 4* yi? + ^(r= be the equation of any line, 
f, 9;, (^ may be called the tangential coordinates of that line 
(see Conies^ Art. 70). Now, if the equation be transformed to 
any new system of axes by the substitution a; = \X+&c., the 
new equation of the line becomes 

f(\z+/.,r+v,-^)+^(\j£:-hA^,r+v,z)+(:(X3Z+^3r+v3Z)=o, 

Eo that if the new equation of the right line be written 
BZ + H r+ ZZ= 0, we have 

B = X,f + \^ + X3C, H = /A,f + /A,^ + /i3S', Z = v,f + V3i; + V3?. 

In. other words, when the coordinates of a point are transformed 
hy a linear substitution^ the tangential coordinates of a line are 
transformed hy the inverse substitution; that is, they are con- 
tragredient to the coordinates of the point. In like manner, 
in the geometry of three dimensions, the tangential coordi- 
i^ates of any plane are contragredient to the coordinates of any 
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point. When we traDsform to new axes, all coordinates an/zw^ 
x'y'z'vo'^ &c. expressing different points, are cogredient : that is 
to say, all must be transformed by the same substitution 
X = \X + &c., x' = \-Z' -f &c., &c. But the tangential coordi- 
nates of every plane will be transformed by the inverse 
substitution, as we have just explained. Similarly the ray 
coordinates of different lines for the same system of reference 
are cogredient, but the axial coordinates are transformed by the 
inverse substitution, that is, are contragredient to the former. 
See Surfaces^ Art. 57e. 

The principle just stated will be frequently made use of 
in the form 

where a;, y, z being supposed to be changed by the substitution, 
aj = \,X+/4, F+&C., f, ^7, f are supposed to be changed by the 
inverse substitution E = \^ + \r} + XgSi &c. In other words, in 
the case supposed, x^'\-yrj-\- z^ is a function absolutely unaltered 
by transformation, and analogous statements easily follow in the 
other cases mentioned. 

132. If a function aa;" + &c. becomes by transformation 
AX^ + &c,j then any function involving the coefficients and 
those variables which are supposed to be transformed by the 
inverse substitution is said to be a contravariant if it is such 
that it differs only by a power of the modulus from the corre- 
sponding function of the transformed coefficients and variables : 
that is to say, if 

^ [Aj Bj &c., E, H, &c.) = ^^<l) (a, J, &c., f , 17, &c.). 

Such functions constantly present themselves in geometry. 
If we have an equation expressing the condition that a line 
or plane should have to a given curve or surface a relation 
independent of the axes to which it is referred (as, for ex- 
ample, the condition that the line or plane should touch the 
curve or surface), then, when we transform to new axes, it is 
obviously indifferent whether we transform the given relation 
by substituting for the old coefficients their values in terms of 
the new, or whether we derive the condition by the original 
rule from the transformed equation. In this way it is seen 
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that the coDdltions in question are of such a kind that ^(a, bj f , &c.) 
differs only by a factor from <f>{A^ B^ E, &c.). 

133. Besides cotariants and contravarlants there are also 
functions involting both sets of variables^ which differ only 
by a power of the modulus from the corresponding trans 
formed functions t i.e. such that 

fl>[A^Bj&c.jXjYj&c.^Ejtij&c.) = A^^(a,5,&c.,a;,y,&c.)^,i7,&c.). 

Dr. Sylvester uses the name concomitant as a general word 
to Include all functions whose relations to the quantic are un- 
altered by linear transformation^ and he calls the functions now 
Tinder consideration mixed concomitants. I do not choose to 
intifoduce a name on my own responsibility ; otherwise I should 
be inclined to call them divariants. The simplest function of 
the kind is ajf + yi? + ^^T? which we have seen (Art. 131) is trans- 
formed to a similar function, and is therefore a concomitant 
of every quantic whatever. 

184. If we are given any invariant / of the quantic 

a^^ + na^x'^^y + tiJ^a?""** + i»« (w - 1) a,a;""*y' + &c., 

we can deduce from It a contravariant by the method used in 
Art. 123. If a^x'' + &c. becomes by transformation A^X"" + &c., 
then, since x^ + &c. becomes ZH + &c., it follows that 

«,aj"+&c. + *firf+yi; + «(:)"=J,Z"+&c. + A(ZB + rH-fZZ)". 

Now aa Invariant of the original quantic fulfils the condition 

^ (A> A) A> &c.) = A'i^ (a^, a„ i^, &c.). 

Formmg then the same Invariant of the new quantic, It will be 
seen that 

^ {A^ + AB*, A^ + AB"-^H, &c.) = A''^ (a, + ftf, a, + k^'\ &c.). 

Since k is arbitrary we may equate the coefficients of like 
powers of k on both sides of this equation. 

But, by Taylor's theorem, these coefficients are all of the form 
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We have proved then that they differ only by a pawer of the 
modulus from the correflponding function of the transformed 
equation. They are, therefore, contravariants^ since it is assumed 
all along that f , 77, f are to be transformed by the inverse sub- 
stitution. Dr. Sylvester has called contravariants formed by this 
rule, first, second, &c. evectants of the given invariant. Thus 

I" J— + f""*»; -J — [- &c. is the first evectant. It is to be ob- 

served that in the original quantic the coefficients are supposed 
to be written wtth^ and in the evectant wiihout^ binomial coeffi- 
cients. Comparing this article with Art. 123 we see that the 
jj 

function f** j^ + &C' ™*y ^^ considered either as a contravariant 

of the single given quantic, or as an invariant of the system 
obtained by combining with the given quantic the linear func- 
tion x^ + yri + z^. The theory of contravariants, therefore, may 
be included under that of invariants. 

If we perform the operation f * t- + &c. upon any covariant 

we obtain a mixed concomitant, for it is proved in the same way 
that the result, which will evidently be a function involving 
variables of both kinds, will be transformed into a function of 
similar form. 

Ex. 1. Weknowthatoc—i^isaiimvariantof aa;2+2Jay+cy'; hencecp--2i£»l+oi|» 
is a contrayariant of the same system. 

Ex. 2. Similarly, ahc + 2fgh — nf^ — hg^ — cA«, being the discriminant, and theie- 
fore an invariant of ax^ + hy^ + ca' + %fyz + 2gzx + 'Ihxy, 

{bc-f^^+{ea-g^)v^+ {ah - h^) l^+2{gh - af)nl + 2(A/- hg)ll^ + 2{fg-ch)l^n 
is a contravariant of the same quantic. Geometrically, as is well known, the function 
equated to zero expresses the tangential equation of the conic represented by the given 
quantic. 

Ex. 3. Given a system of two ternary quadrics aa? + Ac, a'a? + Ac., then since 
a* (be — /*) + Ac. is an invariant of the system (Art. 123), we find on operating with 

C2 i. + Ac, that 
aa 

(be' + b'o - 2/7') ^ + (ca' + c'a - 2gg') v^ + {ab' + a'b - 2^0 ^ 

+ 2{gh'+g'h-af'^ay)vl + 2{hf'+hy~-bg'-^b'g)l^ + 2i/g'-{-f'g-ch''-i/h)^n 

is a contravariant of the system. We might have equally found this contravariant 

by operating with o-' j- + <&c. on the contravariant of the last example. G^metrically, 

the function equated to zero expresses the condition that a line should be cut har- 
monically by two conies. 
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135. When the discriminant of a quantic vanishes, it has 
a set of singular roots x'y'z [geometrically the coordinates of 
the double point on the curve or surface represented by the 
quantic] ; and in this case the first evectant will be the perfect 
r^ power of (a'f + .v'^ + «'?). Since we have seen that this 
evectant is a function unaltered by transformation, it is sufficient 
to see what it becomes in any particular case. Now if the 
discriminant vanishes, the quantic can be so transformed that 
the new coefficients of a;", x'^y^ x^'^z shall vanish ; that is to 
say, so that the singular root shall be ^ = 0, 2; = [geome 
trically, so that the point yz shall be the double point]. But 
it was proved (Art. 117) that the form of the discriminant is 

Evidently then, not only will this vanish when a^, a„ h^ vamsh| 
but also its differentials with respect to every coefficient 
except a^ will vanish. This evectant then reduces itself to 

-7- multiplied by the perfect n* power ^", which is what 

(«'f 4-^^ + ^'f r becomes when y' and 2' = 0, and a?' = 1, Thus 
then, if the discriminant of a ternary quadric vanish, the quadric 
represents two lines : the contravariant 

(Jc-/')|«+(ca~/)^« + &c. 

becomes a perfect square; and if we identify it with (a?'f +y'^+«'?)*j 
we get x''jf^ the coordinates of the intersection of the pair of 
lines. If a quantic have two sets of singular roots, all the first 
differentials of the discriminant vanish, and its second evectant 
becomes the perfect w** power of 

where a?y/, a/y'«" are the two sets of singular roots; and 
BO on. 
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LESSON XIIL 

rOBMATION OF PTVABIANTS AND C0VABIANT8. 

JS6. Having noyr shewn what is meant by invariants, &o., 
we go op to explain the methods hj which such functions can 
be formed. Three of these methods will be explained in this 
Lesson, i^nd a fourth in the next Lesson. 

Symmetric functions. The following method is only appli^ 
cable to binary quantics. Any symmetric function of the 
differences of the roots is an invariant^ provided that each root 
enters into the expression the same number of times.* It is evident 
that an invariant must be a function of the differences of the 
roots, since it is to be unaltered when for x we substitute « + X. 
Now the most general linear transformation is evidently equi- 
valent to an alteration of each root a into tt > • By this 

Xa+ft' ^ 

change the difference between any two roots a — fi becomes 

j^ — ' n l).a . — A^ • I^ <>y^6r then, that any function of the 
(X a + A* ) (X p + >* ) • 

differences may, whep transformed, differ only by a factor from 

its former value. It Is necessary that the denominator should be 

the same for every term ; and therefore the function must be 

a product of differences, in which each root occurs the 3ame 

number of times. Thus for a biquadratic, 2 (a -^ /S)* (7 — Sf is 

an Invariant, because, when we transform, all the terms of 

which the sum Is made up have the same denominator. But 



* If in the equation the highest power ol 9; is written with a coefficient a^ we 
have to diyide by that coe^cient in order to obtain the expression for the sum, dec 
of the roots ; and all symmetric functions of the roots are fractions containing powexa 
of Aq in the denominator. Wheu we say that a symmetric function of the roots ia 
an inyariant, we understaud that it has been luade integral by multiplying it by such 
a power of a^ as will c^ear it of fractions ; or, what comes tp the same thing, if we 
form the symmetric function on the supposition that the coefficient of «" is 1, that 
we make it homogeneous by n^ultiplying each term by whateyer power of a^ may 
be necessary. 
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2(a — /3)* is not an invariant, the denominator for the term 
(a-^y being (\'a + /)* (X'y3 + /)", and for the term (7-8)' 
being {\'y + fiy{\'8-¥fiy. 

137. Or perhaps the same thing may be more simply stated 
by writing the equation in the homogeneous form. We saw 
(Art. 120) that if we change x into \x + fiy^ y into \'x + fjuy^ 

the quantity ^^^ — oajf^ becomes (^A*'— ^V) (^lya"'^*?/!)) ^^^ 
consequently any function of the determinants x^y^ - xjf^ &c, 
is an invariant. Now (Art. 61) any function of the roots 
expressed in the ordinary way is changed to the homogeneous 

X X 

form by writing for a, /S, &c. — , — , &c., and then multiplying 

by such a power of the product of all the y's as will clear it 
of fractions. If any function of the differences in which all the 
roots do not equally occur be treated in this way, powers of 
the y's will remain after multiplication, and the function will 
not be an invariant. Thus, for a biquadratic, 2 (a — )3)' be« 
comes ^y^y^ {x^y^ — x^y^Y ; but the function S (a — fiY (7 — 8)', 
in which all the roots occur, becomes 2 [x^y^ — ^J/iY [^zVa " ^^afi 
and this being a function of the determinants only, is an invariant. 
It is proved in like manner, that any symmetric function 
formed of differences of roots and differences between x and 
one or more of the roots is a covariant, provided that each root 
enters the same number of times into the expression. Thus 
for a cubic 2 (a -^ fiY [x — 7)* is a covariant. 

138. We can, by the method just explained, form invariants 
or covariants which shall vanish on the hypothesis of any system 
of equalities between the roots. Thus, let it be required to form 
an invariant which shall vanish when any three roots are all 
equal, it is evident that every term must contain some one 
of the three differences a — ^, ^ — 7, 7-a; and in like manner 
for every other set of three that can be formed out of the roots. 
Thus, in a biquadratic, there are four sets of three roots ; the 
difference a - /3 belongs to two of these sets, and 7 — 8 to the 
other two ; therefore 2 (a - I3Y (7 - 8/* is an invariant which 

♦ 2 (o — /3) (y — d) would vanish identically. 
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ivill vanish if any set of three roots are all equal. In like 
manner, for a quintic there are ten sets of three : a — /3 belongs 
to three sets, 7 — £ to three other sets ; the remaining sets are 
a7e, aSe, ^78, ^SSe, two of which contain 7-6 and the other 
two 8 - e. The function then S (a - /3)* (7 - S)" (8 - s)' (7 - e)* is 
an invariant which will vanish if any set of three roots are 
all equal. This invariant (Arts. 57, 58) is of the fourth order 
and its weight is 10. 

So, again, if we wish to form a covariant of a biquadratic 
which shall vanish when two distinct pairs of roots are equal, 
the expression must contain a difference from each of the pairs 
®"'/5>7 — ^; a — 7>)8-S; a-S, iS — 7. Such an expression 
would be 

2(a-/Sr(/S-7r(7-ar(a^-Sr, 

or 2(a-/8)(a-7)(a-S)(a:-/3)*(aj-7)*(aj-S)", 

which are covariants of the fourth and sixth degrees respectively 
in the variables ; and of the fourth and third in the coefficients, 
and every term of each vanishes when two distinct pairs of 
roots are equal. 

139. Mutual differentiation of covariants and contravariants. 
When we say that 4> (a, 6, f , 17, &c.) is a contravariant, f , 17, &c. 
may be any quantities which are supposed to be transformed by 
the reciprocal substitution. Now we have shewn (Art. 130) 

that the differential symbols -j- 1 -r 1 ^^' *^® ^^ transformed. 

We may^ therefore, in any contravariant substitute these differ- 
ential symbols for ^, 97, &c., and we shall obtain an operating 
symbol unaltered by transformation, and which, therefore, if 
applied either to the quantic itself or to any of its covariants, 
will give a covariant if any of the variables remain after differ- 
entiation ; and if not, an invariant. Similarly, if applied to a 
mixed concomitant, it will give either a contravariant or a new 
mixed concomitant, according as the variables are or are not 
removed by differentiation. Or, again, in any contravariant in- 
stead of obtaining an operating symbol by substituting for 

M, o d d f, « • dU dJJ m 

f , 17, &c., J- ) 7" J &c., we may substitute -1— , -1— , &c. where 
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V Is either the quantic Itself or any of Its covarlants, and so 
obtain a new covarlant. The relation between the sets of vari- 
ables aj, y, z^ &c., f , ^7, f, &c. being reciprocal, we may, In like 

manner, substitute In any covarIant,for a?,y,«,&c., jr^i-r i jI^j &c., 

when we get an operative symbol which when applied to any 
€ontravariant will give either a new contravarlant or an in- 
variant. 

Thus then, if we are given any covarlant and contravarlant, 
by substituting in one of them differential symbols and operating 
on the other, we obtain a new contravarlant or covarlant ; which 
again may be combined with one of the two given at first, so 
as to generate another ; and so on* 

140. In the case of a binary quantic, this method may be 
stated more simply. The formula for direct transformation 
being 

those for the reciprocal transformation are (Art. 129) 

whence Af = /a^B — X^p, Av = - /*,H + XjH, 

^{chma^ be written 

Ai7 = \,H + ^,(-B); A(-?)=\H + /*J-H). 

Thus we see that, with the exception of the constant factor 
Aj 17 and — f are transformed by exactly the same rules as 
X and y ; and it may be said that y and — x are contragredient 
to X and y. Thus then, In binary quantlcs, covariants and 
coutravariants are not essentially distinct, and we have only in 
any covarlant to write tj and - f for x and y, when we have 
a contravarlant, or vice versd. In fact, suppose that by trans- 
formation any homogeneous function whatever ^ (a?, y) becomes 
4> (X, F), the formulaB just given shew that ^ (97, — f ) will 
become ^^ (H, — E), where p is the degree of the function in 
X and y. If then 0(a;, y) Is a covariant, that Is to say, a 
function which becomes by transformation one differing only by 
a power of A from a function of like form in X and F, evidently 
^ (^> "■ f ) ^'^ ^y transformation become one differing only by 
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a power of A from one of like form in H and H ; that Is to say, 
It win be a contravariant. For example, the contrayarlant, 
noticed (Art. 134, Ex. 1), c^ — 26^17 + ai;*, by the substitution 
just mentioned, becomes the original quantlc. 

Instead then of saying that the differential symbols are 
contragredlent to x and ^, we may say that they are cogredlent 
to y and ^ X ; and If either in the quantlc Itself or any of Its 

covarlants we write ^ , — -p for a; and y, we get a differential 

symbol which may be used to generate new covarlants in the 
manner explained in the last article. Or we may substitute 

-7- , — ;t- for a? and y, and so get a new covariant. The 
CLv ax 

following examples will sufficiently illustrate this method : 

Ex. 1. To find an invariant of a quadratic, or of a sjsttoi of tiro qoadratics. 
Suppose that by transformation aa^ + Vibxy + cy^ becomes AX^ + 2BXY + CF^ then 

since we haf e seen that A ^- ; — A — are transformed by the same ttdeft as x and v, 

ay ax 

it follows that the operative symbol 

^' (" |i - ^ ^ + " S *^'"'' "y *~^""'*^°° (^ 5r'-^* dSr +^^.) • 

If then we operate on the given quadratic itself, we get 

4A2 (ac - 6«) = 4 (^C-5«), 
which shows that oc — ^^ is an invariant ; or if wo operate on a*a^ + Th'xy + cV ai^d 
the transformed f onction, we get 

2A2 {a<f + ca' - 2W) = 2 {AC + CA* - ^BBT), 
which shews that ae' + ca' — 2bb' is an invariant. We might also infer that 

a {bx + cy)* — 26 (ia; + cy) {ax + 6y) + c {ax + by)* 
is a covariant ; bnt this is only the quantic itself multiplied hj ae — lf^, 

Ex. 2. Every binary quantic of even degree has an invariant of the peoond order in the 

coefQ,cients. We have only to substitute, as just explained, ^ , — ^ for a; and y, and 

operate on the quantic itself. Thus for the quartic (a, 5, c, d, e^^a;, y)* we find that 
ae — ^d + 8c^ is an invariant ; or for the general quantic (o^, a^,„anr-if On$Xy y)*, 
we find that a^an — na^an-i + i» (n — 1) a^Oi^ ^ Ac. is an invariant j where the coeffi- 
cients are those of the binomial, but the middle term is divided by two. 

If we apply this method to a quantic of odd degree ; as, for example, if we operate 

onthe cubic aa:» + 3&c^ + 3cay2 + ^y», with d^-8c^ + 86^f-a^, it 

will be found that the result vanishes identicaliy. We thus find, however, that a 
system of two cubics has the invariant (a<f — a'd) — 3 {b<f — 6'c). Or, in general, that 
a system of two quantics of odd degree, a^ + <&c , b^ + &c., has the invariant 

{a^bn - a«*o) - « {(hPn-i - a»-i*i) + J« (n - 1) {ajbn-t - a»-A) A<5-» 
which vanishes when the two quantics are identical. 
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141. When, by the method just explained, we have found 

an invariant of a quantic of any degree, we have immediately, 

by the method of Art. 126, a covariant of any quantic of higher 

degree. Thus, knowing that ac-b* ia an invariant of a quad* 

ratio, by forming that invariant of the quadratic emanant of 

, ,, ^ d^u d^u [ d^u \* . . ^ 

any quantie, we learn that ^-j -3-7 - f , , 1 is a covariant 

of any quantic above the second degree. In like manner, from 
the invariant of a quartic oe- 4Jrf+ 3c', we infer that for every 
quantic above the fourth degree 

d*u d^u d^u d*u ^ ( d^u 
— 4 



/ d'u y 

f' "^ \dxW) 



dx* d'lf' dx^dy dxdy^ \dx*dy* 

is a cotariant, &c. In this way we see that a quantic in 
general has a series of covariants, of the second order in the 
coefficients, and of the orders 2(n — 2), 2(w — 4), 2(n — 6), &c. 
in the variables. These covariants may be combined with the 
original quantic and with each other, so as to lead to new co- 
tariants or invariants. 

&z. 1. A qnartdc has an inyariant of the third drder in the doeflcients. We know 
that its Hessian 

tor (ttc - j«) «*+ 2 {ad " be) a^ -^ (ae + 2hd " 8d^ a;V+2 (6e - cif ) «y» + (ce - cf«)y, 

is a obyariant. Opemte on this With (a, b, e, d, ejj^r- * ""t) * ^""^^ ^^ fi^^ seventy- 
two times 

dee -{■ 2bed - ad* " eb* - c^t 

which is therefore an inVariant. 

Ebc 2. Every qnantic of odd degree has an intariant bf the fourth order in the 
ooeffidents. The quantic has a quadratic covariant ^^li ^^PT " ^' ^^ ^^ second 

order in the coefficients ; and the discriminant of this quadratic will be an invariant 
of the original qnantic (Art. 124), and will be of the fourth order in its coefficients. 
In faebf it is proved in this way that every quantic has an invariant of the fourth 
order; for if we take any of the covariants of this article, which are all of even 
degree, its invariant of the second order will be of the fourth order in the coefficients 
of the original quantic. But when the quantic is of even degree, it may happen that 
the invariant so found is only the square of its invariant of the second order. 

Ex. 8. To form the invariant of the fourth order for a cubic. 

Its Bessian is (oaj + iy) (car + dy) - (fee + cy)* ; 

or {ac - b^ X* + {ad - be) xy -h [bd -- c^ y\ 

S 



130 FORMATION OF INVARIANTS AND OOVARIANTS, 

Henoe {ad - bcj^ - 4 {ae - If) {bd - ^ 

is an inTariant of the cabic In &ct» it is its discriminant 

d»d« - 6aA«/ + 4flc» + 4*V - 3W*. 

142, From any invariant of a binary quantic we can gene- 
rate a covariant. For from it we can form (Art. 134) the 

evectant contravariant ^ -j — h&c. ; and then in this snbsti- 

tnting y, — a: for f and 17, we have a covariant. For example, 
from the discriminant of a cubic which has been just written 
we form the evectant 

{• {acP - Ucd + 2c') + 3f 17 (- aci+ 2JV- 5c') 

4 3^17' (- ahd + 2ac' - Vc) + 17* {a^d - 3aJc + 25"), 
whence we infer that the cubic has the cubic covariant 
(a'c?-3aJc+2 J', abd- ^a(?-^h\ - acd-^-Wd- be% 3bcd- ad^-2dyx^)\ 

143. The differential equation, — We saw (Art. 62) that in- 
variants satisfy certain partial differential equations, and these 
furnish a third method of forming these functions based on the 
following principle. If n he the order of a binary quantic^ 9 
the order in the coefficients of any of its invariants^ then the weight 
(see Art. 56) of every term in the invariant is constant and = ^0» 
For if we alter x into Xo;, leaving y unchanged, since this is a 
linear transformation, the invariant must, by definition, remain 
unaltered, except that it may be multiplied by a power of X, 
which is in this case the modulus of transformation. It is proved 
then, precisely as in Art. 57, that the weighty or sum of the 
suffixes, in every term is constant. 

Again, the invariant must remain unaltered, if we change 
X into yj and y into a?, a linear transformation, the modulus of 
which is - 1. The effect of this substitution is the same as if 
for each coefficient a^ we substitute a . Hence the sum of 
a number of suffixes 

a + i8 + 7 + &c. = (n - a) + (n — ^) 4 (n — 7) + &c., 
whence 2(a + /J + 7 + &c.) = n^. Q.E.D. 

Cor. n and cannot both be odd, since their product i& an 
even number ; or, a binary quantic of odd degree cannot have 
an invariant of odd order. 
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144. The principle just established enables us to write down 
immediately the literal part of any invariant whose order is 
given. For the order being given, the weight is given also. 
Thus, if it were required to form for a quartic an invariant of 
the third order in the coefficients, the weight must be 6, and 
the terms of the invariant must be 

where the coefficients A^ B^ &c. remain to be determined. The 
reader will observe that there are as many terms in this in- 
variant as the ways \n which the number 6 can be expressed 
as the sum of three numbers from to 4 inclusive ; and gene- 
rally that there may be as many terms in any invariant as the 
ways in which its weight \nd can be expressed as the sum of 
numbers from to n inclusive. 

We determine the coefficients from the consideration that 
since an invariant is to be unaltered by the substitution either 
of a? + X for ar, or of y + X for y, evidently, as in Art. 62, every 
invariant must satisfy the two differential equations 

dl ^ dl ^ dl a ^ dl , ^» dl o 

it being supposed that the original equation has been written 
with binomial coefficients. In practice only one of these equa- 
tions need be used ; for the second is derived from the first by 
changing each coefficient a^ into a^.^. It is sufficient then to 
use one of the equations, provided we take care that the func- 
tion we form is symmetrical with regard to x and y\ that 
is to say, does not change (or at most changes sign)* when 
we change a^ into a^_„. And this condition will always be 
fulfilled if we take care that the weight of the invariant is 
that which has been just assigned. Thus then, in the example 
chosen for an illustration, if we operate on Aa^aji^ + &c. with 



• When we change x into y and y into x, this is a transformation whose modulus is 

10, 1 I or — 1. Any invariant, therefore, which when transformed becomes multiplied 
1, I by an odd power of the modulus of transformation will change sign when 
we interchange x and y. Such inyariants are called sktw invariants. 
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d a 

«o^ + &c-> we get 

(2J5+ 2 J) aja^a^ + (J9 + 6 (7+ 4 J) a/ija^ 

+ {2D + 45) ajotfi, + (6-E+ 3i)) ajxji^ = 0, 

whence If we take ^ = l, the other coefficients a^e foppd tp be 
jB= - 1, i) = 2, (7= - 1, ^= - 1, and the invariant is 

145. In seeking tp determine an invariant of given order 
by the method just eisplained, we have a pertain niimber of 
unknowp coefficippts A^ B^ C^ &c. to determine, and we dp so 
by the help of a certain number pf copditipns formed by meaps 
of t^e diflFerential equation. Now, pvideptly, if the number of 
these conditions were greater than the number of unl^own 
coefficients, the formation of the invariant would in general 
be impossible ; if they were equal we could form one invariant ; 
if the number of copditipns were less, we copld form more 
than pne invariant pf the given ordpr. We have just seen 
that the number of terms in the invariant, which is ope more 
than the number of unknown coefficients, is equal to thp number 
of "^ays in which its weight \nd can bp written, as the sum 
of numbers, none beipg greater than xi. B\it thp effect of 

thp operatipn %-^ -^ &P- is evidently to dimiiiish the weight 

by one, the number pf conditions to be fplfiUed is, therefore, 
equal to the pumber of ways in which \nd — I csm be expressed 
as the sum of 6 numbers, none exceeding n. Thus, in the 
example of Art. 144, the number of copditions u^ed to deterr 
mine A^ B^ ^c. >7as equal to the number of ways in which 
5 can be expressed as the sum pf three numbers from to 4 
inclusive. To Qnd then generally whether an ipvarismt of a 
binary quantic of the order 9 can be fonued, apd whether 
there can be more than one, we must compare the number 
of ways in which the numbers \nd^ ^nO-l can be expressed 
as the sum of 6 numbers from Q to n inclusive.^ 

* It was in this way Prof. Cayley first attempted to investigate the number of 
inyariants and covariants of a binaiy quantic. 
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146. Similar reasoning applies to covariants. A covariant, 
like the original quantic, must remain unaltered, when we 
change x into px^ and at the same time every coefficient a^ 
into p*aa- If tli^Q tli6 coefficient of any power of Xj x^ in 
the covariant be c?h^y &c,, it is obvious, as before, that 
/A + a + i8 4 &c. must be constant for every term ; and we may 
call this number the weight of the covariant. 

Again, in order that the covariant may not change when 
we alter x into y and y into x^ we must have 

/^ + a + )8 + 7 + &c. = (p-/Lt) + (n-a)4 (n-^)+&c., 
where p is the degree of the covariant in x and y ; whence if 
6 be the order of the covariant in the coefficients, we have 
immediately its weight =i (n^+j?). Thus if it were required 
to form a quadratic covariant to a cubic, of the second, order 
in the coefficients, n = 3, 5=j? = 2, and the weight is 4. We 
have then for the terms multiplying a?*, a + i8 = 2, and these 
terms must be aji^ and afi^. In like manner the terms mul- 
tiplying xy must be a^^^ a^a^y and those multiplying y* must 
be a^a^<^ ajz^. In this manner we can determine the literal part 
of a covariant of any order. The coefficients are determined 
as follows : 

147. From the definition of a covariant it follows that we 
must get the same result whether in it we change x into x + \y, 
or whether we make the same change in the original quantic 
and then form the covariant But this change in the original 
quantic is equivalent (Art. 62) to changing a^ into a^ + a^^ 
a, into a, + 2a^X + a^V, &c. Hence, in the covariant also the 
change of a; to a; + Xy must be equivalent to changing a^ into 
a^ + a^X, &c. Let the covariant then be 

A^af +pA^any + ^^ (;? - 1) A^^'^y' + &c. 
Let us express that these two alterations are equivalent, and 
let us confine our attentiou to the terms multiplying X. Then 
if, as in Art. 64, we use as an abbreviation to denote the 

operation o^ ^ + 2a^ -^ — h &c., the symbol -ip, we get 
*^o^0 ^^A ^-2^ &c ^^'-{v-l\A ^^'-vA 
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In like manner, writing -j- for wa, j— + (n — 1) a^ ^ — h &c., 
we have " * 

dA 
Thus we see that when A^ is determined so as to satisfy -^ = ; 

in other words, when A^ is a function of the diflFerences of the 
roots of the quantic (Art. 58), all the other terms of the 
covariant are known. The covariant is in fact 

"^0^^ rfi7 ^ ^^ dTf 1.2 ^ drt 1.2.3 ^'^''• 

It will be observed that the weight of the covariant being 
\\^0-\'p) the weight of the term A^ is i(n^-2?), since the 
weight of A^ together with p makes up the weight of the 
covariant. This term A^^ whence all the other terms are de- 
rived, was named by Prof. M. Eoberts the source of the covariant. 
He observed also that the source of the product of two cova- 
riants is the product of their sources. For if we multiply the 
covariant last written by 

^'"^^ dn ^ ^ rfij' 1.2 ^ **'•' 

« 

we get, as may be easily seen, 

Hence, if we know any relation connecting any functions of the 
differences A^^ B^^ (7^, &c., the same relation will connect the 
covariants derived from these functions. 

Ex. 1. To find the .quadratic covariant of a cubic. We haye seen (Art. 146) that 
A^ is of the form 0^^ + Ba^a^, Operate on this with o© j~ + 2«i ^~f w^d we 
get (2 + 2B) ao^i = 0, whence 5 = — 1 and A^ = OjO© — «iai« Operate then with 
3ai -z — \- 2a2 -r- + a^ -r- f and we have 2Ai = a^a^ - o^j. Operate with the same 
on A If and we have A^ = 0^0^ — a^. The covariant, therefore, is 
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Ex. 2. To find a cubic coyariant of a cubic of the third order in the coefficients. 
Here n = 3, = 3, ^ (n6+p) = 6. The sum then of the euffizea of the coefficient 
of a^ will be 3 ; and this coefficient must be of the form Aa^^fl^ + Ba^iO^ + Ca^a^a^, 

Operate "with o© r— + 2a^ j-^Za^ — , and we get 

whence if we take j1 = 1, we have 5 = — 3, C = 2, or -4© = a^^^ — ^a^^a^ + 2a^a^ai, 
Operate on this three times successively with Scj -^ — I- 2a2 jT" + «a "jT t ^^^'^ w© hare 
the remaLoing coefficients, and the covariant is (see Art. 142) 

+ 3 (2a,aiai - fl^Vi - ^30300) xy^ + (SojOjai - 2aj«20» - ^j^Vo) y*- 



148. We have seen that a quantic has as many covariants 

of the degree p in the variables and of the order Q in the 

coefficients as functions -4^, whose weight is \ (n^ — ^) can be 

dA 
fonnd to satisfy the equation -~ = 0. And, as in Art 145, we 

see that this number is equal to the difference of the ways in 
which the numbers \ {nO - p) and ^ [nd —p) — 1 can be expressed 
as the sum of numbers from to n inclusive. It may be re- 
marked that p cannot be odd unless both n and are odd. 
Hence only quantics of odd degree can have covariants of odd 
order in the coefficients, and these must also be of odd degree 
in the variables. 

149. The results arrived at (Art. 147) may be stated a little 

differently. The operation y j- performed on any quantic is 

equivalent to a certain operation performed by differentia- 
ting with respect to the coefficients. Thus, for the quantic 
(a^j a„ aj...3[aj, y)*, we get the same result whether we operate 

on it with y ^ or with o^ -y- 4 2a, -5- + &c. This latter opera- 
tion then may be written y ;t- > and the property already 
proved for a covariant may be written that we have for it 



y T y 5i P* ^* ^^ other words, that we get the same 
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I'esult whether we operate on the covariant with y -r- or with 

d d 

Oy -T- + 2aj ^— + &c. In his Memoirs on Quantics, Prof. Cayley 

has started with this property as his definition of a covariant ; 
a definition which includes invariants also, since for them we 

have y — = 0, and therefore also y ;y- =0. 

150. It can be proved, in like manner, that covariants of 
qtiantics in any number of variables satisfy differential equations 

which may be written y ^ = [y^] , *i = [^^] » &«• 
Thus, for the quantic (a, 5, c, j^ g^ AJoj, y, «)*, we have 

d d d ^y d d d T d ^ d 

and everj covariant must satisfy these two eqaationst While 
every invariant most satisfy the two equations 

dt dl ^^dl „ dl ,dl „ dl „, 

as may easily be proved from the consideration that the invariant 
remains unaltered if we substitute for x^ x -{-Tsy ov x -k- fi^» 



i 
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LESSON XIV. 

STMBOLIOAL REPRESENTATION OF CONCOMITANTS. 

151. It remains to explain a fourth method of finding 
invariants and covariants, given by Prof. Cayley in 1846 
{Cambridge and Dublin Mathematical Journal^ vol. I. p. 104, 
and Crelkj vol. xxx.) ; which not only enables us to arrive at 
8uch functions, but also affords the basis of a regular calculus 
by means of which they may be compared and identified. 

Let x^j y^ ; x^^ y^ be any two cogredient sets of variables ; 

then, if .we write briefly for ^j ^j ^; f,) ^,i U &c., 

it has been proved (Arts. 130, 120, 139) that f„ i;^, f,, 97, are 
transformed by the reciprocal substitution; that ^{n^^^^x is 
an invariant symbol of operation ; and that if we operate with 
any power of this symbol on any function of a;,, y^, ar^, y,, we 
obtain a covariant of that function. We shall use for ^^17, - ^^17^ 
the abbreviation 12. 

Suppose now that we are given any two binary quantics 
?7, F, we can at once form covariants of this system of two 
quantics. For we have only to write the variables in TJ with 
the suffix (1), those in V with the suffix (2), and then operate 
on the product TJV with any power of the symbol 12 ; the 
result must be an invariant or covariant. Thus if we operate 

simply with 12 we obtain the Jacobian -7— -^ 1— -y-^, which 

* ax ay ay ax 

we saw (Art. 128) was a covariant of the system of quantics. 

Again, let 

U^ ax^ -f 2bx, y, + cy^ ; F= a'x^ + 26Xy« + ^'^o 
then if we operate on UV with 12"*, which, written at full 
length, is 

f 1 V + f iV - 2f ,^,|,^«, 
the result is ac' 4 ca' - 2 JJ', which is thus proved to be an 
iavariant of this system of quantics. In general, it is obvious 

T 



138 SYMBOLICAL REPRESENTATION OP CONCOMITANTS 

that the differentials marked with the suffix (1) only apply to Z7, 
and those with the suffix (2) only to V] and it is umiecessary 
to retain the suffixes after differentiation ;* so that 12* applied 
to two qnantics of any degree gives the covariant 

d^d;^ dW d'V ^ d'U d'V 
dx* dy* rfy* dx* dxdy dxdy' 

Similarly the symbol 12' applied to two cubics gives the 
invariant 

(arf'-eZa')-3(Jc'-c6'), 

or to any two qnantics gives the covariant 

d'U d'V d'U d'V ^ d'U d'V d'Ud'V^ 
dx^ dy^ dx*dy dxdy* dxdj^ dx^dy dy^ dx* ' 

and so in like manner for the other powers of 12. 

152. We can by this method obtain also invariants or co- 
variants of a single function U. It is, in fact, only necessary to 
suppose in the last Article the qnantics 27 and V to be identical. 
Thus, for instance, in the example of the two quadratics given 
in the last Article, if we make a = a\ h=^h\ c = c', the invariant 
12* becomes 2 [ac — V"). And, in like manner, the expression 
there given for the covariant 12' of a system Z7, F, by making 
17= F, gives the covariant of a single quantic 

dx^ dy^ \dxdy) ' 

In general, whenever we want by this method to form the 
covariants of a single function, we resort to this process : — We 
first form a covariant of a system of distinct quantics, and then 
suppose the quantics to be made identical. And in what 
follows, when we use such symbols as 12" &c. without adding 
any subject of operation, we mean to express derivatives of a 

• If PT be any function containing x^ y^ ; X2, jtj ; we get the same reault whether 
we linearly transform these variables, and afterwards omit all the suffixes in the 
transformed equation ; or whether we omit the suffixes first, and afterwards transform 
X and y. This results immediately from the fact that x^, y^; o^, y^'^ Xf y ar^ 
cogredient. It follows then at once that if PT, written as a function of a;,, yi ; ajj, y» 
be a covariant of U^ V; that is to say, if the expression of the coefficients of PT in 
terms of the coefficients of U and V be unaffected by transformation, then W m also 
a covariant when the suffixes are all omitted. 
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Single function U. We take for the subject operated on the 
product of two or more quantics ?7„ C^, &c., where the variables 
^t» Vn ^ 7 y* 5 ^^' ^^^ written in each respectively, instead of 
X and y; and we suppose that after differentiation all the 
suffixes are omitted, and that the variables, if any remain, are 
all made equal to x and y. 

153. From the omission of the suffixes after differentiation, 
it follows at once that it cannot make any difference what 
figures had been originally used, and that 12*" and 34** are 
expressions for the same thing. In the use of this method we 
have constantly to employ transformations depending on this 
obvious principle. Thus, we can show that when n is odd, 12* 
applied to a single function vanishes identically. For, from 
what has been said, 12** = 21*"; but 12 and 21 have opposite 
signs, as appears immediately on writing at full length the 
symbol for which 12 is an abbreviation. It follows then that 
12" must vanish when n is odd. Thus, in the expansion of 12', 
given at the end of Art. 151, if we make Z7= F, it will ob^ously 
vanish identically. The series 12^, 12*, 12®, &c. gives the series 
of invariants and covariants which we have already found 
(Art. 141). It is easy to see that, when n is even, 12* applied 
to (a„, a„ a^.-Xo?, yY gives 

«o«« - w«i«n-i + 4^ (w - 1 ) a^., - &c., 
where the last coefficients must be divided by two, as is evident 
from the manner of formation. In particular, we thus have 
the invariants, for the quadratic, ac — h^'^ for the quartic, 
ae — 4id + 3c* ; for the sextic, ag — 6 J/*+ 15ce — \0d^ ; and so on. 

154. The results of the preceding Articles naturally extend 
to any number of functions. We may take any number of 
quantics Z7, F, TF, &c., and, writing the variables in the first 
with the suffix (1), those in the second with the suffix (2), 
in the third with the suffix (3), and so on, we may operate 
on their product with the product of any number of symbols 
12*, 23^, 31''^, 14*, &c., where, as before, 23 is an abbreviation 
^^^ fa'7a~fa%) &®- After the differentiation we suppress the 
suffixes, and we thus get a covariant of the given system of 
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quanticSy which will be an invariant if it happens that no power 
of X and y appear after differentiation. Any number of the 
qnantics U, F, W^ &c., may be identical ; and in the case with 
which we shall be most frequently concerned, viz., where we 
wish to form derivatives of a single quantic, the subject operated 
on is UJJ^U^ &c., where Z7, and U^ only differ by having the 
variables written with different suffixes. 

It is evident that in this method the order of the derivative 
in the coefficients will be always equal to the number of different 
figures in the symbol for the derivative. For if all the functions 
were distinct, the derivative would evidently contain a coefficient 
from every one of the qnantics Z7, F, TFj &c. ; and it will be 
still true, when Z7, F, W are supposed identical, that the degree 
in the coefficients is equal to the number of factors in the product 
C7jZ7jZ7j &c., which we operate on. Thus the derivatives con- 
sidered in the last Article being all of the form 12^ are of the 
second order only in the coefficients. 

Again, if it were required to find the degree of the derivative 
ip X and y. Suppose, in the first place, that the qnantics were 
distinct, j[7 being of the degree «, Fof the degree w', W of the 
degree r(\ and so on ; and suppose that in the operating symbol 
the figure 1 occurs a times ; 2, fi times ; and so on ; then, since 
U is differentiated a times, F, /8 times, &c., the result is of the 
degree (n — a) + (n' — /8) + (n'' - 7) + &c. When the quantics 
are identical, if there are p factors in the product £^£^...J7^, 
which we operate on, the degree of the result in x and y 
will be r?p — (a + )8 H- 7 + &c.). While again, if there be r 
factors such as 12 in the operating symbol, it is obvious that 
(a + )8 + 7 + &c.) = 2r. It is clear that if we wish to obtain 
an invariant, we must have a = )8 = 7 = w. 

156. To illpstrate the above principles, we make an ex- 
amination of all possible invariants of the third order in the 
coefficients. . Since the symbol for these can only contain three 
figures, its most general form is 12*.23'^.31''; while, in order 
that it should yield an iVzvariant, we must have 

a + 7 = a + /8 = )8 + 7 = n, 
whence a = /8 = 7. The general form, then, that we have to 
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examine is (]2.23*3l)'* Again, if a be odd, this derivative 
vanishes identically; for, as in Art. 153, by interchanging the 
figures 1 and 2, we have (12.23.31)"= (21. 13.32)*; but these 
have opposite signs. It follows, then, that all invariants of the 
third order are included in the formula (12.23.31)", where a 
is even. Thus, 12'*.23^31'' is an invariant of a quartic, since 
the differentials rise to the fourth degree; 12*.23*.3i* is an 
invariant of an octavic; 12^23^.31* of a quantic of the twelfth 
degree, and so on ; only quantics whose degree is of the form 
4wi having invariants of the third order in the coefficients. _If 
we wish actually to calculate one of these, suppose 12^23^31*, 

write, for brevity, f,, 17,, &c., instead ^f T" » 3"" > &^-» ^^ ^® 
have actually to multiply out ^ ^' 

(f 1^, - f 2^1)" (f 8^8 - f 8^2)" (f 8^, - l^l^s)"- 

In the result omit all the suffixes, and replace f* by -^ &c. ; 

or, when we operate on a quartic, by a^ the coefficient of a?*, &c. 
There are many ways which a little practice suggests for 
abridging the work of this expansion, but we do not think it 
worth while to give up the space necessary to explain them; 
and we merely give the results of the expansion of the three 
invariants just referred to. 12*.23'.31' yields the invariant of 
a quartic already obtained (Art. 141, Ex. 1, and Art. 144), viz. :— 

12*.23*.31* gives 

+ a^ (3a^Oo "" ^^6^1 "" 22a^aj+ 240303) + a^ (240^03 - Z^ajx^ + Iba^^a^. 
And 12*.23*.3i* gives 

^xMiPiT^^fi^ 15a^a - 10a3O3)+aj/-6a,o,+ 30o^a «54a,a3430a^a3) 

+ a,o [l^a^a^ - b^a^^ + 2403^, + IhQaji^ - 135a^aJ 
+ a^ (- lOa^a^ + ^Oaji^ + lbOa^% - 430^303 + 270a^aJ 
+ a^ (- 135flr3a3 + 210a^a^ + 495^3^^ - UOa^a^ 
+ a^ (- 540a,a^ + V^^%a^ - 280^3^3^3. 

156. Though the above-mentioned is the only type of 
invariants of the third order, there is an unlimited number of 
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GOFariants, the simplest being 12^.13, wbicb, wben expanded, is 
d*Ud'UdU ^U / d'U dU d'UdU\ 



( 



^ 



dx* dy* dy dj^dy \ dxdy dy dy* dx ) 

d^U (d;^dU^^ dW^ ^\^^1£^1P^ 
dxdy* \ dj^ dy dxdy dx) dx^ dx? dx * 

When this is applied to a cubic, it gives the evectant obtained 
already (Art. 142). 

The general type of invariants of the fourth order in the 
coefficients is (12.34)* (13.24)'' (14.23)^. Thus the discriminant 
of a cubic is expressed in this notation as (12.34)' (13.24); but 
we cannot afford space to enter into greater details on this 
subject. 

157. The principles just laid down afford an easy proof of 
a remarkable theorem first demonstrated by M. Hermite, and to 
which we shall refer as " Hermite's Law of Reciprocity." The 
number of invariants of the n** order in the coefficients possessed 
by a binary quantic of the p^ degree is equal to the number of 
invariants of the order p in the coefficients possessed by a quantic 
of the w** degree. We have already proved that if any symbol 
12^23*.34*' &c. denotes an invariant of the order p of a quantic 
of the degree n, then the number of different figures 1, 2, 3, &c., 
is^, and each figure occurs n times. But we might calculate by 
the method of Art. 136 an invariant 2 (a-/3)" (/3-7)'(7-S)'&c., 
where we replace each symbol 34 by the difference of two roots 
(7 — 8). This latter is an invariant of a quantic of the jp** 
degree, since there are by hypothesis p roots ; and it is of the 
order n in the coefficients of the equation (Art. 58). 

Thus, for example, a quadratic has but the single independent 
invariant (a — /8)'*, though of course every power of tiytf^is 
also an invariant; and the general type of such invariants is 
(a — PY^. Hence, only quantics of even degree have invariants 
of the second order in the coefficients, and the general symbol 
for such invariants is 12*"*. 

So again, cubics have no invariant except the discriminant 
(a - fif (/8 - 7)* (7 - a)* and its powers ; and the discriminant is 
of the fourth order in the coefficients. HencCi only quantics of 
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the degree 4m have cubic invariants whose general type is 
12**.23*"'.3i'^. It will be proved that quartics have two inde- 
pendent invariants, one of the second and one of the third 
order, in the coefficients; and, of course, any power of one 
multiplied by any power of the other is an invariant. Hence, 
quartics have as many invariants of the y^ order as the equation 
2aj + 3y=^ admits of integer solutions; this is, therefore, the 
number of invariants of the fourth order which a quantic of 
the 'p^ degree can possess. 

158. Hermite has proved that his theorem applies also to 
covariants of any given degree in x and y ; that is to say, that 
an ri^ possesses as many such covariants of the jp^ order in the 
coefficients as a p*' has of the n** order in the coefficients. For, 
consider any symbol, 12^.23^.34" &c., where there are p figures, 
and the figure 1 occurs a times, 2 occurs h times, and so on; 
then we have proved that the degree of this covariant in x 
and y is (n — a) + (w — i) + &c. But we may form the symmetric 
function 

S (a - /3)^ (|8 - if (7 - S)" {X - o^r {^ - ^T'* &c., 
which has been proved (Art. 137) to be a covariant of the 
quantic of the p*^ degree, whose roots are a, )8, &c. Every 
root enters into its expression in the degree w, which is there- 
fore the order of the covariant in the coefficients, and it 
obviously contains x and y in the same degree as before, viz. 
(« — a) 4 (n — i) + &c. Thus, for example, the only covariants 
which a quadratic has are some power of the quantic itself 
multiplied by some power of its discriminant, the general type 
of which is 

t)||M>rder of this in the coefficients is 2p + ^, and in x and y is 2q. 
Hence we infer that eveiy quantic of the degree 2p + q has a 
covariant of the second order in the coefficients, and of the 
degree 2q in x and y^ the general symbol for such covariants 
being 12*. When j = 1, we obtain the theorem given (Art. 141), 
that every quantic of odd degree has a quadratic covariant. 

159. Concomitants of quantics in three or more variables are 
expressed in a manner similar to that already explained* If 
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^'J/t^ij ^JfJ^^ ^JUJ^it ^ cogredient sets of yaiUbles, then, by 
the rale for mukiplication of determinantS| the determinant 

is an invariant, which, by transformation, becomes a similar 
function multiplied bj the modnlos of transformation. And if in 

the above we write for ar^, -7— ; for y,, -v— ; and so on, we obtain 

an invariantlve symbol of operation, which we shall write 123. 
When, then, we wish to obtain invariants or covariants of 
any function [7, we have only to operate on the product 
TJ^TJJJ^...TJf with the product of any number of symbols 
123' 124>' 235^ &c, and after differentiation suppress all the 
suffixes. Thus, for example, let £/|, £^, TJ^ be ternary quadrics, 
and let the coefficients in Z7, be a, i, c, 2/^, 2^, 2A, as at p. 99, 
then 123* expanded is 

a(5V'+ JV-2//'0 +* (cV'+cV-2//')+c(aT'+a''J'-2^T') 

4 2/(^'r + /T - a'/"- a'V) + 2^(4^"+ A"/'- Vf-V'g') 

+ 2A {ff -^/y - cT' - c'T) ; 

and this when we suppose the three quantlcs [^, CT, J^, to be 
identical, or a = a' = a' &c. reduces to six times 

ale + 2fgh - af - Ig^ - ch\ 

fPTT 
If in the above we replace a, the coefficient of a:", by -y-^ &c. 

we get the expansion of 123' as applied to any ternary quantic. 
This covariant Is called the Hessian of the quantic. 

It is seen, as at Art. 153, that odd powers of the symbol 123 
vanish when it Is applied to a single quantic. We give as a 
further example the expansion of 123* applied to the quartic, 

+ 6 (<?/«' + e«V +fxY) + 12xyz (Ix + »iy + nz). 
Then 123* is 
abc - 4 (aJgCj + bc^a^ + cajb^) + 3 (arf* + Jc' + c/') + 4 {aj)^c^ +cij[}^c^) 

— 1 2 {a^nd + a^md + h^ne + hje + c^mf+ cjf) 

+ 12 [Ib^c^ + wc,a, + najh^) + 12 (c?Z* + em* +/n') + 6tfe/- 12Z»tw. 
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160. We can express in the same manner functions containing 

contragredient variables ; for if a, /8, 7 be any variables contra- 

tJ ff ft 
gredient to a?, y, «, and therefore cogredient with ^j 'j~ j T j 

it follows, as before, that the determinant ^ 

(A^^^ —AS\ r(—A ^—\ ( ^ ^ d d\ 

\dy^dz^ dy^dzj \dz^dx^ dz^dxj \dx^dy^ dx^dyj 

(which we shall denote by the abbreviation al2) is an inva- 
riantive symbol of operation. Thus, if Z7„ U^ be two different 
quadrics, a)2^ is the contravariant called 4> [Conies^ Art. 377), 
which expanded is 

a' (i W5V- 2/'/") + ^{p'o!'-^ c'^c!" 2//') +7* (aT'+ d'V^ 2 AT') 

+ 2/87 (/r+ /T- cir^ aY) + 27a(Ay"+ KJ'^Vf^ 6Y) 

+ 2a/8 (/y +/ Y - cT' - c'T), 

and which, when the two quadrics are identical, becomes the 
equation of the polar reciprocal of the quadric. 

In like manner, the quantic contravariant to a quartic, which 
I have called 8 {Higher Plane Gurvea^ p. 78), may be written 
symbolically al2^, and the quantic Tin the same place may be 
written al2' a23' a31*. In any of these we have only to replace 

the coefficient of any power of a?, a* by -7-1^ &c. to obtain a symbol 

which will yield a mixed concomitant when applied to a quantic 
of higher dimensions. Thus al2^ is 



Ad^Ud^U (d^'U\^] « 



which, when applied to a quadric, is a contravariant, but, when 
applied to a quantic of higher order, contains both x^ y, 2?, as 
well as the contragredient a, /3, 7, and, therefore, is a mixed 
concomitant. 

In general, if we have the symbolical expression for any 
invariant of a binary quantic, we have only to prefix a con- 
travariant symbol a to every term, when we shall have a 
contravariant of a ternary quantic of the same order. And in 
particular it can be proved that if we take the symbolical ex- 
pression for the discriminant of a binary quantic, and prefix ia 

U 
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tbU manner a contraTariant symbol to each term, we shall have 
the expression for the polar reciprocal of a temaij qnantic 
_ Til OS, the symbol for the discriminant of a binary cubic is 
12'*M'. 13-24, and the polar reciprocal of a ternary cubic is 
al2'«a34*.al3-a24, which is obvionslj of the sixth order in the 
variables a, /3, 7, and of the fourth in the coefficients. 

161. If in any contravariant we substitute j-^> j"> 7- for 

a, P^ jj and operate on Uj we get a covariant (Art 139); and 
the symbol for this covariant is got from that for the contra- 
variant by writing a new figure instead of a. Thus from a23* 
is got 123*, from a23.a24 is got 123.124, &c. Conversely, if 
in the symbol for any invariant we replace any figure by a 
contravariant symbol a, we get the evectant of that invariant. 

Thus, 

123.124.234.314 

is an invariant of a cubic, and the evectant of that invariant is 



123.al2.a23.a31. 

In the case of a binary quantic, this rule assumes a simpler 
form ; for if we substitute a contravariant symbol for 1 in 12, 

it becomes, when written at full length, f ^ — ^ T" > ^^^ ®"^^® 

f and 17 are cogredient with — y and a?, this may be written 

» •T' + y-T- , and may be suppressed altogether, since it only 

affects the result with a numerical multiplier. Hence, given 
the symbol for any invariant of a binary quantic, its evectant 
is got by omitting all the factors which contain any one figure. 

Thus, 

12'.34M3.24 

being the discriminant of a cubic, its evectant, got by omitting 
the factors which contain 4, is 12^13• 

If in a contravariant of any quantic we substitute -7— , -^ , -z— 

for a, )3, 7, we also get a covariant, and the symbol for it is 
obtained from that for the contravariant by writing a different 
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new figure in place of every a. Thus, from aSl" we get 
134.234; and so on. 

162. 'In the explanation of symbolical methods which has 
been hitherto given, I have followed the notation and course 
of proceeding originally made use of by Prof. Cayley. I wish 
now to explain some modifications of notation introduced by 
Aronhold and Clebsch, who have employed these symbolical 
methods with great success, but who perhaps at first scarcely 
sufficiently recognized the substantial identity of their methods 
with those previously given by Prof. Cayley. The variables 
are denoted a;,, aj^, x^y &c., while the coefficients are denoted by 
suffixes corresponding to the variables which they multiply. 
Thus the ternary cubic, the ternary quart ic, &c., may be briefly 
denoted Sa^-^^^aj^ir^, Sa.i^^ic^^a?^^, &c., where the numbers 
e, ky ly m are to receive in succession all the values 1; 2, 3, &Q. 
It will be observed that in this notation 0,,.^ = a^^^ = a^,.,., so that 
when we form the sums indicated we obtain a quantic written 
with the numerical coefficients of the binomial theorem. Thus 
when we form the sum Sa,^^^c,a;^^, the three terms (^^i^^i^i^^j 
^iti^i^t^o ^aii^s^i^i ^^ identical, as in like manner are the si^ 
terms 

^m^X^i^Zl ^iM^I^S^il ^818^8^1^31 ^881^8^8^1 > ^818^8^1^8? ^881^8^8^11 

80 that the sum written at length would be 

«U1^1^1^1 ■*• ^888^8^8^8 + «888^8^8^. + ^^XX%^l^l^i +—+ 6«I88«1^8^8- 

And so, in like manner, in general. Now Aronhold uses, as 
an abbreviated expression for the quantic in general, 

where, after expansion, we are to substitute for the products 
aflf/a^y &c., the coefficients a^j^. Thus the ternary cubic given 
above may be written in the abbreviated form 

the terms aflfl^x^x^x^ + ^a^afl^x^x^x^ + &c. 

in the expansion of the cube being replaced by a^^^x^x^x^j 
^^tw^i^Aj ^^* ^^^ quantity a,Z| + a.^a?j + tigiTg is written a^ 
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or sometimes simply a, and the quantic is symbolically ex- 
pressed as a/. The cubic might equally have been written 
{b^x^ + J,ajj + igO:,)', {c^x^ + c^x^ + ^a^a)'* ^^'i *^ being understood 
that we are in like manner to substitute for i,i,ij, c^c^c^, &c., the 
coefficients a,,^, a,„, &c. Now the rule given by Aronhold 
for the formation of invariants is to take a number of deter- 
minants, whose constituents are the symbols a,, a,, a^ ; &,, 5,, &c., 
to multiply all together, and after multiplication to substitute 
for the symbols a^jfli^ ^J^J^p^ ^be coefficients a,,;, a^,p, &c. 
Thus Aronhold first discovered a fundamental invariant of 
a ternary cubic by forming the four determinants 2 ± cifij^^^ 
2 ±6,0,^3, S±c,rf,a,, Sirf^a^ij; multiplying all together and 
then performing the substitutions already indicated. This is 
the same invariant which, in Prof. Cayley's notation, would be 
designated as 123.234.341.412. In order to obtain an in- 
variant by this method, it is obviously necessary (as in Art. 154) 
that the a symbols, b symbols, &c. respectively should each 
occur n times. A product of determinants not fulfilling this 
condition is made to express a covariant by joining to it such 
powers of a^, i^, &c. as will make up the total number of 
a's, b\ &c. to n. Thus the Hessian of a binary quadratic, 
which in Cayley's notation is 12* is in Aronhold^s (ai)*; but 
the Hessian of any other binary quantic, which in Cayley's 
notation is still 12*, is in Aronhold's {phya^'^b^ 






163. In order to see the substantial identity of the two 
methods, it is sufficient to observe that by the theorem of homo- 
geneous functions any quantic u of the n*^ order differs only 

by a numerical multiplier from {^^-^ — ^^a^T — ^^^T'l ^» ^ 

that if we write it («,a?i + ^ga^g + fl^g^a)*, the symbols a^, a,, a, 
differ only by a numerical constant from the differential sym- 

bols -J- , &c. And we evidently get the same results whether 

with Prof. Cayley we form determinants whose constituents are 

=— , ^j— , ^— , or with Aronhold, whose constituents are 

ct„ a„ a,. 
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And the artifice made use of by both is the same. 
If we multiply together a number of differential symbols 

f-^4 "^ J-) i-f- + M T^) > ^^'i *^d operate on J7, it is evident 

the result will be a linear function of differentials of U of an 
order equal to the number of factors multiplied together ; and 
that in this way we can never get any power higher than the 
first of any differential coeflScient. When, then, it is required 
to express symbolically a function involving powers of the 
differential coefficients, the artifice used by Prof. Cayley was 
to write the function first with different sets of variables, and 

form such a function as (j~ + ^;j^) (;7~"^^^J ^i^2» ^^^ 

after differentiation to make the variables identical. So in like 
manner Aronhold in his symbolic multiplication uses different 
symbols which have the same meaning after the multipli- 
cation has been performed. By multiplying together symbols 
a,., a^, a^ &c., we can only get a term such as a^^i of no higher than 
the first order in the coefficients. When, then, we want to 
express symbolically functions of the coefficients of higher order 
than the first, the artifice is used of multiplying together 
different sets of symbols a,., a^, a^; J^, i^, J^, &c., the products 
a/i^a^, hppi^ ^fik^ii &c,, all equally denoting the coefficient a^^p, 

The notations explained in this Lesson afford a complete 
calculus, by means of which invariants and covariants can be 
transformed and the identity of different expressions ascer- 
tained. We shall in a subsequent Lesson give illustrations of 
the applications of this method, referring those desirous of 
further information to Clebsch's valuable Theorie der hindren 
algebraischen Formerly in which work this symbolical method 
is the basis of the whole treatment of the subject. 
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\^A. Sr^CE Itrrmskisrs aol conrarLoits ntaun tlieir idatKHis 
t<> eskdli "Vti^i^, &/> CEO^ti^ b>w tLe qojuitic 5< Eocarlj tnndbniicd, 
it U \\iuu fiut vL^m ve v*»b to ^o^j these rdations it is sofli- 
eMrfnt t// io m hj dUifXimBg tbe quactic in the sunjdat £Min to 
i»kkti it i« poincble to redace it. This is oolr ezteodiiig to 
#|tiaritie3i id general what the reader is familiar with in the case 
4d U^TMOj and qoatenuuy qnantics; since, when we wish to 
fitodj the properties erf a cttrre or sorfaoe, every geometer is 
familiar with the advantage of choosing sach axes as shall 
reduce the equation of this curve or sorfaoe to its amplest form.* 
^J*be simplest form then, to whidi a qoantic can without loss 
of generality be reduced, is called the canonical farm of the 
qij;irific« We can, by merely counting the constants, ascertain 
wbetlif^r any proposed simple form is sufficiently general to be 
tftken as the canonical form of a quantic, for if the proposed form 
does not, either explicitly or implicitly, contain as many con- 
stants as the given quantic in its most general form, it will not 
bo possible always to reduce the general to the proposed form.f 

^ it rrifiKt }tti own«^l, liowerer, that as in the progress of analjsiB greater facility is 
fpiln<Nl \u iimiWufK with quantict in their most general form, the advantage diminisheB 
of rwUuiUtu i\wm U; simpler f(irms. 

t 1 1 In ri(;t irxWf howcviir, conversely, that a form which contains the proper number 
of tvmntsiuiM in nn(M)fMarily <mo to which the general equation may be reduced. For 
whflti wn nndduvour by compariiion of coefficients to identify such a form with the 
|(nfMit'iil N|imtlo)i, iillhoiigh the nunilxjr of equations is equal to the number of 
qtmrillLltiM U) )tn (httorrnlriMl, it may happen that the constants enter into the equations 
lit mwU M Wiiy that uU tho (Miuatiuim cannot be satisfied. Thus 

(oj - a)« + (y - /3)« = & + my + n 

Ifi » form OfiiitaiMinR flvo ooimtants, and yob is not one to which the general equation 
(if ft torimry (iiitutrlo can be ruduoud ; since the constants enter the equation in such a 
WNjr thftt tliuuith wo have moix) than enough to make the coefficients of x and y and 
Iht SlMolttUl twin itlontioal with those in any proposed equation, we have no means of 
llmMMBg lbs OO^floitmti of 09*1 xy and y". A more important example is 

ff* + y* + «* + M* + v*f 
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Thus, a binary cubic may be reduced to the form X' + Z' ; for 
the latter form, being equivalent to [Ix + myY + (I'x'+m't/Yj con- 
tains implicitly four constants, and therefore is as general as 
(a, J, c, rfJ-T, yY. So, in like manner, a ternary cubic in its 
most general form contains ten constants; but the form 
X' + y + Z'+67wXyZ contains also ten constants, since, in 
addition to the m which appears explicitly, X, Yj Z implicitly 
involve three constants each. This latter, then, may be taken 
as the canonical form of a ternary cubic, and, in fact, some of the 
most important advances that have been made in the theory 
of curves of the third degree are owing to the use of the 
equation in this simple and manageable form. 

165. The quadratic function (a, i, cjx^ yf can be reduced 
in an infinity of ways to the form of + y*, since the latter 
form implicitly contains four constants, and the former only 
three. In like manner the ternary quadric which contains six 
constants can be reduced in an infinity of ways to the form 
ic*-f y* + «'| since this last contains implicitly nine constants; 
and, in general, a quadratic form in any number of variables 
can be reduced in an infinity of ways to a sum of squares. 
It is worth observing, however, that though a quadratic form 
can be reduced in an infinity of ways to a sum of squares, 
yet the number of positive and negative squares in this sum 
is fixed. Thus, if a binary quadric can be reduced to the 
form a?* + y*, it cannot also be reduced to the form w* — v*, since 
we cannot have ^-^y^ identical with w" — v*, the factors on 
the one side of the identity being imaginary, and those on 
the other being real. In like manner, for ternary quadrics we 
cannot have a^ 4 y* — «* = w* + 1?'* 4 «?*, since we should thus have 
05* + 3^* = «" + u' + v* + w?', or, in other words, 

a:' 4 y* = «'+ (7aj + wy 4 W2?)'4 (Z'a?4 wi'y 4 w'2)''4 (ra;4 «i"y 4 w"«)', 
and if we make x and y = 0, one side of the identity would 

where z^u^v are linear functions. In the case of a ternary qnuitlc this form contains 
implicitly fourteen independent constants, and therefore seems to be one to which the 
qnartic in general can be reduced. But Clebsch has shewn that a condition must be 
fulfilled in order that a quartic should be reducible to this form, namely, the 
Tanishing of a certain inyariant. See also Surfaces^ Note to Art. 235. 
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vanish^ and the other would redace itself to the sum of four 
positive squares which could not be = 0. And the same argu- 
ment applies in general. 

166. We commence by shewing that, as has been just 
stated, a cubic may always be reduced to the sum of two cubes. 
To do this is, in fact, to solve the equation, since when the 
quantic is brought to the form X" + y, it can immediately be 
resolved into its linear factors. Now, if the cubic (a, J, c, rfja?, y)' 
become by transformation (-4, 5, (7, -DJ-^, Yfj then, since 
(Art. 12G) the Hessian (aa? + %) (ca; + djy) — ( Jaj + cy)* is a co- 
variant, it will, by the definition of a co variant, be transformed 
into a similar function of Aj B^ C^ Z), X, Y. That is to say, 
we must have 

{ac - V) X* + {ad- be) xy + {bd-^c*) y* 

= {A C" B^) X- + (AD - BG) Xr+ [BD^C^ Y\ 

Now, if in the transformed cubic, B and C vanish, the Hessian 
takes the iovm A DXY\ and we see at once that we are to take 
for X and Y the two factors into which the Hessian may be 
broken up. "When we have found X and Y", we compare the 
given cubic with AX^-^ DY*^ and determine A and D by 
comparison of coefficients. 

Ex. To redace 40:^ + 9x2 + 18a; + 17 to the form .iX* + i>r*. The HeasiaiL iB 

(4a; + 3) (6a; + 17) - (3a; + 6)«, 

or 15a;» + 50a; + 15, 

whose linear factors are a; + 3, 3a; + 1. Ck>mpariiig then the giyen cubic with 

^ (a; + 3)» + 2> (3a; + 1)», 

we have A + 272) = 4, 27^4 + i> = 17, whence 7282) = 91, 728^1 = 455, or ^ is to D 
in the ratio of 5 to 1. The given cubic then only differs by a factor (viz. 8) from 

5 (a; + 3)» + (3a; + 1)», 

and it is obvious that the roots of the cubic are given by the equation 

3a; + 1 + (a; + 3) »J(5) = 0. 

167. It is evident that every cubic cannot be brought by 
real transformation to the form JX' + i>F', for this last form 
has one real factor and two imaginary; and therefore cannot 
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be) identical with a cbbic whose three factors are redl. The 
discriminant of the HeUsian 

4(ac-y)(5d-fc«)-(aJ-Jc)« 

is, with ^igii changed, thb danie as that of the cubic. When 
the discriminant of the cbbic is positive, the Hessian has two 
real factors, and the cubic one real factor and two iinaginary. 
When It id negative, the Hessian has two imaginary factors, 
and the cubic three real. When it vanished, both Hessian and 
cubic bav<el two equal factors, and it can be directly verified that 
the Hessian of X*Y is -X"*.* 

It is to be observed, that a quantic of th^ same degree cannot 
always be reduced to the same canonical form. The iinpossibility 
of the reduction indicates some singularity in the foim of the 
quantic. Thus a cubic hating a square factor candot be brought 
to the form Aa?'\- Dy^ : a different canonical form must be adopted, 
and the modt simple one is the form x^y^ to whith the cubic in 
question is obviotisly at once reducible. 

168. In the same manner as a bubic can be brought to the 
sum of t^o cubesj so in general any binary quantic of odd 
degree [2n — I) can be reduced to the sum of n powers df the 
(2n— 1)** degree, a theorem due to Dr. Sylvester. For the 
number of constants in any binary quantic is always one more 
than its degree, or^ in the present case, 272; and we have the 
same number. of constants if we take n terms of the form 
(Zoj + wiy)*""*. The actual transformation is performed by a 
method which is the generalization of that employed (Art. 166). 
For simplicity, we only apply it to the fifth degree, but the 
method is general. The problem then is to determine ti, t;, w^ 
so that (a, ft, c, rf, «,/3[aJ, yf may = u* + 1?* + w^. Now we say 
that if we form the determinant 

ajx-^hy^ bx-}-cyj cx-j- dy 
bx-^ cy^ caj + dy^ dx+ey 
cx-^rdy, dx + cy, ex -h/y , 

* In general, when a binary quantic has a square factor, this will also be a square 
factor in its Hessian, as may be yerified at once by forming the Hessisin of a^<l>. 
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the three factors of this cubic will be «, v, w. For let 

then, differentiating the identity 

(a, 5, c, rf, €j/Ja:, y)* = w^ + v* + w?* 

four times successively with regard to x^ and dividing by 120, 
we get 

ax-^-ly^^ l*u + Pv + r*w. 

Similarly differentiating three times with regard to Xj and 
once with regard to y, 

bx-\-ct/ = rmu + Pmfv 4 t'^m^'w ; 

and so on. 

The determinant, then, written above, may be put into the 
form 

rmu-\-rm'v+rm"w, P7w«w+rWr7w"«M?, Im^u+rm^-^-rm'^w 
But (Art. 22) this is the product 

ru, Pv, r'w 



2 rs f^ 

mUj m V ^ m w 



m I 



//» 






or IS 



uvw {hn' - Vmf (Z V - rmj {rm - Z^w")'. 

When, then, the determinant written in the beginning of 
this Article has been found, by solving a cubic equation, to be 
the product of the factors (x + Xy){x-\-fiy){x-{-vy)j we know 
that Uj v, w can only differ from these by numerical coefficients, 
and we may put 

(a, 5, c, d, ejjx, yY = A{x'\-\yY-{-B[x + fiyf-{-G{x + vyy; 

and then A^ B^ C are found by solving any of the systems of 
simple equations got by equating three coefficients on both sides 
of the above identity. 

The determinant used in this Article is a covariant, which is 
called the canonizant of the given quintic. 
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169. The canoDizant may be written in another, and perhaps 
simpler form, namely, 



a, J, 


c, 


rf 


J, c, 


rf, 


e 


c, <?, 


«. 


/ 



This last is the form in which we should have been led to it if 
we had followed the course that naturally presented itself, and 
sought directly to determine the six quantities A^ B^ (7, \, /a, r, 
by solving the six equations got on comparison of coefficients of 
the identity last written in Art. 168. For the development 
of the solution in this form, to which we cannot afford the 
necessary space here, we refer to Sylvester's Paper [Fhilo^ 
sophical Magazine^ November, 1851). Meanwhile, the identity 
of the determinant in this Article with that in the last has been 
shown by Prof. Cayley as follows. We have, by multiplication 
of determinants (Art. 22). 



y', 


- ya, ya?, - «' 




1, 0, 0, 


a, 


5, c, d 


\/ 


X, y, 0, 


h 


c, df e 


x 


0, x, 3/, 


«> 


d, c, / 




0, 0, X, y 



y% 















0, ax + hy^ bx + cy^ cx-^dy 
0| iar + cy, ca;+c?y, dx-}- ey 
0, cx+dy^ dx + ey^ ex-^/y 

which, dividing both sides of the equation by ^', gives the 
identity required* 

170. We have still to mention another way of forming the 
canonizant. Let this sought covariant be (-4, 5, (7, -D][a;, y)\ 
where we want to determine -4, 5, C^ D] then (Art. 140) 

(-4, jB, (7, -D^^ , - -J-)' will also yield a covariant. But if this 

operation is applied to {x-\-\yY where x-\-\y is a factor in 
(-4, jB, (7, D\x^ y)% the result must vanbh, since one of the 
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factors in the operatipg symbol is -^ — ^ JZ" Since, then, the 

given quantic is bj hypothesis the sum of three terms of the 
form {x + Xy)*, the result of applying to the given quantic the 
operating symbol jcist written must yanish. Thus, then, we 
haye 

-i>(a,&,cXx,i^r = 0, 

or, equating sepa^tely to Q the coefficients of x\ xy^ y*, we 

haye 

Ad-Bc-^Cb-Da^O. 

Ae-Bd + Cc-Db^O^ 

Af^Be^Cd-D^^% 

whence (Art. 28) A. is propo(rtional to the determinant got by 

a, ft, <j 



suppressipg the col^mn A or 



apd sp for jB, C7, 2>, 



A, c, d 

which yal^^3 give for ^he caponis^t the fp^ c^tated iq tl^e ^asi^ 
Article. 

171. We proceed now to q^aptics of even degree (2j5^). 
Since this quantic co^tain8 2n + 1 terms, if we equate it to a 
sum of n powe^ of the degree 2n, we haye one ^<|^uation more 
to satisfy than we haye constants at o\ir disposal. On the pther 
haqd, if wp add i^nother 271*^ power, yre haye one cpnstant too 
many, and the quantic can be reduced to this form in W^ infinity 
of wayEj. It is ei^sy, howeyer, to determine the condition that 
thp giyen quantic should be reducible to the sunx of n, 2n^ 
powers. Thus, fpr example, the conditions tliat a q^artic 
should be reducible to the sum of two fo\irth powers, and that 
a scxtic should be reducible to the s\im pf three sixth powers, 
are respectiyely the determinants 

a, i, c, d 



% h <^ 




ft, c, d 


= 0, 


c, e?, e 





k 



ft, c, d^ e 
c, rf, e, / 

^1 «i fj 9 



= a 
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and so on. For, in the case of the quartic, the constituents of 
the determinant are the several fourth differentials of the 
quantic, and expressing these in terms of u and v precisely as 
in Art. 168, it is easy to see, Art. 26, Ex. 5, that the determinant 
must vanish, when the quartic can be reduced to the form 
u* + v\ Similarly for the rest. This determinant expanded 
in the case of the quartic is the invariant already noticed (see 
Art. 141, Ex. 1), 

ace + 2bcd-ad* - eV - c\ 

172. When this condition is not fulfilled, the quantic is re^ 
duced to the sum of n powers, together with an additional term. 
Thus, the canonical form for a quartic is naturally taken to be 
w* + 1?* + 6XmV. We shall conimence with the reduction of the 
general quartic to this canonical form ; the method which we 
shall use is not the easiest for this case, but is that which shows 
most readily how the reduction is to be effected in general. 
Let the product, then, of u^ t?, which we seek to determine, be 

(j4| JBy G\^) y)% smd Jet ua operate with (-4, JB^ ^Xt" i "" x)' 

on both sides of the identity (a, J, c, e?, €][xj yY = w* + v* + 6Xt< V. 
Now, as before, this operation performed on w* and on v^ 
will vanish, and when performed on 6Xt«V it will be found to 
give 12Vt«i?, where V = 2 (4^(7— 5*)\. Equating then the 
qoefficients of o?^, xy^ and y* on both sides, after performing the 
operation, we get the three equations 

Ae-Bd-\-Cc^ V(7, 

whence eliminating 4? ^> C^j we haye to determine V, the 
determinant 



a, i, c — V 

ft, c+^V, d 



= 0, 
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•which, expanded, Is the cubic 

X'"- X' [ae - 4W4 3c') - 2 [ace + 2hcd - ad^ - eV - c^) = 0,* 

the coefficients of which are invariants. Thus, then, we have 
a striking difference in the reduction of binary quantics to their 
canonical form, between the cases where the degree Is odd and 
where it Is even. In the former case, the reduction Is unique, 
and the system u^ Vj w^ &c. can be determined In but one way. 
When u Is of even degree, however, more systems than one can 
be found to solve the problem. Thus, In the present Instance, 
a quartic can be reduced in three ways to the canonical form, 
and If we take for \' any of the roots of the above cubic. Its 
value substituted In the preceding system of equations enables 
us to determine -4, B^ G. 

173. If now we proceed to the Investigation of the reduction 
of the quantic (a^, a„ a, -.-X^'j y)*"> ^^® mosi natural canonical 
form to assume would be w'"* + i;** + w^ + &c. + \uVtD* &c., 
there being n quantities u^ v, w^ &c. But the actual reduction 
to this form is attended with difficulties which have not been 
overcome, except for the cases n = 2 and n = 4. But the 
method used In the last Article can be applied If we take for 
the canonical form u^ + v*" + &c. + \ Vuvw &c., where, if 

uvw &c. = (^0, ^j, A^ ...Jx^ y^j 

F Is a covariant of this latter function such that when Vuvw &c. 

IS operated on by (J^? -^, •••!5[x j '";r^"' ^^^ result Is propor- 
tional to the product uvw &c. Suppose, for the moment, that 
we had found a function V to fulfil this condition, then, pro- 
ceeding exactly as In the last Article, and operating with the 
differential symbol last written on the Identity got by equating 
the quantic to Its canonical form, we get the system of equations 

2 

A««« - ^ A+. + ^,a» - &c- = n{n-l) ^'^" *°'' 

* N.B. — ^The discriminant of this cubic is the same as that of the quartic. 
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whence, eliminating J^, J„ ^.^, &c., we get the determinant 



««-^'j ««-i) 



a 



n-2J 



^n+l» ^n-^-^\ VU 



a. 



a. 



a 



n+2' 



a 



W+lJ 



" n(w-l) 



-— A,, ... flj 



a 



8n9 



a 



2N-l9 



« 



2II-2' 



(7_ T V* 



and having found V by equating to this determinant expanded 
(a remarkable equation, all the coeflBcients of which will be 
invariants), the equations last written enable us to determine the 
values of -4^, A^j &c., corresponding to any of the w + 1 values 
of V. 

174. To apply this to the case of the sextic, the canonical 
form here is v!^ ■\-v^ + w^ + Vuvw^ where, if uvw be 

{A,, A„ A„ AJx, y)\ 

V is the evectant of the discriminant of this last qnantic, and 
its value is written at full length (Art. 142). Now it will 
afford an excellent example of the use of canonical forms if we 
show that in any cubic the result of the operation 

performed on the product of the cubic and the evectant just 
mentioned, will be proportional to the cubic itself. For it is 
sufficient to prove this, for the case when the cubic is reduced to 
the canonical form a5' + y^ in which case the evectant will be 
x^ - y^y as appears at once by putting J = c = 0, and a = eZ= 1 in 
the value given. Art. 142. The product, then, of cubic and 

* The determinant above written may be otherwise obtained as follows. Let 
a:', y* be cogredient to a;, y, and let us form the function 

which (ArtSr 125, 131) we have proved to be linearly transformed into a function of 
similar form. Equate to zero the n + 1 coefficients of the several powers a", x^-% Ac, 
and from these eliminate linearly the n+1 quantities a:'", x'^-^y', &c., and we obtain 
the determinant in question. 
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eV^ctant will be x^—jj^^ which, if operated on by -r-, — j-s ) gives 

a f^siilt manifestly proportional to as^ + y". And the theorem 
now proved being independent of linear transforinatloil, if true 
for any form of the cubic, is true in general. The candnical 
form, then, beidg assumed as abdve, we proceed exactly ad in 
the last Article, and we sdlve fdr X from the equation 



«oJ ^1> '^%'i ^8-^ 

^8 + ^) «4» «i» % 



= 0i 



which, wlieii etpand^d, will be found to cdntaiii ohly ^Ven 
powers of X. If we suppose uviv reduced as above to its 
canonical form a?'+y, the three factors of which are 

where ct> is a cube root of Unity, then it is evident from the 
above that the corresponding canonical form for the sextic is 

^ (a + y)* + £ (a; + <»y)* + C? (a? + ©'y )^ + 2) (aj* - y ). 

It can be proved that if m, v, t^ be the factors of the cubic, 
then the factors of the evectant used above aire v — «;, w? — w, 
u - V, so that the canonical form of the sextic may also be 
written 

w' + v' + w?* + \uvw [u — t?) (v — w) [to — w). 

175. In the case of the octavic the canonical form is 

tt* + V* + w?* + «• + \uh*wVj 

for if we operate on u*v^w*z* with a symbol formed according to 
the same method as in the preceding Articles, the result will be 
proportional to uvwz. 

As for higher canonical forms we content ourselves with again 
mentioning that for a ternary cubic, viz. a?'+y' + i5' + 6ma!y«, 
and that given by Sylvester for a quaternary cubic^ 
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SYSTEMS OF QUANTICS. 

176. It still remains to explain a few properties of systems 
of quantics, to which we devote this Lesson. An invariant 
of a system of qaantics of the same degree is called a conJ?tnant 
if it is unaltered (except by a constant multiplier) not only when 
the variables are linearly transformed, but also when for any 
of the quantics is substituted a linear function of the quantics. 
Thus the eliminant of a system of quantics u, r, «? is a com- 
binant. For, evidently the result of substituting the common 
roots of vw in u + \v + fiw is the same as that of substituting 
them in u] and the eliminant of u + Xv-f /J>w^ v, w is the same 
as the eliminant of uvw. In addition to the differential equa- 
tions satisfied by ordinary invariants, combinants must evidently 
also satisfy the equation 

a'dl Vdl ddl « 
aa do ac 

It follows from this that in the case of two quantics a comblnant 
is a ftinction of the determinants (a&O) (^Oj (^^0) &^-5 ^^ *te 
case of three, of the determinants (aVc\ &c. ; and will accord- 
ingly vanish identically, if any two of the quantics become- 
identical. If we substitute for w, v ; Xw + /ttv, X'w + yJv^ every 
one of the determinants (aJ') will be multiplied by (X/t' - X'/a) ; 
and therefore the combinant will be multiplied by a power 
of ^ik - XV) equal to the order of the combinant in the co- 
efficients of any of the quantics. Similarly for any number of 
quantics. There may be in like manner combinantive covariants, 
which are equally covariants when for any of the quantics is 
substituted a linear function of them. For instance^ the 
Jacobian (Art. 88) 

^> ««,> ««» 

«,> «o % 
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if we nibstitate for Uj fv + mr + f»v, for r, ru-^-m^v-^nWj &c. 
by the propcrtj of determinuita, becomes the product of the 
determinaDtB (7m V), («,c,v,). The coeflbaentB <^ a comlmian- 
tiTe coTsriaot are also fbnctions of the determinants {ab')^ {at^ ; 

177. If a«(a, J, c...Jar,y)", v^[a\h\c...Jx^yf beany 
two binary qnantics of the same degree, then u-^-kv or 
(a-^ka\ 64 ii'...X*»y)'i where we give different values to i, 
denotes a system of qnantics which are said to form with u, v 
an involution. Now there will be in general 2(n— 1) qnantics 
of the system, each of which will have a square factor. For 
the discriminant of a qnantic of the n** degree is of the 
order 2(n— 1) in the coefficients (Art. 105). If then we sub- 
stitute a + ha for a, b \-W for ft, &c., there will evidently be 
2 (n — 1) values of k^ for which the discriminant will vanish. 

If we make y » 1 in any of the qnantics, it denotes n points 
on the axis of x. We have just proved that in 2(n~ >) cases, 
two of the n points denoted by u + kv will coincide; or, in 
other words we may say, that there are 2(n— 1) double points 
in the involution. 

When u-^kv has a square factor « — a, we know that a 
satisfies the two equations got by differentiation, viz. u, + kv^ = 0, 
u^ + kv^=^Oj and therefore will satisfy the equation got by 
eHroinating k between them, viz. tt,Vj — m,v, = 0. Now 
^i^«""^«^i» which is of the degree 2 (n— 1), is the Jacobian of 
t/, V ; and we see that by equating the Jacobian to 0, we obtain 
the 2 (n - 1) double points of the involution determined by 
II, v.^ 

1 78. If u and v have a common factor ^ this mil appear as a 
square factor in their Jacobian. First, let it be observed, that 
since wM = a:M^4yM^, nv^xv^-hyv^^ then if we write J for 
w,v^ — w,v„ we shall have n {uv^ - vu^) = are/, n {uv^ — vu^) = — yj. 



* In like manner, for a ternary qnantic, the Jacobian of «, v, to is the locm of 
the double points of all curves of the system u-h hv-hlw whidi have double pomts. 
And similarly for quantics with any number of vaiiables. 
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Differentiating the first of these equations with regard to y, and 
the second with regard to x^ we get 

It follows from the equations we hav6 written, that any value a 
of X which makes both u and v vanish, will make not only J 
vanish but also its differentials J^J «7,^ and therefore or — a must 
be a square factor in J. 

Or more directly thus : let u==l3<f)j v^/SyJrj where fi=lx+my^ 

then Uj= Z0 + i8^„ w,= w^ + iS^,, v^ = ?^ + iS^^, r?,= m^ + fiyjt^ ; 
and w^r;,- w,r; =^*(^jVr,- ^.^rj^ /3Z(^tt|-*,t)+/3»^(*i^-*ti)> 
whence (« - 1) (w^t;, — w,t;J 

It follows from what has been said, that the discriminant of the 
Jacobian of u^ v must contain B their resultant as a factor; 
since whenever B vanishes, the Jacobian has two equal roots. 
Thus in the case of two quadratics. 

the Jacobian is (oi') a? + {ac') xy + (Sc') y*, 

whose discriminant is 4 [ah') {be') — (ac^)^ which is the eliminant of 
the two quadratics. In the case of quantics of higher order^ 
the discriminant of the Jacobian will, in addition to the resultant, 
contain another factor, the nature of which will appear from 
the following articles. 

179. It has been said that we can always determine ^, so 
that u + kv shall have a square factor. But since two conditions 
must be fulfilled, in order that u-^kv may have a cube factor, 
k cannot be determined so that this shall be the case unless a 
certain relation connect the coe£Bcients of u and v. This condir 
tion totll be of the order 3 (n - 2) in tie coefficients both of u and v. 

K (a; — a)' be a factor in u + kv'{- Iw^x — a will be a factor 
in the three second differential coefficients, or a; = a will satisfy 
the equations 
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wbeDoe eliminating k and Z, 2 = a will sadify Ae equaiioD 

*rtl ^iiJ ""ii 

«rt» ^«1 •^It 

*«» «^«» •ff, »^; 
If then we lue the word treble-point in a sense analogous 

to that in which we used the word donble-point (Art. 177), 
we see that the equation which baa been just written gives 
the treble points of the system u + kv + lw] and since the 
equation is of the degree 3 [n — 2)| there may be 3 (n — 2) such 
treble points* But we could find the number of treble points 
otherwise. Suppose we have formed the condition that u 4 Art; 
should admit of a treble point, and that this condition is of the 
order p in the coefficients of u. K in this condition we sub- 
stitute for each coefficient [a) of ti, a + la\ we get an equation 
of the degree p m l\ and therefore p values of I will be 
found to satisfy it. In other words, p quantics of the system 
u-ikv + lw will have a treble point. It follows then from what 
has just been proved that p =: 3 (n - 2). And the same argu- 
ment proves that the condition in question is of the order 
8 (n — 2) in the coefficients of v. 

This condition is evidently a combinant; for if it is posable 
to give such a value to kj as that u + kv shall have a cube 
factor, it must be possible to determine k^ so that (u + mv) + kv 
shall have a cube factor. 

180. TS u + kv have a cube factor {x^afj then the Jacobian 
of u and v will contain the square factor {x—a)\ For the two 
di£ferentials u^ + kv^^ w, + kv^ will evidently contain this square 
factor, and therefore it will appear also in the Jacobian, which 
may be written (w, + kv^) v^ — [u^ + kv^) v^. If then 5= be the 
condition that u + kv may have a cube factor, S will be a factor 
in the discriminant of the Jacobian, since if i8^=0 the Jacobian 
has two equal roots, and therefore its discriminant vanishes. 

If B be the resultant, the discriminant of the Jacobian can 
only differ by a numerical factor from BS. For since the 
Jacobian is of the degree 2 (n — 1), its discriminant is of the 
degree 2 {2 (w - 1) - 1} in its coefficients, which are of the first 
order in the coefficients of both u and v. Kow £ is of the order 
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n in each set of coefficients, 8 of the order 3 (« — 2). Both 
these are factors in the discriminant ; and it can have no other, 

since 

n + 3 (w - 2) =^ 2 {2 (« - 1) - I }. 

181. The discriminant of u + kv^ considered as a function 
of ky will have a square factor whenever u and v have a 
common factor. In fact (Art. Ill) the discriminant of u + ^ 
will be of the form (a + ka) <t> + (b + Tcb'Y yp-. But if u and v 
have a common factor, we can linearly transform u and v 
BO that this factor shall be y, that is to say, so that both a 
and a' shall vanish. The discriminant will therefore have the 
square factor (b + kby ; and since the form of the discriminant 
is not affected by a linear transformation of the variables, it 
always has a square factor in the case supposed. 

It follows that if we form the discriminant of u-^- hv^ and 
then the discriminant of this again considered as a function of 
jt, the latter will contain as a factor It the resultant of u and v. 
For it has been proved that when JJ = 0, the function of k 
has two equal roots, and therefore its discriminant vanishes. 
For example, the discriminant of a quadratic ac — V becomes, 
by the substitution of a + ka' for a, &c., 

{ac - i*) + A [ac' ^ca'- 2bV) + A* (aV - Oj 
whose discriminant is 

4 [ac - V) {dc' - J") - [ad + ca' - 2 Ji')"- 
But this is a form in which, as was shewn by Boole, the 
resultant of the two quadratics (a, S, c^^ y)*, (a', b\ c'^x^ yf 
can be written (cf. Ex. 6, p. 24). This form, all the component 
parts of which are invariants, is sometimes more convenient than 
that given (Art. 178). In the case of quantics of higher order, 
the discriminant of the discriminant will have J2 as a factor, but 
will have other factors besides. 

182. If u have either a cube factor or two distinct square 
factors, the discriminant of w + Ar will be divisible by A*. For 
if the discriminant of u be A, that oiu-{-kv is 

A + *(a'g + y^+&c.) + &c. 
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Now when u has a square factor A vanishes; and It appears 
from the expressions in Art. 114, that if either three roots of 
u are equal a = ^ =2 7, or two distinct pairs be equal a = /S, 7 = S, 

then all the differentials of A, --1- , &c., vanish ; and therefore 

the coefficient of k in the expression just given vanishes. The 
discriminant therefore contains £* as a factor. It is evident 
hence that if u + av have a cube or two square factors, the 
discriminant of u + kv will be divisible by (k — af ; since u-\- kv 
may be written u -{- av+{k — a)v. If then, as before, >S=0 
express the condition that the series u-^ kv may include one 
quantic having a cube factor; and if 7=0 be the condition 
that it should include one having two square factors, both 8 
and T will be factors in the discriminant with respect to k of 
the discriminant of u + kv. For we have just seen that the 
discriminant has a square factor if either iS^^O or T=^0. We 
proved in the last Article that the discriminant has £ as a 
factor ; and, in fact, the discriminant will be, as Prof. Cayley 
has observed, BS^ T*. I do not know whether there is any 
more rigid proof of this than that we see that there is no 
other case in which the discriminant of u-\-kv has a square 
factor ; that we find in the' case of the third and fourth degrees 
that 8 and T enter in the form fi', T* ; and that we can thus 
account for the order in general. For the discriminant of U'\-kv 
is of the order 2 (n — 1) in k^ and the coefficients are of the 
order 0, 1, ..., 2 (n — 1] in the coefficients of either quantic. The 
discriminant then with respect to k will be of the order 
2(n-l)(2n — 3) in the coefficients of either quantic. But R 
is of the order w, 8 of the order 3 (n — 2), and it will be proved 
in a subsequent lesson that T is of the order 2 (n — 2) (n - 3), 
and 

2 (n - 1) (2n - 3) = n + 9 (n - 2) + 4 (w - 2) (w - 3). 

183. It was stated (Art. 176) that every combinant of u, t; 
becomes multiplied by a power of (X/t*' - X'/t) when we sub- 
stitute \u + /it?, \'u + fi!v for M, V, It will be useful to prov§ 
otherwise that the eliminant of w, v has this property. First, 
let it be observed that if we have any number of quantics 
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one of which is the product of several others, ii, v, ww'w'\ their 
resaltant is the product of the resultants [uvw)^ [uvw')^ {uvw"). 
For when we substitute the common roots of u^ v in the last 
and multiply the results, we evidently get the product of the 
results of making the same substitution in w^ w\ w'\ Again, 
the resultant of t/, v, kw is the resultant of ti, t;, w multiplied by 
/;"''" since the coefficients of w enter into the resultant in the 
degree mn. If now R (m, v) denote the resultant of w, r, which 
are supposed to be both of the same degree n^ we have 

= R { {Xfi - X» M, Vm + /v} = {\fi - \»" R (tt, Vm + f/v) 

= (X/ - XV)* /" 5 (m, v), 

whence R {\u + /av, X'u + /a'v) = (X/a' — X'/tt)" -2 (m, v). 

By the same method it can be proved that the eliminant of 
Xtt + /AV + ytOj X'm + fiv + v'm7, X"tt + /a"v + /'t(? is (X/aV)* times 
that of u, v, w^ and so on. 

184. If Uj V be functions of the orders m and n respectively 
in u, V, which are themselves functions of a;, y of the order p^ 
and if J9 be the result of eliminating u^ v, between 27, F; then 
the result of eliminating a?, y between Z7, F will be If times 
the mn** power of the resultant of w, v. For J7 may be re- 
solved Into the factors m - ay, m — ^r, &c., and V into w — o'v, 
« — /8'r, &c. And, Art. 183, the resultant of Z7, F will be the 
product of all the separate resultants m - ar, w — a'w. But one of 
these is (a — ft')' R (m, v). There are mn such resultants. When 
therefore we multiply all together, we get the win** power of 
B{ujv) multiplied by the p** power of (a — a') (a — ft")} &<5, 
But this last is the eliminant of U^ V with respect to u^ v. 

185. Similarly, let it be required to find the discriminant, 
with respect to x^ y, of J7, where Z7 is a function of «, v. 
First, let it be remarked (see Art. 110) that the discriminant 
of the product of two binary quantics ti, v is the product of the 



* The resultant of u+kv, Vf being the same as the resaltant of «, v, Art. 176| 
>• ncKt tiibtract /i times the second qoantic from the first. 
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discriminaiits of u and v multiplied by the sqaare of their 
resultant. 

If then U^lu — av) {^ -fiv) &c., the discrioiinant of U will 
be the product of the discriminants of u— av^ u — I3vj &c. b j 
the square of the product of all the separate resultants u — avj 
u — ^v. But, as before, any of these will be (a — ^f R (u, v). 
If then m be the degree of U considered as a function of u, v ; 
there will be \m (tw — 1) separate resultants, and the square of 
the product of all will be (a - /S)"" (a - 7)'*, &c. x 5"^-"'^ (m, v). 
But (a — /8)' (a — 7)', &c. is the discriminant of U considered as 
a function of m, v. If then we call this A, we have proved 
that the product of the squares of the separate resultants is 
^pjg»»i»»-i)^ Let us now consider the product of the discriminants 
of M — av, w - ^i?, &c. ; this is the result of eliminating 6 between 
the discriminant of u — 6v^ which is a quantic of the order 
2 (^— 1) in d and the quantic of the rw** order got by sub- 
stituting u=0v in U. Or this product has been otherwise 
represented by Dr. Sylvester. If a^, b^ be the coefficients of 
of in u, V, then (Art. 108) the resultant of u — ao, u^ — av, will 
be a^ — a5^ times the discriminant of u — av. But 

• 

B (tt, v) R (m— av, w,— avj =i2 (w-aVjU^v— aur J= JJ (m— av, w,t;— e^r,). 

Now (Art. 178) ^ (WjV — MvJ sye/ where /is w^v, — m,Vj, and 
JS(w — av,^) isa^-aJ^. It appears thus that the discriminant 
of w - av differs only by a numerical factor from the resultant 
of (tt — at?, J) divided by R (m, v). The product then of all the 
discriminants will be the — resultant of J and the product u — at;, 
M — /8t?, &c., in other words, the resultant of Uj'J — divided 
by the rw** power of JJ (m, t;). Thus we have Dr. Sylvester's 
result [Comptes Rendus^ LViii., 1078) that the dismminant of 
IT with respect iox:y is A^^ {u, v^^"^^ R ( ?7, /). But it will 
be observed that the result expressed thus is not in its most 
reduced form since R{U^J) contains the factor R (tt, v)"*. 

186. We have next to see what corresponds in the case of 
ternary and quaternary quantics to the theory just explained 
for systems of binary quantics. Let then u and v be two 
ternary quantics, and let us suppose that we have formed the 
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diBcriminant of i^ + kv. Then (for certain relations between the 
quantics Uj v) this discriminant considered as a function of k 
will have a square factor. In the first place the discriminant 
will have a square factor, if the curves represented by u and 
t; touch each other. For we have seen (Art. 117) that if the 
equation of a curve be a«" + bz'^'^x + cz^'^y + &c. = 0, its dis- 
criminant is of the form aO + V4> + ^^^ + <^X' ^^^ discriminant 
then of M + Ajy will be of the form (a + ka') d-\-[h-\- kV)^ <f> + &c* 
But if we take for the point ajy, a point common to u and p^ 
both a and a^ will vanish ; and if we take the line y for the 
common tangent, both b and b^ vanish; and the discriminant 
will be of the form (c4 ic')*^; and therefore will always have 
a square factor in the case supposed. 

187. Again, the discriminant will have a square factor if u 
have either a cusp or two double points. The vanishing of the 
discriminant A of a ternary quantic gives the condition that 
tt„ u^j Wjj shall have a common system of values. If, however^ 
u have either two double points, or a cusp, u^, u,, u^ will have two 
systems of common values, distinct or coincident, and therefore 
(Art. 103) not only will A vanish, but also its differentials with 
respect to all the coefficients of u. The discriminant then otu+kv 

being in general A + Af— ^ h -^t- + &c.j+&c. will in this 

case be divisible by k*. And as in Art. 182, it will be divisible 
by (A — a)* if the curve u-\-av have either a cusp or two double 
points. 

Let then B=^0 he the tact-invariant of u and v, that is to 
say, the condition that the two curves should touch; >S=0 
the condition that in the system of curves u-\- kv shall be 
included one having a cusp; and T=0 the condition that 
there shall be included one having two double points. It has 
been proved that By 8^ T are all factors in the discriminant 
of the discriminant of t^ + ^i^, considered as a function of 
h. In fact this discriminant will be RffT\ For an investi- 
gation of the orders of 5, 5, T, when both curves are of 
the same degree, see Higher Plane Curves^ Art. 399. 

The tact-invariant B is of the order 3n (n- 1) in the coeffi- 

z 
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aeaUj 8 ^ the orier 12fii- 1} (s-S), and 7 of Ae order 
% (n^ i){n^tjlZtf '-Zn^ll)i the diBcrimiiiaiit of « + io in 
regard to j; : y if of the order 3 (a — 1)' and the diacrimiDant of 
thia with regard to ir of the order 3 (a - 1)' [3a* -6a + 2), and 
we baTe identicallj 

8{n-l/(3n*-6n + 2) 

«3n(n-l) + 36{n-l){n-2) + 3(ii-l)(ji-2)(3ji»-3ii-ll), 

abowiDg that the order of the discriminaiit is equal to that 

188. Tb0 theorem given, Art 110, for the discriminant of 
the prodnct of two binary qnantics cannot be extended to 
ternary qnantics; for the discriminant of the product of two 
will, in this case, vanish identically. In fact, the discriminant 
is the condition that a carve shall have a donble point ; and 
a curve made up of two others has doable points; namely, 
the intersections of the component carves. Or, without 
any geometrical considerations, the discriminant of uv is 
the condition that values of the variables can be found to 
satisfy simultaneously ' the differentials uv^ + vu^^ uv^-hvu^j &c* 
But these will all be satisfied by any values which satisfy 
simultaneously u and v ; and such values can always be found 
when there are more than two variables. 

But the theorem of Art. 110 may directly be extended to 
tact-invariants. The condition that u shall touch a compound 
curve vw will evidently be fulfilled if u touch either t; or u;, 
or go through an intersection of them. For an intersection 
counts, as has been said, as a double point on the complex 
curve ; and a line going through a double point of a curve is 
to bo considered doubly as a tangent. Hence if T(u, v) denote 
the tact-invariant of u, v, we have 

r(u, vw) « T{uj v) T{uj w) {B (tt, «, w)}\ 

when B (u, v, to) is the resultant of u, v, to. And the result 
may be verified by comparing the order in which the coefficients 
of M, v, or w occar in these invariants. Thos, for the coefficients 
of M, we have 

(^+iO(«+JP + S^«»-3)«n(n + 2m-3)+p(p + 2m-3) + 2iip. 
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189. The theory of the tact-invariants of quaternary qnantics 
18 given In Oeometry of Three Dimensions^ p. 544 ; and there is 
not the least difficulty in forming the general theory of the class 
of invariants we have been considering, to which Dr. Sylvester 
proposes to give the name of Osctdants. Let there be i quantics, 
Z7, r, TF, &C. in k variables ; then the osculant is the condition 
that for the same system of values which satisfy Z7, F, &c. the 
tangential quantics a:J7/4-yZ7/ + &c.,&c. shall be connected by 
an identical relation 

\(a??7; + &c.) + /A(a?7; + &c.) + v(a?Tr/ + &c.)+&c. = 0. 

In other words, the osculant is the condition that the equa- 
tions J7=s0, F=0, &c., and also the system 



K 



^, U,, U,, &c. =0 

y.. n, ^s. &c. 

Tr„ TF., TF., &c. 

can be simultaneously satisfied. This latter system having k 
columns and % rows is equivalent to A; - t + 1 equations ; there- 
fore this system combined with the given i equations is appa- 
rently equivalent to A; + 1 equations in k variables. It is really^ 
however, only equivalent to k equations ; for writing U— in 
the form ajCT", -hyD^+&c. = 0, and similarly for F, &c, we see 
that when the system of determinants is satisfied, and all but 
one of the equations J7s=0, F=0, IF=0, &c., the remaining one 
must be satisfied also. The system then being equivalent to k 
equations in h variables cannot be simultaneously satisfied unless 
a certain condition be fulfilled. The order of this condition, 
in the coefficients of U^ is found by the same method as in 
Oe(yinetry of Three Dimensions. We write for Z7, £7"+ Xm, and 
we examine how many values of the variables can simultaneously 
satisfy the t + 1 equations F, TF, &c., and the system equivalent 
to&— 1 equations 



u, d;, d;, &c 

«*!> ««l) «*S» &C- 

y.^ y.. K^ &c. 

W,, TF., TF,, &c. I 
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The order of the t — 1 eqaations F, IF, &c, is die prodad of 
their degrees n, p, &c. ; and the order of the oacalant in the 
coefficients of 17 is the product of this number by the order 
of the system of determinants, which is found by the rale 
giren in a sabseqnent Lesson on the order of systems of 
equations. 

When we are giren but one quantic, the osculant is the 
discriminant ; when we are given k quantics in k Tariables, the 
osculant is the resultant. The theorem of Art 110 may be ex- 
tended to osculants in general ; vis. that if we form the osculant 
of A;— 1 quantics in k variables, and if the last be the product 
of two quantics 27, F, then the osculant of the entire system 
win be the product of the osculant of the system of the other 
A; — 2 with C7, that of the system of k-i with F, and the square 
of the resultant of all the quantics. 

190. We have already seen (Art. 151) how the invariants 
and covariaots of a single quantic are derived from those of 
a system of quantics in the same number of variables ; and we 
wish now to point out how the invariants and covariants of 
a single quaotic are connected with those of a system of quantics 
in a greater number of variables. Suppose, in fact, we had two 
tem£^ry quantics, geometrically denoting two curves, we can, 
by elin^Inating one variable, obtain a binary quantic satisfied 
by tbe points of iotersection of these curves ; and it is evident, 
geometrically, that the invariants of tbe binary quantic (ex-p 
pressing the condition, for instance, that two of these points 
should coincide, or should have to each oth<sr some permanent 
relation) must also be invariants of the system* of two ternary 
quantics. Conversely, we may consider any binary quantic as 
derived from a system of two ternary quantips; for we have 
only to assume Jf=0(ar, y), Y^y^ [x^y)^ Z«;^(aj, y), equa^ 
tions which In themselves Imply, by elimination of x and y, 
one fixed relation between X, F, Z^ and from which, Qoniblned 
with the given binary quantic equated to s^ero, we qan obtain a 
second such relation. The simplest example of such a transfor- 
mation is that investigated by Mr. Burnside Quarterly Journal X. 
(1870) p. 211 ; (compare Conies^ note pp. 386-7), where ^, ^, x 
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are quadratic* functions of x and y. The substitution is then 
reducible by linear transformation to X=a;'*, Y = 2ajy, -2^=^*, 
giving the fixed relation 4tXZ— Y* = 0, By making these 
aabstitutions for x* &c. in a binary quantic of even degree, 
we have at once a second relation between X, Y^ Z; if the 
qnantic be of odd degree, it can be brought to an even 
degree by squaring. The resulting relation is obviously not 
unique, but is of the form ^g^ + ^2m-i (^-^^" ^^h where ^,^ 
is any one form of the relation, and the coefficients in <l>^^^ are 
arbitrary. Geometrically, the binary quantic of the m*^ degree 
is thus made to represent m points on a conic, determined when 
m is even by the intersection of the conic with a curve of the 
order ^m^ and when m is odd with a curve of order m touching 
the conic in m points. Among these forms there is always one 
whqse invariants and covariants are also invariants and co- 
variants of the given binary quanticf 

Thus the binary quadratic (ix*+2bxy + cy' is replaced by the 
system aX-{- bY-^-cZj 4tXZ— F", and geometrically denotes the 
two points of intersection of a line with a conic. The dis- 
criminant of the quadratic is also an invariant of the system ; 
that whose vanishing expresses the condition that the line shall 
touch the conic. So, in like manner, the system of two binary 
quadratics aa? + ibxy + cy*, a'a* + 2Vocy + c^ , gives rise to the 
system of a conic and two lines. The invariant of the binary 
system ac' + ca'-2W (Art. 151) is also an invariant of the 
ternary system ; viz., its vanishing expresses that the lines are 
harmonic polars with respect to the conic. 

If three lines jL, i/, N be mutually harmonic polars with 
respect to a conic, we know [Conies^ Art. 271) that the equation 
of the conic may be written in the form F= lU + mM^ + nN^ = 0, 
whence we infer immediately that if three binary quadratics be 



* If linear functions had been taken, the transformation conld be reduced to 
X=a;, T^yy Z=Oj and the binary quantic of the n^ degree would represent 
n points on the line Z (see Art. 177). 

t This form can be found by operating on <^^+<^2m-8(4XZ— Y^ with the form 

xedpiocal to 42CZ- r», viz. jv3V- jyt > wici equating to zero the coefficients of 
eyexy term w the result. 
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connected in pairs by the relation ac' -k-ca' - ibV = 0, their squares 
are connected by an identical relation Zi* + «i3f* + njN^* = 0, 
for r vanishes, identically when we return to binaiy quantics. 

To the Jacobian of two binary quadratics answers, for the 
system of two lines and a conic, the line 2(a5') X-\-[ac) F+2(&c') Z^ 
which is also a covariant of that system. In fact, it is the polar 
with respect to the conic of the intersection of the two lines. 

More generally, the Jacobian of any system u^ v will be 
transformed into the Jacobian of the system formed by Z7, F, 
and the fixed conic. For let u^, u„ u„ denote the differentials 
of u with respect to X, F, Z, which, it will be remembered, 
denote a*, 2a?y, y* respectively, then the Jacobian is 

but the terms in the first line are proportional to the differentials 
of4XZ-y. 

The same method being applied to the discussion of the 
biquadratic, it is found to be equivalent to the system of two 
conies, viz. the fixed conic ^XZ^ F^, and the conic 

aZ'' + cF' + 6Z* + 2rfFZ+2cZZ+2JXF=0, 

the discriminant of the latter conic being also an invariant of 
the quartic (Art. 171). So again the system of two binary 
quartics is equivalent to a system of three conies. We shall 
have occasion in the next Lesson to give further illustrations 
of this method : it has been applied by Mr. W. R. W. Roberts 
to the system of two cubics which involve properties of a 
twisted cubic, Proc. Lond, Math, Soc. vol. xiil. (1881), and the 
relation between binary and quaternary forms is developed 
with the general symbolic formulae in a paper by Dr. Linde- 
mann, Math. Ann. (1884) xxiii. p. Ill, &c. 
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LESSON XVII. 

APPLICATIONS TO BINARY QUANTICS. 

191. Having now explained the most essential parts of 
the general theory, we wish to illustrate its application by 
enumerating the different invariants and covariants of binary 
quantics for the lower degrees. If 8 and T be invariants of the 
same degree, or covariants of the same degree and order, and h 
any numerical factor, then 8+kTj which will of course be also 
an invariant or covariant, will not be reckoned in our enumera- 
tion as distinct from the invariants 8 and T. And, generally, 
any invariant or covariant which can be expressed as a rational 
and integer function of other invariants and covariants of the 
same or lower degrees is said to be reducible, and will not be 
considered as distinct from these latter functions. It is otherwise 
if the expression be not rational and integer. Thus, if 8 be an 
invariant of the second and T of the third degree, then though 
S* + kT* would not be regarded as a new invariant, yet if it be 
a perfect square, and we have -B*= S" + AT*, we count J3 as a 
new invariant distinct from 8 and T, and call it irreducible. 

It was proved in Art. 121 that a binary quantic has n — 3 
absolute invariants, and in Art. 122 that from any two ordinary 
invariants an absolute invariant can be deduced. We should 
infer, therefore, that the number of independent ordinary 
invariants is one more than the number of absolute invariants ; 
or, in other words, that a binary quantic of the n*^ order has 
9t — 2 invariants, in terms of which every other invariant can be 
expressed. But as it does not follow that the expression is 
necessarily rational, we do not in this way obtain any limit to 
the number of irreducible invariants. And so as regards the 
covariants (including in this expression the invariants) we 
shall presently see that for a quantic of the n*^ order there 
are, inclusive of the quantic itself, n covariants, such that 
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cfierj odier eorariant iiialtiplied lif a power of die qoaiitie 
h equal to a ntioiial and integer fimctioo of the n ooYariants ; 
tliiK, eadi such other coraiiant b a rational, but not an integer 
foncdon of the a eoTariants; and we do not herebj obtain 
anj Emit to the number of the irredactUe ooTarianta. We bare 
ftated (Art. 145^ the method br wfaidi Prof. Cajle^ originallj 
at tem pt ed to determine the number of distinct corariants and 
inrariantflw He did not at the time succeed in obtaining any 
limit to their number for qnandcs abore the fourth order. Sub^ 
feqnentlj Gordan prored (see Crelle^ toL lxix., or debsch, 
Tkearie dtr hinaren algebraiscken Farmen^ p. 255, also his Pro* 
gramm for the UniTersitj of Erlangen, Uther das Formenaysfem 
hinarer Formen^ Leipzic, 1875), that for a binary qoantic or 
sjrstem of binary qoantics, the nmnber of distinct invariants 
and ooTariants is always finite ; and he has g^ven a process by 
which when we have the complete system of invariants and 
covariants for a qoantic of any degree, we can find the system 
corresponding to the next higher degree. His proof, which is 
founded on an analysis of the different possible expressions by 
the symbolical method explained Lesson xiv., will be found 
in a subsequent Lesson on that method. Later still, Prof. 
Sylvester has investigated the whole subject by Prof. Cayley's 
method, founded on the theory of the partition of numbers, in 
various memoirs in the Comptes Bendus^ vol. LXXXIY. pp« 974—5, 
1113-6, &c., and subsequent volumes, as also in the American 
Journal qf Mathematics. 

192. It will be convenient to bear in memory what was 
proved, Art. 147, that a covariant is completely known when 
its leading coefficient, or, as we have there called it, its 
source, is known; this coefficient being any function of the 
differences of the roots of tbe quantic* Thus take the quantic 
(a, J, c.Jo;, y)*, we know that, in the case of the quadratic, 
{ac - b*) is an invariant ; and if we desire to form the covariant 

* Buoh f unotionB hare been called semi-inyariants or semmyariants, as they remain 
unaltorod (boo Art. 62) when we subBtitute a; + \ for x, but not necesRarily when we 
BubHtitato y + \ for y ; and as they satisfy one of the differential eqoations giyen in 
tliAt artiolOi but not necoiBarily the other. 
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(oc-i*) a/ + &c., baying this leading tenn, we obsetre that 
the weight of the given dotirce and its d^gr^ in the coeffi^ 
cients are each ^2^ so that writing ^ = 2 in the formnla 
(Art. 147) 2^^{fi0^p) we have ^ = 2(n-2). The other 
coeflSdents are fonnd by the method explained in that article ; 
tfans the covariant is found td h6 

(oe- 6») i*?<^'+ (n-2) [dd- bb) x'^g 

li fdllthivB alto from what has been stated in the article referred 
to^ that any algebraic relation between the sources of different 
covariants implies a corresponding relation between the co^ 
yariants themselved. 

Prof. Cayley has tised this principle iii attempting to fomi 
the. complete system of the coTariants of a binary qaantic; 
ahd though it does not leaid to any general theoiy it fumisheet 
the inolirt elementary and satisfactory proof of the numbers of 
concomitants for fhtictions of the first four degrees. The leading 
coefficient of any covariant being a function of the diffetedcefit 
must (Art. 62) satisfy the differential equation 

(tfrf^ + 2M + M< + &c) 17=0: 

and we assume that 27 is a rational and integer fimcticm of 
6, 5, c, &c. Now^ if we solye the partial differential equation, 
we find that 27 must be a function (rf 

a^ac- J', a*d - Zabc + 2i*, a*e - 4a*W + 6a JV - 36*, &c , 

where the law of formation of the successiye terms is obvioiis; 
an^, in fact, the Covariants of which these tenns are the leadenf 
are each the Jacobian of the preceding coVariarit in the series,* 
combined with the original quantic We shall refer to these 
quantities as i/„ Z,, L^^ &c. and we see that the leading 
coefficient of any covariant must be a: fcinction of these quan« 
tities: and it most of course be a rational funxstion of them. 
The question is whether there are any rational, but not in- 
teger functions of £„ i/,, L^\^ &c., which are rational and 
integer fnnctiebs of ajhjC\ and a little consideration shows 
that the only admissible form is that of a rational a(nd integer 
fonction diyided by a power of X,, that is a. For, the leading 

AA 
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coefficient in question is a rational function of the coeflicieDts 
(•a, i, c, ...) ; and if we make in it & = 0, it becomes a rational 
function of a, c, d^ &c., and by multiplying by a suitable power 
of a it can be made an integer function of a, oc, a^d^ a% &c. 
But tbese are the values of i,, ig, &c. on the supposition of 
J = 0. Thus we see that the leader of any coYariant can only 
be the quotient by a power of a of an integer function of these 
n quantities. Conversely, the problem of finding all possible 
covariants is the same as that of finding the new functions 
which arise when rational and integer functions of i,, 2/,, &c. 
are formed which are divisible by a. To find these functions 
\<re make a=0 in L^^ ig, &c. and eliminate b between any 
pair ; we thus get a function of X,, &c. which vanishes on the 
supposition of a = 0, and therefore is divisible by a power of 
a. By performing the division we obtain the leader of a 
hew covariant. This again may be treated in like manner, 
by putting a = and examining whether it be possible 
to eliminate the remaining coefficients. This method will be 
better understood from the applications which will be made 
presently. 

It is obvious that the same considerations apply to the still 
•simpler forms — of lowest degrees — of particular integrals of the 
partial difierential equation a, ac— J*,a*(Z— 3aic+26', ae—4tbd-\- 3c% 
ay^5abe-\-2acd—6bc^-\-Sb*d^ &c. of which the second, fourth, 
&c. are the successive quadrinvariants of even quantics as they 
arise, and the third, fifth, &c. are the sources of the evectants of 
the successive quart in variants of the corresponding odd quantics 
as they arise. See Art. 142. 

193. We have already stated the principal points in the 
theory of the quadric form (a, J, c^x^yf. Since there are 
but two roots and only one difference, there can be no function 
of the differences of the roots but a power of this difference; 
•and the odd powers, not being symmetrical functiofis of the 
roots of the given quadratic, cannot be expressed rationally in 
terms of its coefficients. It thus immediately follows that the 
quadric has no covariants other than the quantic itself, and no 
invariant other than the powers of the discriminant, nc-^V^ 



SYSTEM OF TWO QUADRIOS. 



179 



whieh 18 proportional to (a — /8)\ We have already shewed 
(Art. 157) that it follows, by Hermite's law of reciprocity, 
that only quantics of even degree can have invariants of the 
second order in the coeflScients. These are the system whose 
symbolical form is 12^, explained Art. 153, 

ac-'V^ae- ibd + 3c', ay - 66/+ \bce- lOcf , &c. 

If we make y = 1 in the quadratic it denotes geometrically a 
system of two points on the axis of a;, and the vanishing of the 
discriminant expresses the condition that these points should 
coincide, Art 177. 

St/stem of tioo quadrtcs. This system 

(a, J, cXx, }/)% (a', b'j djx, y)\ 

has the invariant 12' or ac' ^-ca! ~ 2bb', When each quant ic is 
taken to represent a pair of points ih the manner just stated, 
the vanishing of this invariant expresses the condition (see 
ConicSj Art. 332) that the four points shall form a harmonic 
system, the two points represented by each quantic being con- 
jugate to each other. We have also proved (Art. 177) that the 
covariant 12 (or the Jacobian of the system) represents the 
foci of the system in involution determined by the four 
points. 

It is easy to see, as in Art. 169, or by Conies^ Art. 333, th^t 
the Jacobian may be written in the form 



J{uj v) = 



y\-xy,^^ 



a 



a 



b , c 
6', c' 



]^ow by the ordinary rule for multiplication of determinants, 
we have 



f, - asy, J? 




a, & , c 


X 


o-, 6', c' 





0, w, v 
M, 2i>, A 



a?*, 2xy^ f 
c , — 26 , a 
c*, -26', a' 

or 2e/' = - 2w'2>' + 2uv^ - 2v'2>, 

where J denotes the jacobian, D and B' the discriminants of 
the quantic8| and A the intermediate invariant ac' 4- ca! — iblf\ 
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This equation includes the theorem stated Art 190, for the case 
A s 0. The equation just given may also be easily verified 
by means qf the canonical form. We have seen (Art. 177) 
that there are two values of h^ for which u + itr is a perfect 
pquare, and if these squares be a^ and j^ the system may be 
written ax^-^-cj^^ a'x^-^-c'j^^ or mo^^ simply a^+y^i aa5* + cy*. 
We have then JD = 1, U^ac^ A = <? + c, tf = (c — a) ay, by means 
pi which values the preceding eqpation is at once verified. 
^o agaii^ the JTacqbiail of U) / is for the canonical form 
^ (c- a) (a? — y^, and therefore is in general \£^u^Ih>. The 
invariant A taken between u and J vanishes identipaUy, as is 
geometrically evident. 

All other invariants or covariants of a system of two quad- 
pes may be expressed in terms of u, t;, J. Z>, iX, A. 

Thus the eliminant 

(ac' - ca'f + 4 (Jo^ - oi') {M - cb'\ 
fDaj slao b^ written in the form 

{cuf -{-cd- iW)* -i{ae-J^) (aV - V). 

In other words, the eliminant is the discriminant either of the 
Jacobian 

{aV) a? + [ac') xy + [W) y\ 

prof (ac-y)V + (ac' + ca'-2JJ')X/i* + (aV-6'^/i*^ 

The former e^preissiqn i^i liqearly transformed into the latter by 
the substitutipn \J -f nJ>\ - (^ + iml) for x and y. 
System qf three quadrtcs 

This syi|tein has, in addition to the intariaiits and co'^ariants, 
corresponding ^o the respective pairs of qpadrics, the deter- 
minant 23.31.12, 

22 = 

whose vai^ishii;^ expresses the co^ditioq that the three pairs of 

points represented by the quadratics o^hall form a systeiq in 

' involution (Ex. 7, p« 25, also Conies^ p. 310), Thu| invariant 



«> 


i, c 


a', 


J', c' 


<^"x 


6", c'^ 
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formed for u, v^ J is another expression for the eliminant of u 
and t;. 

The expression found for J* of two quadrics may be 
generalized, if in the second determinant we write in the second 
and third rows c\ ^2J", a"; c'", -26'", a"'. We thus find 
that if there be four binary quadrics t^„ u^^ t/,, u^^ 



2^./m 



0, «,, 



w. 



W.J -^i.. ^« 

«*> Art -0.4 



We get, fllmllarlf, an ezpresaioo for the product of two 
iDTariants -B,^4j,, 

P. 



2B B = 






«.» - 2J., a. 



^H, ^«. i>- 
■P«, ^», -D„ 



To these formulae may be added the following, the truth of 
'which is easily seen, 

u,B^ - M^^, + u^^^ - u^B,„ = 0, 

+ (AA-A.-DJ «.,&«• 
7ron(i the linear relations connecting the u's and /'s follow the 
quadric identities 



D 



u. 



u. 







^«» -^aJ ^M «. 
■0«) -^MJ -^u* «. 

Thus a system of three binary quadrics at once gives rise 
to a conic and their three Jacobians to its reciprocal form. 
The equation of the conic is referred to any line and two 
others through its pole when the three binary quadrics are 
any two arbitrarily taken and their Jacobian. The coni^ 
breaks up into right lines if the thre^ binary quadrips ioxm, 
fUL involutipn. 
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194. It is to be remarked that, by means of Euler^s theorem 
for homogeneous functions, the theory of those covariants of 
any quantic, the expression of which contains differential 
coefficients in not higher than the second degree, reduces itself 
to the theory of the quadric; and so every relation between 
the covariants of a quadric has answering to it a relation 
between such covariants of a quantic, in general. Similarly, a 
relation between covariants of a cubic gives a relation between 
general covariants not involving differential coefficients in more 
than the third degree, and so on. Thus, the expression obtained 
for the square of the Jacobian of two qnadrics gives the identical 
relation 

{{ax + by) {Vx + c'y) - {a'x + Vy) [hx + cy)}" 

= -(ac-5«)(aV + 2ya!y + cy)H&c. 

But if a, 5, c ; a', h\ c' denote the second differential coefficients 
of any two quantics, we have 

aaj + Jy = (n- 1) m^, a'i)i?-\-2}>xy-\'c'y^=^n'{n'— l)t?, &c., 

whence we have an expression for the square of the Jacobian 
of any two quantics 

(n- 1)« (n'- !)'*/• = - n'* (n'-^iyHv* 

+ nnf {n - 1) (n' - 1) Auv -n^{n- If n'u\ 

where H denotes the Hessian ac — V and A, as before, the 
covariant ac' -\- ca^ — ibV. 

So again, since the Jacobian involves only differential co- 
efficients in the first degree, the Jacobian of e7, u, involves them 
only in the second, and therefore can be expressed by means 
of the theory of the quadric. Writing i/, M for the first 
differential coefficients, we have 

But the values of the two members of the right-hand side of' 
the equation are immediately found by the canonical form of 
the quadric, and are respectively 

'Hv. and rAw — -r — zrr Sv^ 

n-1 ' n — 1 (w — 1) 
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Whence J (J. u) = — -. -7= — - Hv Am. 

^ ' ' {rt^ly n - 1 

195. The cubic. We come next to the concomitants of 
the cubic 

U^{a,l^c^dJx^yY. 

It has bat one invariant (Art. 167), viz. the discriminant 

D = a*rf* + 4ac' - (Qalcd + 4dV - 3iV. 

If the cubic were written without binomial coefficients, the 
discriminant would be 27a*rf* + 4ac'- 18a&ct?+ 4c?J'- JV. It 
is to be noted that the function here written is, with sign 
changed, the product by a^ of the squares of the differences of 
the roots of the cubic. A useful expression may be derived 
from the last remark. Consider the three quantities i3 — 7, 
7 — a, a — iS, they are the roots of a cubic for which a = 1, 6 = 0, 

c = -i{(i8-7r+(7-«)*+(a-/8)''), i = (;8-7)(7-a)(a-/8). 

Hence {2a - /3 - 7)* (2;8 - 7 - a)* (27 - a - /S)* 

■=4K/3-7r+(7-a)»+(a-^)T-27{/3-7)*(7-a)''(«-/3)«. 

The Hessian 12' or H^ is 



(ac - J") as* + (arf — 5c) ay + (M - c') y* = 



o, 



h 



c 

d 



This has the same discriminant as the cubic itself (Art. 167). 

The cubic covariant 12''. 13, or the evectant of the discrimi- 
nant, which we call e7, is (see Art. 142) 

(aV-^aiiH-26*, aM+i*c-2ac*, 2tV-acrf- Jc', 3Jorf-ad*-2c'Xa?, y)% 
which may also be written in the determinant form 

x\ Sx'y, Sxy% y* 



c, - 2i, a, 



dj — c, —J, a 
0, dj -2c, b 

This cubic may be geometrically represented as follows : — If we 
take the three points represented by the cubic itself, and take 
the fourth harmonic of each with respect to the other two^ we 
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giet three new points which will be the geometrical repi^esenta- 
tion of the covariant in question. This theorem is suggested 
by its being evident on inspection, that if the given cubic take 
the form xy [x + y)^ then x — y will be a factoir in the covariant,- 
as appears by making a=^d=0^ 5 = = 1 in its equation. But 
x-\-y^x^y are harmonic conjugates ^ith respect to x afild y. 
Now, if a, iS, 7, 8 denote the distances from the origin of four 
points On the axis of x^ any harmonic or anharmonic relation* 
bettreen them is expressed by the ratio of the products 
(a-iS) (7-S) «nd (a -7) ()8-S): and this ratio (see Art 136) 
is unaltered by a linear transformation ; that is, when! for each 

distancie a we substitute ^1 S • Such relations, theri, being 

tinaltered by linear transformation^ if proved to exist in one 
case, exist in general. We find that the other factors in the 
ctectant of ay (a? + y) are x -f 2^, 2d? +y, so that our result may 
be written symmetrically, that the ev^tant of xyz (where 
a?j y, z are connected by the lineat* relation a5+y + « = 0) is 
{y'-z){z'^x){x-y). These considerations lead us to the ex- 
pression for the factc^ of the cotariant in terms of the roots of 
the given cubic : for if h be th6 distance from the origin of the 
point conjugate to a with respect to fi and 7 ; solving for S from 

♦Ka Art^aflnr, 2 ^ A. ^ ^« «ot ;{ a^4-a7-2/37 
tne equation k = 75 H we get o = — 5 • 

whence the covariant must be 

a'{(2a-i9-7)a; + (2i87-ai8-a7)y}{(2)8^a-7)a? 

+ (27a-/37-/3a)3^}{(27-a-/9)x + (2a^-7a-7^)yl=-27J, 

as may be verified by actual multiplication antd substitution in 
terms of the coefficients of the equation. 



* The anharmonic ratio of jEonr quantities has any of the six yalnes, accoiding 
to the order assumed, \, ^ , 1 — X, -, — ^ , — r — • , r — r , which are in general 

A 1 — A A \ — x 

all different. They may come to have equal values either if X = 1 when two 
Talues of the quantities are equal and the other values of the anharmonic ratio 
kre and oo; or if X = — 1, when the quantities form a harmonic series, and the 
other values of the anharmonic ratio are 2 and ^; or if X' — X+ls=0, when the 
quantities form an equi^anharmonic series, three values of the anhannonic ratio 
ave one imaginary cube Toot of — 1, and three its other imaginary cube root. ' 
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Similarly for the quadric covariant, if a> be an imaginaiy 
cube root of unity and we solve for S from 

(a-7)(S-i8) + (»(i8-7)(8-a) = 0i 

we get (a+ ©iS + c/7) S + /Sy + wya + w'aiS = 

to determine a distance equi-anharmonic to a, 13^ y. Heilce^ W0 
bare the cotarlant 

{(a + a>)8 + <»'7) a + (iSy + ©yft + ©ViS) y} 

X {(a + (0*13 + coy) x + {Py + to^yd + oa/S) y}, 

double this is found to be = S (a? — a)' (^ — 7)', which, multi«- 
plied by c? and expressed in terms of the coefficients, s - l^Ht 

196. We can now see that our list of covariants is complete^ 
tThe leading coefficient of any coyariant is a function of the 
differences iS — 7, 7 — a, a-^^ Since the sum of these 
quantities is zero, any symmetric function of them can be 
expressed in terms of the sum of their squares^ and theii^ 
continued product. But since this product is only half sym^ 
metrical with respect to the roots of the given cubic, that 
is to say, is liable to change sign by an interchange of' 
the roots, it can enter only by its square into a function 
expressible in terms of the coefficients. We thus see, that 
if the leader be a symmetric function of the differences, the 
covariant can be expressed as a rational function of Z7, J7, D^ 
But there is another function, viz. the product of the dif-» 
ferences (2a — iS - 7) (2^8 — 7 - a) (27 - a — )8), which though 
only half symmetrical with respect to the differences, is symme- 
trical with respect to the roots of the given quantic. This is 
the leading term of the covariant J. But obviously the square 
of this function can be expressed in terms of the sum of squares^ 
and product of differences. The expression has, in fact, been 
given in the last article. It is easy to prove, that in the case 
of the cubic written with binomial coefficients, we hare 

aVS(a-i8)«=18(5*-ac), a* (^ - 7)^ (7 - a)' (ot - /3)« = - 272)^ 
o'(2a*/3-7){2/9-7-^a)(27-a-i8) = -27(a"cZ-3aJc-f2i')^ 
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by the help of which yalnes, the expression obtained in the 
last article gives the relation between the covariants, due to 
Prof. Cayley, 

This relation may also be easily verified by using the canonical 
form U= ax^ + rfy*, in which case we have D = a*df*, -ff = adxy^ 
J=^ ad {ax* — dy^). Any other relation between covariants may 
be similarly investigated. Thus we can prove that the dis- 

, criminant of J is the cube of the discriminant of Z7, the former 
discriminant being for the canonical form cfd^. So again we 
see that the Hessian of / differs only by the factor D from the 
Hessian of U. 

Prof. Cayley has used the relation just found between J^ Dj 
Uj and Hj to solve the cubic ?7, or, in other words, to resolve 
it into its linear factors. For, since J*--DU* is a perfect 
cube, we are led to infer that the factors J±U^D will also 
be perfect cubes, and, in fact, the canonical form shows that 
they are 2a*dx* and 2arfy. Now, since xa^-\-yd^ is one of 

' the factors of the canonical form, it immediately follows that 
the factor in general is proportional to 

a linear function which evidently vanishes on the supposition 
J7=0. 

Ex. Let us take the same example as in Art. 166, 27= 4a;* + 92^ + ISxy' 4- 17^*. 
Here we have JD = 1600, /= UOx^ - dOx^y - eSQxy^ - 670y», whence 

U43 + J=10(3x + yy; U4S-J=bO{x + Byyi 

and the factors are Sx -h y -h {x + By) *J5. 

197. The entire system of covariants for a cubic is also im- 
mediately found by Prof. Cayley's method explained Art. 192* 
We start with the three covariants Z7, -H, /, whose leading coefii-^ 
dents are L^ = a^ L^=:ac-l)\ Lj^=ia^d — 3abc + 2b\ If 
make a = 0, the last two become — 6*, 26', whence by elimlnatin 
b we have 42i,'+ ig* = 0. Thus we see that 45"'+ «/* is divisIbX^ 
by a, and actually It Is found to be divisible by a*, the quotiexat 
being D or aV* 4 4ac' + 4rfJ' - 3 JV - 6abcd. We have tlknis 
obtained the new Invariant i>, together with the equation cf 
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connection 4j5'+ J^^B Z7". If in D we make a =» it becomes 
4{?6' — 3&V, and since this combined with the preceding gives 
rise to no new relation between i^, ig, -D, we learn that the 
system of covariants is complete. 

198. System of cubic and quadric. Let these be 

U= [a, b, c, dXx, y)' ; F= {A, B, CJx, yY ; 

then the following is a list of the different independent covariants 
of the system. The figures added to each denote its order in 
the coefficients of the cubic and in those of the quadric. 

Three cubic covariants^ viz. the original cubic Z7, (1,0); its 
cubicovariant (3, 0) which we call e/, printed in full Arts. 195, 142, 
and the Jacobian of Z7, F, (1, 1) which is 

[Ah--Ba) x'+(2^c-£i- Ca) a;»y+(^t?+^c-2 Cb) xf^Bd^Cc) y\ 

Three qtuzdric covariants^ viz. the original quadric F", (0, 1); 
the Hessian of the cubic (2, 0) and the Jacobian of these two 
(2, 1) which is 

{A {ad -bc)^2B {ac - 5'), A {bd -'c')'-C {ac - J«), 

2B {bd -c')-'C {ad - b.c)Xx, y)\ 

Four linear covariants^ viz. L^ (1, 1) which is obtained by 
substituting differential symbols in the quadric and operating 
on the cabic, 

i, = (aC- 2J^+ cui) a: + (J(7-. 2c5+ rf^) y ; 

X, (1, 2) which is obtained by operating in like manner with 
Xj on the quadric, 

i, = {a£(7- 1 {2B*'VAG)-^ZcAB'-dA^] x 

+ {a(7'' - 355(7+ c {A (7+ 25') - dAB] y, 

and X,(3, 1), and i>^(3, 2] which are obtained in like manner 
from the quadric and the cubicovariant e/, and which may 
be written at length by substituting for a, 5, &c. in the values 
of i„ L^ just given, the corresponding coefficients of J. 

Five invariants^ viz. A (0, 2) the discriminant of the quadric, 
i!)(4, 0) that of the cubic, 7(2, 1) which is the intermediate 
invariant between the system of two quadrics F, H 

^ J=-4(5rf-0--B(ai-Jc)+a(ac-5«), 
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B (2, 3), the resultant of the cubic and quadric, which formed 
by the methods of either Art. 67 or Art. 86, is 

B^a'C''-6abBC'-\'eacC{2B'--AC)+ad{QABC-SB') 
+ db'AC'^lSbcABC+ 6bdA {2B*^AC) 

and, finally, il/(4, 3), the resultant either of £^, 2/^, or of 

M^ a'dC'-- Sa'boC- 6a*bdBC*+ ea'd'BC'+ 2ab^C^+ GaVoBO^ 

+ SaFdAC'-^- l2ab'dB'C-Qcd?c'AC''-2Aabc'B'C+l2ac^ABO 

+ Sac^B'^Bac'dA^'C- l2ac'dAB^+ Qacd'A'B^ad'A'-Qb^BC^ 

4 Sb'cAC -^ 12b'cB'C--V2b'dABC^Sb'dB'-i-6b*cdA'C 

+ 2^b'cdAB' - Qb'd'A'B - Bbp'A'C - Ubc'AB' - 660^4*5 

+ Sbcd'A' + 6cM«5 - 2c'dA\ 

This last invariant il/ is a skew invariant (see Note, p. 131) and 
changes sign if we interchange x and y ; the functions J^ L^^ L^ 
are also skew functions. In comparing different invariants we 
may conveniently make A and (7=0, which is equivalent to 
taking for x and y the two factors of the quad^ic. In this 
case the fundamental invariants are 

A = - £', i? = o?d^ + 4ac' + 4.dW - 3JV - GaJcrf, 

J=-5(ad-Jc), B=-'-SB'ad, M^8B^a<?^db*). 

Thus we have in the same case 

and £ the resultant of these two is — 8f ic, whence we see 
immediately that L can be expressed in terms of the funda« 
mental invariants; in fact, L=^B-\-SCiL So, again, we see 
that the square of M can be expressed in terms of the other 
invariants, giving a relation between them. For we have 

8 (ac' + db"") = 2 (2) - a'cZ ' + 86V + eabcd\ 

whence J/*«4£«(2>-.aV" + 3iV + 6aicrf)'- 256jB«adJV, 

and if in this equation we substitute for adj ^^ , for (c, p, , 
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and for -B', - A, we have the required relation 

Geometrically, see Art. 190, if the cubic U be represented 
by three points on a conic its / covariant determines on the 
same conic the harmonic conjugates of each of the three with 
respect to the other two ; the If covariant determines the 
double points of the involution of these six points. Or we 
may state it thus (see Comcsj p. 387), the triangle touching 
the conic at the vertices of U is in perspective with Z7, the 
lines connecting corresponding vertices mark off / on the conic 
and intersect in the centre of perspective jff„ the axis of the 
perspective meets the conic in the points H: H^h also the pole 
of II with respect to the conic. Any quadratic V gives a right 
line meeting the conic in two points, and the line joining its 
pole to the centre of perspective H^ is the Jacobian of H and V 
and IS the axis of a new perspective whose centre is on the 
conic and given by the linear covariant L^. 

The line joining L^ and the pole of H meets the conic again 
in i/3. L^ is the harmonic of L^ with respect to F, and L^ is 
the point where S^L^ meets the conic again. The invariant 
/vanishes for any right line which passes through H^. 

199. The quartic. We come next to the quartic, which^ as 
we have seen, pp. 128-9, has the two invariants 

/ff=ae-4Je^+3o' and !r= ace + 2 JoZ - a«^' - cJ' - c'. 

We have shown (Art. 172) that the quartic may be reduced to 
the canonical form »* + Qmx^i/* + y\ and for this form these in- 
variaots are 8=^l-\- 3m\ T= m - m\ 

These invariants, expressed as symmetric functions of the 
roots, are 2l8=^ a*2 (a - /S)' (7 - S)\ or 

125= o« {/3y + a3 + « (ya + j33) + «« (0/3 + yd)} {/3y + a3 + «« (ya + jSa) + « (a/3 + y^)}, 

also 

72iSf 

— = {(a-/5)(y-^)-(«-y)(3-^))^ + {(«-y)(^-/3)-(«-^)(^-y)}« 

+ ^(«-^)(^-y)-(«-/8)(y-^)}^ 

and 432r=a»2(a-)8)«(7-8)»(a-7)(/3-S), or, more con- 
yeniently, 



\ 
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In the latter form it is easy to see that r= is the condition 
that the four points represented by the quartic should form a 
harmonic system, thus T may be called the harmonic invariant 
of the quartic, and in like manner 8 its equi-anharmonic in- 
variant, see Note, p. 184. It was stated (Art. 171) that r=0 
is the condition that the quartic can be reduced to the form 
a;* 4 y*,* and that T can be expressed as a determinant 

a, &, 
J, c, d 
Cj dy e 

If A be the modulus of transformation, then (Art. 122) S and 
T become by transformation A* 8^ A*r, respectively; and the 
ratio 8^ : T" is absolutely unaltered by transformation. 

200. To express the discriminant in terms of 8 and T. It 
has been already remarked (Art. Ill) that the discriminant of 
a quantic must vanish, if the first two coefficients a and h vanish ; 
for, in that case, the quantic, being divisible by ^*, has a square 
factor. On the other hand it is also true, that any invariant 
which vanishes when a and h are made = 0, must contain the 
discriminant as a factor. Such an invariant, in fact, would 
vanish whenever the quantic had any square factor (a?- ay)"; 
for, by linear transformation, the quantic could be brought to 
a form in which this factor was taken for y, and in which 
therefore the coefficients a and i = 0. But an invariant which 
vanishes whenever any two roots of the quantic are equal, must, 
when expressed in terms of the roots, contain as a factor the 
difference between every two roots ; that is to say, must contain 
the discriminant as a factor. 

It is easy now, by means of 8 and T, to construct an in- 
variant which shall vanish when we make a and J = 0. For on 
this supposition 8 becomes 3c^, and T becomes — c' ; therefore 
5* — 27 2'* vanishes. Now this invariant of the sixth order in 
the coefficients is of the same order as that which we know 



* Dr. SyhFester gives the name catalecticant to the invariant, which expresses that 
A quantic of order 2n can be reduced to the sum of n powers of the degree 2fi. 
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(Art. 105) the discriminant to be. It must therefore be the 
discriminant itself, and not the product of the discriminant by 
any other invariant. The discriminant is therefore 

(ae - ^bd + 3c')' - 27 [ace + 2hcd- ad^ - eV' - (?)\ 
We can in various ways verify this result. For instance, it 
appears from Art. 185,* that the discriminant of the canonical 
form a;* + 67wajy + y* is the square of the discriminant of the 
quadratic x^ + Qmxy + y^ ; that is to say, is (1 — ^rrty. But 

(1 - ^my = (1 + 3m7 - 27 (m - w')'. 
We should also be led to the same form for the discriminant, 
by writing the quartic under a form more general than the 
canonical form, viz. Ax^ + By^ + Cz^^ where a: + y + 2? = 0. In 
this case we have a = A-\-C^ e = B + Cj b==c = d = Gj and 
we easily calcu^te 8=BC + CA-{-AB, T^ABC. But if 
we equate to nothing the two diflFerenfials, viz. Ax^-Cz^^ 
By^ — Cz^j we get a;^ y^^ z^ respectively proportional to BCj 
CAy AB' and, substituting in aj + y4-« = 0, we get the difk 
criminant in the form 

{BC)h-^{CA)h + {AB)ii^O, 

which is {BG+CA-\-ABy--27A'B'C' = or /S'-27r» = 0. 

201. From the expression just given for the discriminant of 
a quartic in terms of 8 and T can be derived the relation 
(Art. 196) which connects the eovariants of a cubic. 

If we multiply two quantics together, the invariants of the 
compound quantic will be invariants of the system formed by 
the two components. If then we multiply a quantic by af 4 yrj^ 
the invariants of the compound will (Art. 134) be contravarianta 
of the original quantic ; and when we change ^ and f} into y 
and — a?, will be eovariants of it. If we apply this process to a 
cubic, the coefficients of the quartic so formed will be 

^2/i il^by-ax) i{cy-hx)^ {{dy-Scx)^ --dx] 

♦ We may also see this directly, thus : The resultant of aa^ + Jy*, a'a^ + b*^ 
is the k^^ powCT of ab' — ha\ since the substitution of each root of the first equation 
in the second gives aV — ba', [Now the discriminant of aaj* + Qcx^y^ + ey* is the 
resultant of aa? + Zcxy^, Scx^y + ey^. If we substitute a; = in the second, and y = 
in the first, we get results e, cr, respectively, and the resultant of ax^ + Scy^j Bcx^ + ey* 
is (a« - 9<j2)«. The discriminant is therefore ac {ae - Jk?')^. 
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and the invariants 8 and T of this quartic are found to be the 
covariants — Jfl, ^^J of the cubic. But the discriminant of the 
product of any quant ic by x^ + yvj by Art. 110, becomes, when 
treated thus, the discriminant of 27, multiplied by 27*. Express-* 
ing then the discriminant of the compound quartic in terms of 
its 8 and T, we get the relation connecting the ff^ J^ and 
discriminant of the cubic. 

202. A quartic has two covariants, viz« the Hessian H^ 
whose leading coefficient is ac — &', and J the Jacobian of the 
quartic and its Hessian, whose leader is ofd— 3a&c+ 2i'. 

The Ilessian is the evectant of T, its value is 
E^ [ac-V) »*+ 2 {ad -he) o^y + (ae + ibi - 3d*) a;*^ 

+ 2 (Je - erf) iry'4 (ctf -rf') y* 



9 



or 3iZ = 



a 



X 

c 
d 
a?* 



a, 

d 
e 




c 
d 



c 

d 

e 



rf, — 3e, 
a:*, 2a:y, 



36, -a 
3c j -6 





y\ 



, aj* , 20^^, y' 



3y*, - 2ary, 

^ ) y' J -2a-2^) 3aj 
and becomes, for the canonical form, 

?n (a?* + y*) + (1 - 3m*) x^y\ 
Expressed in terms of the roots, it is 

- 48fl^= a*S (a - /Sj* [x - 7)* (a; - i)\ 

The covariant e/", which symbolically is 12* 13, written at 
length, is 
/= (a*rf- Zabc + 2&', a*6 4 ^abd- dac'+eV'Cj 5a&«- 15acrf4 lOJ'rf, 

- lOorf* 4 10&*e, - 5ade 4 l5Jc6 - lOJrf*, 

- ae* - 2 We 4 9c*e - 6crf*, - Je* - 2rf* 4 ScdeJ[xj yf 

= 4 



»' , 3a!*y, 


3a2^*, y» , 


0,0!', 


3a:*y, 3ary*, y» 


— rf, 3c , 


-36, a , 


-e, 2rf, 


, -26, a 


, -6, 


3rf , —3c, 6 



and for the canonical form (1 — 9»i*) xy (a* — y*). 
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We have just seen that the x and y of the canonical form 
which we use are factors of /, but it will be remembered 
(Art. 172) that the problem of reducing a quartic to its canonical 
form depends on the Soltition of a cubic equation ; hence, the 
factors of J are the x and y of the three canonical forms. 
This may be connected with the theory explained in Art. 177. 
If U and V are any two quarfics^ six values of X can be founds 
such that 27+ XF shall have a square factor, and those six factors 
are the factors of the Jacobian of U and V. But when V is 
the Hessian of 77, the sextic in question becomes a perfect 
square, and there are three values of \, for each of which U-i-W 
contains ttoo Square factors, but these factors are still the factors 
of the Jacobian of U and F. The geometrical meaning of J 
may be stated as follows : let the quartic represent four points 
on a line A^ B^ (7, Z>, then these determine three difiPerent 
systems in involution (according as B^ C or D is taken as the 
conjugate of A\ and the foci of these three systems are given 
by the covariant J. 

From the last remark we can express the factors of J in 
terms of the roots. In fact, by Ex. 7, p. 25^, the double points 
of the involution formed by ^, 7 } a, 8 are determined by the 
a?*^ 2a?, 1 

quadratic ^7^ ^ + 7, 1 =0. Similar equations determine 

a8, a + 8, I 
the foci for the other two systems. 

Ex. 1. To break np the quartic into two quadratic factors. 
Let {pa? + 2gxy + ry^ {p'a? + 2q'xy + r'y*) be identified with the quartic, and 
Bubetitute ill th«ir places for pp' = o, p^ + qp' = 2i, qr' + rq' = 2<f, rr' = e, 



l>r' + »y' = 2 (c + 2p), qq' = c — p in. the identity 



r. 



88 in Art. 25. The redacuOlg cfibic is found to be 



P' 
r' 



Pi P 
r', r 

e-p, 



= 0, expanded 



e + 2p 
d 



e + 2/0, rf, e 



Now, when we write 

(y- «) 03-^) - (« -/3) (y-a) = 12p„ 

(a -/3) (y - a) - (^- y) (a - ^) = l^p^ 

03 - y) (a - «) - (y - a) (i3 - ^) = 12/0, 

in the expreanons for 8 and T in terms of the roots, Art. 199, they become 

5 = - 4a2 {p^^ + /03P1 + piPj), 

r = — 4a'/0i/02/i),. 

Henoe, since p\+ P2 + p%'=-^\ ^V^i? ap„ ap, are the roots of the cubi« 

V-5/0 + r=o. 

cc 



= or 
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Ex. 2. To discuss the relations between the quadratic factors of /. 
Writing oat the determinant forms, let ns call 

u = (fi + y-a-6)x^-2{fiy-a^)xy-\'[fiy{a+i)-a6{fi + y)]y^ = a^sc^^2b^xy+c^1^*, 

v = {y + a-P^i)x^-2{ya-^S)xy+[ya{fi + S)-fid{y + a)]t/^ = a^c^26ypcy + €^, 

w={a + ^-y-S)x^-2{ap^yd)x^ + [afi{y + i)-yd{a + p)]y* = a^x^2b^xy + c^, 

We have thus 

v-tD=-2(fi-y){x-at/){x-6ff)y tD-M=-2{y-a)(x-Py){x-iy)f ii-p=-2(a-/3)(a?-yy)(aj-iy), 

v-\-w= 2{ct-6){x-Py){x-yi/)f w+u= 2{fi-i){x—yy){x—ay)f fi4-r= 2(y— ^)(a;-o'y)(a?-i8y). 

t>2-w2 tt?«-U« w*~»« 16U 

Hence = = = — . 

P2-Pz P%- Pi Pi-Pt « 

Thus it appears at once that the identical relation (compare p. 181) between 

«, », w is Pitt* + /OgV* + /Ojw' = 0. Hence, as this relation involves only the squares, 

the quadratics are harmonic in pairs. The same thing is found by actual calculation : 

CiCj + Ciflj — 2hJ>2 — 0, Ac, 
also a^Ci - *i* = (y - o) (/3 - i) (o - /3) (y --^) = 16 (/>, - p,) {p^ - p^), Ac, 

or, writing A = (/o^ - P») {p» - Pi) {pi - Pa)* («i<?i - *i*) iPi - Pt) = ^<^' = 16 A. 
The value already given for H in terms of the roots may be written 

a' («<« + »« + «?«) = - 48^. 
Combining this with the values of U given above we get 

, ^ _, a^tt* + 165^ aV + IGH a*w^ + 1 6H 

16aU= = = ' . 

Pi P2 Pi 

Ex. 8, We have seen that J can difEer only by a numerical factor &om the 
product of the three quadratics u, v, w. To determine it we may compare the 
leading terms of the two forms, or, expressing the symmetric function in terms 
of the coefficients, find that 

a^(/5 + y-a-^)(y + a-/3-d)(a + ^-y-a) = 32 {aH - Zabe + 2*»), 

Whence a*uvw = Z2J, 

203. Solution of the quartic. This is the same problem 
as that of the reduction of the quartic to its canonical form 
ax^ + 6ca;y 4 ey^^ for in this form it can be solved like a 
quadratic. One method of reduction has been explained 
(Art, 172) ; the reduction may also be efiPected by means of 
the values given for 8 and T. Imagine the variables trans- 
formed by a linear transformation whose modulus is unity, 
and so that the new b and d shall vanish; then we have 
8=ae + 3c^y T=ace — ^\ and the new c is given by the equa- 
tion 4c^-/Sb+T=0. We get the x and y which occur in 
the canonical form from the equations 

Z7= ax^ + 6cajy + ey*, R^ acx^ + {ae — 3c'J x^y^ + cey*, 

whence c U— fi"= (9c* - ae) x^y*. 
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Our process then is to solve for o from the cubic just given, 
and with one of the values of c to form cU—H which 
will be found to be a perfect square. Taking the square root 
and breaking it up into its factors we find the new x and y, and 
consequently know the transformation, by means of which the 
given quartic can be brought to the canonical form. Having 
got it to the form aa?* -f Qca?y^ + e^*, we can of course, if we 
please, make the coeflScients of cc* and y^ unity, by writing 
a? and y* for cc* V(a)j and y"* >sj[e). 

Ex. Solve the equation 

or* + 8x«y - 12a; V + 104a;y» - 20^ = 0. 

We have here 8 = - 216, r= - 766, and our cubic is 4c» + 2I6<j = 756, of which 
c = 3 is a root. The Hessian is 

fi^ = - 6x* + 60«»y + 72a;y + 24a^ - 636^, 

BU-H= 9 (x* - 4x»y - 12a;y + 32a;y3 + 6iy*) = 9{a^-2xi/- 8y2)«. 

The variables then of the canonical form are X = oj + 2y, F = a: — 4y, which give 
6x = 4X+2Yj Qy — X—Y] whence, substituting in the given quartic, the canonical 
form is found to be 3X*+ 2X^72- r*. The roots then are given by the equations 

(a: + 2y)^(3)=a;-4y, {x + 2y) ^{- 1) = x - Ay, 

204. Since J is proportional to the continued product of the 
cc and y of the three canonical forms, and since we have just 
seen that the square of the product of one set of x and y is 
c ?7— -H, where c is one of the roots of the cubic 4c' - /& + r= 0, 
we have J^ proportional to 4J5' ''SHW+ TU\ By calculating 
with the canonical form, we find the actual value to be — «/*• 
Or, again, we saw in Ex. 2, Art. 202, that 

16 (a/>, U- H) = d^u\ 

16(a/>,i7-jff)=aV, 

16(ap3?7-ff)=aW, 

and in the following example that 

a^uvw = 32e/, 

hence by the values of /Oj, />,, p^ of Ex. 1 of same article 

•7« = -4fi' + ?7'5/S-C^»r. 

205. Prof. Cayley has given the root of the quartic in a 
more symmetrical form. It has been shown that ap^U-H^ 
apJJ—R^ apJJ-H are perfect squares severally of ii^ v, w* 
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If, forther, we enqoire ander what oonditloiu Xu-k-fiv-Vvw 
U a perfect sqoare, we find that 

mtiBt be Batisfied (compare Ex. 2, Art. 202), or, as it may be 
written, 

+ — ^^^ — + = 0. 



Pf-P. Pi- Pi Pi- Pi 
If we farther wish to make 

vaniBh with Z7, we must have X + fi + Fe^O, whence, solving, 
we £nd 

Pi -Pi Pi- Pi Pt-Pi' 
thns 

(P,-Pi) ^{ap,U-H) + {p,^p,) ^[ap,U^H)-^{p,-^p:i^{ap,U^n). 

Ex. 1. This may be yerified by means of the canonical form, taking for simplicity 
a and 6=1. If we lolve the equation 48» — 2 (1 + 3c*) + c — c* = 0, we find the 
three roots to be e, — ^ (c + 1), — i (c — 1) ; and the three corresponding Talues 
of Jl — eU axe 

(l-9e^x^*, |(8c+l)(i» + y«)«, H^^ - 1) (a^ - S^*- 

Now in order that any quantity of the form 

oary + ^ (a;« + y2) + y (»« - y«) 

may be a perfect square, we must obviously have a* = 4 03» — y*), which is 
verified when 

a« = l-9c«, /3« = i (8c - 1)« (8c + 1), y« = i (3c + 1)« (3c - 1). 

Ex. 2. If this method be applied to the example Art. 203, the other values of c are 
t {- 3 :i: 9 4{.- 3)} ; and the squares of the linear factprs of the quartic are given 
in the form 

-2#){a;«-2a^-8y«}±i{l-J(-3)}[{l+J(-3)}««+{10-2J(-8)}ay-.{2-10J(-8)}^ 

±i{l + J(-8)}[{l-4(-8)}«^{10+2J(-8))«y-{2+10J(-3)}y«]. 

Ex. 3. The factors of J7 are the values of 

(p« - Pt) •l{<^Pi^U - p,n) + {p^ - p,) ^{ap^^U- p^H) + Oo^ - pt) ^{ap^^U- p^H). 

206. It remains to distinguish the cases in whiph the transr 
formation to the canonical form is made by a real or by an 

* Bumside, Hennathena IV. 1876. 
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imaginary substitution. The discriminant of the canonical form 
is, as we have seen (note, Art. 200), ae (ae - 9c*)* ; and since the 
sign of the discriminant is unaffected by linear transformation, 
we see that whenever the discriminant is positive, a and e of 
the canonical form have like signs ; and when the discriminant 
is negative, unlike signs. Now the form ax^ 4 Gcaj'y* + ey* 
evidently resolves itself into two factors of the form, either 
(aj* + \i/*) (aj* + fiy^) or (a;* — X^*) (a;* — fiy^) ; that is to say, the 
quartic has either four imaginary root? or four real roots. On 
the contrary, if a and e have opposite signs, the two factors are of 
the form (a?* + \y*) (a;* — fiy^)^ or the quartic has two real and two 
imaginary roots. Hence, then, when the discriminant is negative, 
that is to say, when fi" is less than 27 T% the quartic has two 
real roots and two imaginary; and when the discriminant is 
positive, it has either four real or four imaginary roots.* Now 
the discriminant of the equation 4c* - )Sb + r= is 27 T' - 8% 
therefore (Art. 167) when fi" is less than 277', the equation in c 
has one root real and two imaginary ; in the other case it has 
three real roots. Hence when a and e have opposite signs, that 
IS, when the quartic has two real and two imaginary roots, the 
transformation can be eflFected in one way only. Next, if a 
and e have like signs, in which case the equation can be 
brought to the form a?* + Gmajy + y*, it is easy to see that 
tlie equation can by two other linear transformations be brought 
to the same form; for write x + y and x-y for x and y, 
and we have (l-f 3m)aj*+ 6 (1- w)a:y + (1 +3»i)y*. Write 
a? + yV(— 1), and aj-yV(-l) for x and y, and we have 
(1 + 3m) aj* H- 6 (m — 1) a^y + (1 + Sm) y^. Hence when a and 6 
have the same sign, that is, when the quartic has four real 
or four imaginary roots, though there are three real values 
for c, one of these corresponds to imaginary values of x and y ; 
and there are only two real ways of making the transfor- 
mation. 



♦ The signs of the invariants do not enable us to distinguish the case of four 
leal roots from that of four imaginary^; but the application of Sturm's theorem 
shews that (the discriminant being positive), when the roots are all real, both the 
quantdties i* — <?<? and 3ar + 3 (** — «<?) B are positive, while if either is negative 
the four roots are imaginary. (Cayley, Qtiai'terly Jovrnal, vol. iv., p. 10). 
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The same thing may also be seen thus. Imagine the quartic 
to have been resolved into two real quadratic factors 

(a, 6, cXx, y)% (a , V, cjx, yf ; 

then these two factors Uj Fcan, by simultaneous transformation, 
be brought to the forms AX'-^BY% A'X^'-^-B'Y^ where Z* and 
Y* are the values of X?7+ F corresponding to the two values of 
X given by the equation 

{ac - J«) X" + [ac' -{-ca'" 2bb') \ + (aV - 6") = 0. 

In order that the values of X should be real, we must have 
the eliminant of the two quadratics positive, or 

(a - a') (a - /ff) (/3 - a') (/3 - ^') 

positive. Thus then when the quantic has four real roots, if 
we take for a and fi the two greatest roots, and for a' and ff the 
two least ; or, again, if we take for a and fi the two extreme 
roots, and for a' and B' the two mean roots, we get real values 
for X. In the remaining case we get imaginary values. If 
either of the quadratics has imaginary roots, the resultant of 
the two is positive, and the values of X real, 

207. Conditions for two pairs of equal roots. If any quantic 
have a square factor a;^, this will be also a factor in the Hessian. 
For the second diflferential U^ contains x^j and U^^ contains a?, 
therefore a;' will be a factor in U^^ U^ — UJ. If then a quartic 
have two square factors, both will be factors in the Hessian, 
which, being of the fourth degree, can therefore difiFer only 
by a numerical factor from the quartic itself. In fact, if a 
quartic have two square factors, by taking these for a? and y, 
the quartic may be reduced to the form cx^y* ; but, by making 
a, &, e2, e all =0, the Hessian, as given Art. 202, reduces to 
- 3cV/. 

Thus then by expressing that a quartic difiPers only by a 
factor from its Hessian, we get the system of conditions that 
the quartic shall have two square factors, viz. 

ac—h^ ^ad—hc ^ae-\- ibd— 3g^ __ be -- cd ^ ce •- d* 
~a 2b 6c " 2d e ' 
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a system equivalent to two conditions, as may be verified In 
different ways. 

We have, in Art. 138, given other ways of forming these 
conditions. From the expression (Art. 202) for the covariant 
J in terms of the roots, it appears that every term of it must 
vanish identically if any two pairs of roots become respectively 
equal. This also follows from the consideration that J is the 
Jacobian of the quartic and its Hessian, and must vanish 
identically when these two only differ by a factor; now the 
coefficients in J are, only in a different form, the conditions 
already written. Again, we have said (Art. 138) that in the 
same case the covariant S (a - /8)' (/3 — 7)^(7 — a)* (a; — 8)* vanishes 
identically. But this, it will be found, is the same as 3 TTJ— 2/Sfl"; 
and we can easily verify that this covariant vanishes when the 
quartic has two square factors ; for, making a, &, rf, e all = 0, 
V reduces to Gcajy , J? to - ScVy* , T to - c', and 8 to 3c*. 
Thus, then, we see that in the system of conditions given above, 

3r 

the common value of the fractions is --j. 

208. We next show by Prof. Cayley's method (Art. 194) 
that the system of invariants and covariants already given 
is complete. We start with the seminvariants a, ac — h^j 
d'd-Sabc + 2b\ a'^e- 4La^hd-\-^aVc-U*^ the first three bein^ 
the leading coefficients of U^ J?, /. Since any relation between 
the leading coefficients of covariants implies a similar relation 
between the covariants themselves, there will be no incon- 
venience in calling the first three terms by the names U^ H^ J\ 
the fourth we shall call provisionally L. If now we make a = 0, 
we have Z7' = 0, H' ^-b\J' =-2h\ i' = -3A*; and by elimi- 
nating b between the second and third, and second and fourth of 
these equations, we have 

Now these two quantities which vanish on the supposition a = 0, 

* It is easy to see that any result of elimination, obtained by combining these 
equations differently, will vanish when the two equations, written above, are 
satisfied. 



• « 
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will, wben we give Hj Jj L their general values, be divisible bj 
a power of a. The first has been already discussed in the 
th^)ry of the cubic. It gives 4fl^' + e/* = i7'i>, where 

D = ay + 4ac' - B€dfcd+ 46^- 3JV. 

The second, treated in like manner, gives 3H* + L=^ W8. We 
have thas been led to the two new seminvariants 2>, /8, and we 
may dismiss 2/, which we have seen can be expressed as a 
function of simpler covariants. Making a = again in D and 8j 
we have 

2>' = J'(4W-3c*), iS'=(-4W+3c«), 

whence, since -ff' = — ft', we have D* — fi'iS' = 0. And giving 
2>, fi, iS their general values, we find i> - J?iS=- ?7T. We 
are thus led to the new invariant T and may dismiss i>, which 
has been linearly expressed in terms of simpler covariants. 
Making a = in T, we have T' = ibcd—eb* — c', and we cannot 
now by elimination of ft, c, d^ e obtain any new relation between 
H\ J\ 8\ T\ The system is therefore complete, consisting of 
U, H^ /, /8, T with the equation of connection 

209. We have already (Art. 190) mentioned Mr. Bumside's 
remark on the identity of the theory of the quartic with that 
of a pair of conies [Gonica^ Art. 370). By the substitution a;, y^ z 
for a^, 2ay, y', the quartic becomes 

aa^ + cy* + ^«* + ^dyz + ^czx + 2fta?y =• 0, 

with the identity ^xz - ^' = 0. Calling these two conies u and v 
the discriminant of w + Xi? is 4X' — iSX + T= 0. Thus we see that 
the invariants of the system of two conies are also invariants of 
the quartic. The solution of the quartic evidently is given 
by the cubic in \ just written ; for if X be one of its roots, we 
know that the ternary quadratic is resolvable into two factors. 
The discriminant of the resolving cubic, 272^* — S', which 
vanishes when two conies touch, gives also the condition that 
the quartics should have equal roots. To the Hessian of the 
quartic answers the harmonic conic [Gonica^ Art. 378) of the 
system of two conies, and to the sextic covariant J, which is the 
Jacobian of the quartic and its Hessian, answers the Jaooblan 
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of the two conies and their harmonic conic; that is to say, 
the sides of the self-conjugate triangle common to the two 
conies. The expression for the square of J in terms of ?7, jET, /ff, 
T^ answers to the expression given, Gonicsy Art. 388a. 

210. Since jff is a coviriant of ?7, it follows that if a and fi 
be any constants, a £7 +6)82 will be a co variant of Z7, whose 
invariants also will be invariants of U. The following are the 
values of the ;S^, Tj and discriminant J?, of this form : 

r(aC7+6)85^)= 2V+ /8"a^i8 + 9/Sra)8' + (542r- S') /3', 
B {aU+ 6fiH) = i? (a» - 9;Sa/3" - 54.Wy. 
The last is a perfect square, because, as was already mentioned, 
instead of six cases where aU+6l3n has a square factor, we 
have three cases where it has two square factors. 

Hermite has noticed that if we call Q the function of a, ffj 
o?-^8a^-biT^^ then the values just given for the iSand T 
of aZ7+ 6/32 are respectively the Hessian and the cubico variant 
of O. The discriminant of O diflfers only by a numerical 
factor from the discriminant of U, 

The covariants of aU+^^H are also covariants of U. Its 
.tLessiAii 18 

which is the Jacobian, with respect to a, ^8, of (? and a?7+ 6y8fl. 
Since e/ is a combinant of the system Z7, jff, the J oi aU-\- Q/SH 
will be the same, multiplied, however, by the numerical factor Q. 
The Hessian of Jh S^Tr-Z^TUH-^nSE'^ which is the 
resultant of aU^- 6/82" and the Hessian of O. Prof. Cay ley 
has thrown this into the form 

shewing that it is a perfect square when the discriminant of U 
vanishes. 

Ex. 1j For the form aU- fiR the function G of a, j3, is 4a' - 8a^ + Tfi*, 
Thus the quartics of the system aU — fiS whoae discriminant vanishes are deter- 
mined by the reducing cubic of U. The same cubic determines what quartic of the 
system coinddes with its Hessian. 

Ex. 2. The factors of a 27 - /9F are, as in Art. 205, the values of 
(P% T />.) 4(^1 - «) 4{^i^'- S) + {p^- pi) 4(fiap^ - a) ^{ap^U^ H) 

+ 0^1 - Pzf -lifictpa - «) ^{ap^U-H). 

DD 
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211. Since it has been just proved that the Hessian of the 
Hessian of a quartic is of the form aTU-h fiSH^ we can infer, 
as in Art. 194, that the same is true of the Hessian of the 
Hessian of any quantic. For if we form the Hessian of 
tt„w„ — M,,', this involves the second, third, and fourth differ- 
entials of u. But, by the equations (w- 3)tt,j, = icw„„+yMi,„» 
&c., we can express the second and third differentials in terms 
of the fourth, and so write the second Hessian as a function of 
the fourth differentials only, and of the x and t/ which we have 
introduced, and which, it will be found, enter in the fourth 
degree. It will then be a covariant of the quartic emanant. 
Now every covariant of a quartic is a function of U and H 
(Art. 208), and when the covariant is of the fourth degree it 
must be a linear function of these quantities. Actually it is 
found to be proportional to (2w — 5) TU- SH^ where S and T 
are invariants of the quartic emanant and, as in Art. 141, 
covariants of the higher quantic. 

212. System of a biquadratic and quadratic. This system 
is most easily dealt with by Mr. Burnside's method. Art. 190. 
Let the quadratic be oaj' + 2/8a?y + 7y', and let the quartic be 
given by the general equation, then (Art. 190) this is equivalent 
to the system of two conies and a right line 

aa?-\'cy^-{-ez^-{'2dyz-\-2czx-\-2hxy^ ^xz-y*^ aaj + i8y + 75?, 

the properties of which have been discussed, Conies^ Art. 370, &c. 
For example, the formula of Conies^ Art. 377, expressing the 
resultant of the three ternary quantics in terms of simpler 
invariants, gives at the same time an expression for the 
resultant of the two binary quantics. The formula just cited 
gives the resultant as (f>^ — 422', where 

2 =a'(ce-eZ') + i8'(ae-c') + 7«(ac-J'') 

+ 2 {be- ad) /S7 + 2 (Jrf-c*) 7a + 2 (cJ-6c) o^, 
2' = 4(a7-n 

(f) = ea' + 4cy8" + 07' - 4&i87 + 2c7a - 4(fa^. 

In the above, 2' is proportional to the discriminant of the 
quadratic, <f) is an invariant got by substituting differential 
symbols in the quadratic, squaring, and operating on the quartic; 
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if we operate in like manner on the Hessian of the qnartic, 
we get an invariant of the same order as 2, but differing from 
it by a multiple of S2\ If we treat 2, 2', as conies and form 
their Jacobian, we get another invariant of the system of 
conies, the vanishing of which geometrically represents the 
condition that the right line shall pass through one of the 
vertices of the common self-conjugate triangle of the two conics« 
It is 

a" {3cde - 2d' - &««) + a*7 {Sbce - 2b(P - ode) 
+ ai" [abe + 2&V - Sacd) + 7' (a*c? + 2 J' - Sabc) 
+ )8a' (6c(f + 2bde - 9c'e + ae') + a^y (6ac? - 6 J'e) 
+ fiy* (- a*e - 6&'c + 9ac" - 2abd) + 0'a (1 2 Jce - SbcP - 4tade) 
+ i8»7 (- Uacd + Sb^d + 4aJe) + /3' (4a(i' - 4J''e). 

This is a skew Invariant of the binary system of the quartic 
and quadratic. The formula [Conies^ Art. 388a) gives an 
expression for the square of this In terms of the other invariants. 
From what has been stated, as to the geometric meaning of 
the skew-Invariant, It follows that If it vanishes two of the right 
lines which pass through the intersections of the two conies 
intersect on the given line ; that is to say, these equations are 
of the form 2/± JI/=0, where L is the given line and M some 
other line. The corresponding property for the binary equations 
is, that the vanishing of the skew-invariant is the condition that 
the given quartic can be resolved Into two quadratic factors 
L±M where L is the given and M some other quadratic. The 
system of quartic and quadratic has only these six independent 
invariants now indicated ; viz. the S and T of the quartic, the 
discriminant of the quadratic, those which we have just called 
2 and 0, and the skew-invariant. 

We get Immediately two quadratic covarlants of the binary 
system by introducing differential symbols into the given quad- 
ratic, and operating on the quartic and its Hessian. Thus we 
get the two forms 

{col - 2 J/3 + 07) ai* + 2 (rfa - 2ci8 + 67) xy -{- {eoL-2dP -V ci)y^ \ 
{a {ae + 2W- 3c*) - 6/3 [ad - be) + 67 [ac - V)] a? 
+ {6a (ie - cd) - 4/3 [ae + 2bd - 3c') + 67 [ad - be)] xy 
-f {6a (ce - <?) - 6/3 [be - ci) + 7 (ac 4 ibd - 3c')} y*. 
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To these two binary coTariants answer covariant right lines 
in the ternary system, which are found by taking the pole of 
the given line with regard to either conic and then the polar 
of this point with regard to the other. Having now three quad- 
ratics, viz. the given one and the two just found, we obtain, 
three more quadratic covariants by taking the intermediate 
covariant (Art. 193) of each pair; and these six quadratics 
complete the system of quadratic covariants. Inhere are five 
quartic covariants, viz. in addition to the given quartic and its 
Hessian, the Jacobian of the quartic and quadratic, of the 
Hessian and quadratic, and of the Hessian and the first covariant 
quadratic. Lastly, there is the sextic covariant of the quartic. 
The eighteen forms enumerated make up the complete system. 

Ex. 1. Bequired the right lines which have the eame pole with lespect to each 
conic. 

The first of the above quadratic covariants identified with aa^ + 2j3ajy + yy^ gives 

ay — 2^/3 + ca = \o, 

Ay - 2c/3 + <?a = X/3, 

cy — 2<f/3 + ea = Xy ; 

whence, eliminating a, /9, y, a, b^ c — \ 

hy c + iX, d =0, 
c — X, df € 

the reducing cubic of the biquadratic (see Art. 172) is thus found : hence therv are 
three such lines, and the reduction of a quartic to its canonical form is again seen to be 
the same problem as that of two conies to a self conjugate triangle. 

Ex. 2. The above skew invariant is also found by operating with the sextic 
covariant of the biquadratic on the cube of the quadratic. Gkometricallj, we may 
determine it, either by expressing that the quadratic is a pair of a sjrstem in involu- 
tion with the biquadratic, or by expressing that the quadratic is harmonic with one 
of the factors of the covariant ^extic (Art. 202, Ex. 1). 

213. System of two cubics. We begin with those invariants 
of the system of two cubics (a, 6, c, d']j[xy yfy (a', J', c', dT^x^ yf^ 
which are also combinants. The simplest is (see Art. 140, Ex. 2) 
[adf) — 3 (ic'), which we shall refer to as the invariant P. The 
properties of this system may be studied most conveniently 
by throwing the equations into the form 

Au' + Bv' + Gw\ A'u' + BV + V, 

a form to which the two cubics can be reduced in an infinity 
of ways. For, the cubics contain four constants ,each, or eight 
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in all. And the form jast written contains six constants ex- 
plicitly ; and t/, r, w contain implicitly a constant each, since 
u stands for x + ^y, &c. The second form then is equivalent 
to one with nine constants, that is to say, one constant more 
than is necessary to enable us to identify it with the general 
form. 

Any three binary quantics of the first degree are obviously 
connected by an identical relation of the form au + j3v-]-yw = 0. 
We write a:, y, z for auj /3vj yw^ so that the two cubics are 
Ax' + By' + Gz'^ Ax' + By' + V, where a: + y + « = 0. 

Putting for z its value, and writing the cubics 

{A-0,-G,-C,B-CJx,y)\ {A'-C\-0',-G',R- GJx.yY; 

then formlog the iarariant P of the system, we find it to be 

{BC') + (,GA')-\-{AB'). 

The resaltant of the system is foand by solving between 
the equations Ax'-^By'-^- G^= 0, A'x* + Ry" + CV = 0, whence 
we get a!'' = (50'), 2/' = (G4'), «'=(^^); snbstitutmg in the 
identity » + y + » = 0, the resultant is 

{BG')^ + ( C4')* + (^■B')* = 0, 
or {(50') + (C4') + {AR)Y = 27 {BG') ( GA') {Aff). 

Now, if we denote the two cubics by u and v, it has been 
proved. Art. 180, that there is an invariant, which we shall call 
Q^ of the third order in the coefficients of each cubic, which 
expresses the condition of its being possible to determine X, so 
that u + \v shall be a perfect cube. This invariant is identical 
with the product [BG^) [GA') {AR), which is of the same degree 
in the coefficients. For, if any factor (AB) in this product 
vanish, Av — A'u evidently reduces to the perfect cube {A £7') z'. 
It follows then that the resultant is of the form P' - 27 Q. 

214. If it were required to form directly the invariant Q 
for the form (a, i, c, dja;, y)', (a', d\ c, dj[xj y)'^ we might 

proceed acs follows. If w + Xv be a perfect cube, its three second 

differentials will simultaneously vanfsh ; or, for proper values of 
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a?, y, X, we have 

ax + by-^-X [a'x + Vy) = 0, 

Jo; + cy + X {Jb'x + cy) = 0, 

ex \dy'\-\ [c'x + dy) = 0. 

Solving these equations linearly for x^ y, "kx^ \y^ and then 
equating the product of x by \y to the product of y by Xa;, 
we get for the required condition 



a, i, a' 




a', J', i 




a, i, i' 




&, c, i' 


X 


J', c', c 


H= 


J, c, c' 


X 


Cj <?, c' 




c'j <?! cZ 




c, e/, cf 





a', 5', o 
J', c', i 
c', <f , c 



or {J (Jc') + c(ca') + rf (aJ')l x {«' K) + *' W + "' (^Ol 
= [V {he') + c' [ca') + £r (oi')} X {a (of) + J (tft') + c (5c')}, 

whence - ^ = [he')* + (ca')* (a?) + (W)' (ai') - 3 (a5') (5c') (of) 

- (a<f ) (5c')' - [act) (o5') (of). 

Id a different form, by eliminating \, we have the equations 

ax-^hy _hx-\-cy cx+dy 
a'x + b'y h'x + c'y c'x + tfy ' 
which are 

(a5') x* + (ac') ay + (5c') y* = 0, 

(ac') »« + [((wf) + (5c')] asy + [U) y' = 0, 

(5c')a'+ {bd')xy + {c<r)y'==Oi 

{ah'), {ac'), (5c0 

(ac'), (a<f) + (5c0, (5<f) =0. 
(5c'), (5<f), {cd') 

Again, eliminating x : y from the original three equations 
we get 

J + X6' " cTx? " d'\-Xdr^ 
whence ac-b'^-^X {ac' + ca' - 2 J J') + X* (aV - J") = 0, 

ai- 6c + X (arf' + c?a' - be' - ci') + X« (a'ef - JV) = 0, 
M-c' + X{6(f + dJ'-2ccO + X''(&'cr- O =0, 



therefore 



FOBMS OF THE COMBINANT INVARIANTS. 
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SO that ac - J*, ac' -^-ca' -- 2hb\ aV - IP 

ad— Jc, flkf + rfa' — be' — cb\ olS! - i'c' = Q ; 
W-c«, hd:^rdV^2cc' Vd'-d^ 

or yet again, eliminating dialytically, 

0, 0, a, J, a', 5' 

0, 0, J, c, &', c' 

0, 0, Cj J, c', J' = Q. 

a, 5, a', J'j 0, 

5, c, J', c', 0, 

c, J, c', J', 0, 

If, as in the last article, we give a, J, &c. the values -4 — C^ 
- 0, &c., this Q would become {BU) {CA') {AR). If then we 
subtract twenty-seven times this quantity from {{ad") — 3 (ic')}', 
we get the resultant in the form 

B = (otf )» - 9 {ady {be') + 27 (mO' (c^) + 27 (c»0' W 

- 81 {aV) {be') {cd') - 27 {ad') {aV) {cd% 

a result which agrees with that of Art. 80, it being remembered 
that there the cubics were written without binomial coefficients* 

215. We have, in Art. 213, formed the invariant P of the 
system Jia?' + By"^ + C/, A'x^ + B'rf + CV, by first reducing 
them to functions of two variables, and then calculating the 
value of {ad!) — 3 (&c'). We shall, for the sake of establishing a 
useful general principle, give another way of making the same 
calculation. We know that we may substitute in any binary 

quantic -r- , — ^ for a; and y, and so obtain an invariantive sym- 
bol of operation. Now when this change is made in a function ex- 
pressed in terms of a?, y, «, where « is — (a? + y), we must for z write 

iL d 

-^ -T- . And when the operation is performed on a function 

similarly expressed, since its differential with respect to x will 
be -p + -T- ^ , or, in virtue of the relation between a?, y, «, 

-jZ" T^ ^® ^^ ^^^ ^^ ^^^ ^*y ^^ expressed, that in any 
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covariant we may substitute for a;, y, z respectively 

d d d d d d 
dy dz^ dz dx^ dx dy^ 

and so obtain an operative symbol which we may apply to any 
covariant expressed in terms of x^ y^ Zj without first reducing 
it to a function of two variables. Thus, in the present case, we 
find the invariant F by operating on -4 V + B^y^ + C'z\ with 

a(^ -^V+^f— -— V+ c(-^ -—V 

\dy dz) \dz dxj \dx dy) ' 

and the result only differs by a numerical factor from the 
foregoing expression (BC^) + ((7-4') + (-4J5'). 

In like manner we find that, in the symbolical notation, 12y 
as applied to a function expressed in terms of a;, y, 0, denotes 

1 , 1 , 1 

d d d 

dx^ ' rfy, ' dz^ 

d d d 

dx^^ dy^'* dz^ 

The Jacobian of the system of two cubics Is a combinantive 
covariant, whose value is 



1 



1 



i 



Ax\ By% Gz^ 
Ax\ Ry\ C'z' 

or {BC) y V + ( CA') «V + {AR) xy. 

This is a quartic, for which the two invariants may be expressed 
in terms of the combinants which have been enumerated already. 
Putting in for z*^ [x + y)\ and multiplying the Jacobian by six 
to avoid fractions, we get 

a = 6(C40, J = 3(0^')j 6 = 6(50'), ^=3(50'), 
c= (5(7') + {CA') + (^S') =P, 

whence 8=SF\ r=54Q-P». We have seen that the dis- 
criminant of a biquadratic is S^ - 27 T'. The discriminant of 
the Jacobian, therefore, is proportional to Q (P' - 27 Q)j which 
agrees with Art. 180. 
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216. The value of the Jacobian of the cubics 

tt = ««' + ibx^y + ^cxy* + J/, 

is {aV) a* + 2 (acO aj'i^ + [{ad') + 3 (ic')] a^y + 2 (J^) icy»+ (cd') y* ; 
writing this 

e7= o^cc* + 4ajCc'y + 6a,a3y + 4a,a;y' + a^*, 
we have, since, P= (<wf ) — 3 (6c'), 

(aJO = «o, (ac') = 2a,, (arf') = 3a, + iP, 

(&cO=a,-iP, (&rf') = 2a3, Cccf)=a,. 

Accordingly, the identity 

(Sc') (a(?') + (ca') ( J^) + [aV) (cd') = 

gives us a^a^ - 4aja3 + 3a,' = ^^P' ; 

also substituting these values in the determinant form of Q 
expressed by means of them, p. 206, we find 

The covariant 12^ of u and v is, in full, 
(ao' + ca'-2JJ0a?* + Ca<^'+^'-Jc'-cJ')i»y + (&d' + c?J'-2cc')y 
which we write = ^i = «i^' + ^^v^y + 7y > 
thus ac' + ca' - 2 JJ' = flj, aJ'+cJ' -2Jc' = /8j + ^P, 

bc'+da'^2cb'^i3^ -^P, &(f + c?6' - 2cc' = 7,. 
If the Hessians (^ t« and v be written respectively 
JT= aa;* + 2y3a:y + 7/, J7' = a'a' + 2yS'a:y + 7'y 
where ac — b^=^a^ &c., 

we find, as in Ex. 6, p. 24, 

8 [ay' + 7cf - 2/3/3') = 4 (a.y, - /S,») + P«. 

The results of operating with either cubic on the Jacobian 
are two linear covariants, which may be compared with the 
results of operating on the cubics with the Hessians ; it is easy 
to see that we have thus the different ways of writing them, 

ac' - 2/9J' + 7a' = - (a7j - 2b^^ + ca^) = f {aa^ - 3&a, + 3caj - da^) 

= - {J {be) + c [ca) + d (a&')} = L^, 

OK? - 2i8c' + 7&' = &c. = i„ 

cct'-2&/8' + a7' = &c. = j&'^, (?a' - 2c^ + 67' = &c. = i'„ 
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denoting these two linear covariants bj 

or in determinant form 

a'x + J'y, a, h 
Zf = Vx -^ cy^ bj c , i' = 
c^x + cTyy c, rf 

It is obvious that their determinant 

a, 2)8, 7 



ax+by^ a\ V 
bx + cy, &', c' 
cx-i-dyj c', cT 






a', 2/3', 7' 



= «. 



Ex. For the fonns in Art. 215, the above quadrioovariants are 
BCyz + CAzx + ABxy, 

(BC + CBO yz + (CA' + AC) zx + {AB^ + B^') ay, 
B'C'y2 + C'A'zx + il'5'ay, 
and the above linear covariants are found by operating by the method of that article 



to be 



A'BCx + RCAy + CABz and AB'C'x + BC'A'y + CA'B'z, 



217. There is another form in which the system of two 
cubics may be usefully discussed, viz. 

ax^ + ibx^y + Zcxy^ + e?/, bx^ + 3ca:'y + Stfey* + ey'. 

In other words, the cubics may be so transformed as to become 
the differential coefficients of the same quartic, with regard to 
x and y respectively. We can infer, from counting the constants, 
that the proposed form is sufficiently general ; but the possibility 
of the transformation will be more clearly seen if we consider 
the two linear covariants just obtained : if we make a\ b\ d^ 
rf' = J, c, rf, e, we have L^ = Tb, L = Ty. Thus we see that, 
in order, to effect the proposed transformation, we are to take 
these two linear covariants for the new yariables. 

If u and V be the differentials with regard to x and y of the 
same quartic, the quartic itself can only differ by a numerical 
factor from xu-\-yv\ and in fact L'u^^Lv is immediately seen 
to be a combinant, as being a function of the determinants 
{aV) &c. The leading term in Uu + Lv is 

{aV) {he') + [a¥) [ad") - {acy. 



a, 


*, 


c 


i, 


c. 


d 


c. 


d, 


e 
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Whence, sabstitutlng the values given in last article this 
leading term is found to be 4 [a^a^ - a^) + J Pa^. But a^a^ - a^ 
is the source of the Hessian of the Jacobian ; accordingly 

12H[J) -h PJ=^ 3 {Lu + Lv). 
Thus, in order to obtain the quartic, having for its differentials 
the two given cubics, we must add twelve times the Hessian of 
the Jacobian to the Jacobian itself multiplied by P. 

For the system of cubics considered in this article, J is the 
Hessian form of the quartic, 

P=a6-4J^+3c', 



and Q = 



218. If we have any invariant of a single quantic, and if we 

rf /7 

perform on it the operation ^' 3~ + ^' j/i + &^'j we obtain an 

invariant of the system of two quantics of the same degree. 
For if we form the corresponding invariant of w + Xv, the 
coefficients of the diflferent powers of X will evidently be 
invariants of the system. Thus let the discriminant of u-\-\v 
be i? + 4Xilf + 6XW+ 4XW + X^iX, and we have the three new 
invariants Jf, N^ M\ whose orders in the coefficients are (3, 1), 
(2, 2), (1, 3). 

If in general we form any invariant of t« + Xv, and then 
form any invariant of this again considered as a function of A, 
the result will be a combinant of the system u^ v ; that is to 
say, it will not be altered if we substitute lu + mv, Vu + m'v 
for Uj V, For, by this substitution, we get the corresponding 
invariant of {I + \V) u + (w + Xm') v, which is equivalent to a 
linear transformation of X, by which the invariants of the 
function of X will not be altered. If then it be required to 
calculate the invariants of the biquadratic, which we have found 
for the discriminant in the case of two cubics, we may, without 
loss of generality, take instead of u and v two quantics of 
the system u + \v which have square factors, taking x and y 
for these factors ; and so write u=^ax^ + ibx^y^ v = Scry* + djf^. 
For this system we have F^^ad-dbcy Q = b^c* {ad - be) ] the 




212 APPLICATIONS TO BINARY QUANTIC& 

resultant i*- 27^ being cP(P{ad- %hc). Now, for this form, 
the biquadratic is 4ac^X'+(a'd'-6aScrf-3J*c^X* + 4d&'X; or 
multiplying by six to ayoid fractions D^iy = Oj M=sBdb\ 
M' = 6ac\ N=(^cP^eab€d-ibV^P'^12V(?. Hence, 

r=2JV:ifif'-J^« = -(P*-36P'^ + 216g^, 

whence the discriminant of the biquadratic iS' — 272* is pro- 
portional to ^ (P* - 27 Q)^ which agrees with Art. 183. 

The method used above is evidently also applicable to 
covariants. Thus let the Hessian of u + \v be H+ VH, + X'J7', 
and we are led to the intermediate quadratic covariant J?,, whose 
leader is ac' + ca— 2bb\ The covariants and invariants of the 
system of three quadratics, just mentioned, are also covariants 
and invariants of the system of two cubics. Thus if we take 
the Jacobian of each pair of quadratics, we have three quadric 
covariants of the orders (3, 1), (2, 2), (1, 3). We have seen 
(Art. 167) that a cubic and its Hessian have the same dis- 
criminant, and therefore we may identify the discriminant of 
-Er+ XJJ, + X'jy with the expression already found for the 
discriminant of u + \v. Now if u, t?, w be three quadratics, 
the discriminant of Xm + /lav + vw is plainly X*i)„ + 2\fiD^^ + &c. 
Thus for the system under consideration, we see that i>jj, i?^, 
can only diflfer by a factor from Jf, i/' already enumerated; 
and we have the two invariants J9„, 2D^ whose sum similarly 
is, to a factor, the same with N, Another relation was already 
found (Art. 216) between them and P. These invariants, there- 
fore are not new but can be expressed each In terms of N and 
the combinant P. The expression is most easily arrived at by 
taking the particular case already considered u = oa:' + 3 Ja;*y, 
V = Scxy^ + rfy', in which case we have 

Thus we find, for the case when the discriminants of both 
cubics vanish, the relations P^^N= 242>j„ P» + 2N=^ - 122>„ ; 
and it can easily be verified that these relations are true in 
general. 

Lastly, we may form the invariant R of the system of three 
quadratics, but we have found this already to be the combinant Q. 
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219. We are able now to give a list of the covariants of 
the system, which the investigations of Clebsch and Gordan 
show to be complete.* There is one qiuirtic covariant (1, 1), 
the Jaeobian (Art. 216). There are six cniic covariants^ the 
two cubics themselves (1, 0) (0, 1), their two cubicovariants 
(3, 0) (0, 3), and the two Jacobians (2, 1) (1, 2) of either cubic 
combined with the Hessian of the other. For the canonical 
form, the last foar covariants are included in the form 

1,1,1 

Ax" , Bf , Ce* 

A(By+Cz), B{Cz-vAx), C{Ax-vBy) 

according as we accentuate the coefficients in neither, either, 
or both of the last two rows. There are six quadratic covor 
riantSj viz. the two Hessians (2, 0), (0, 2), and the intermediate 
covariant (1, 1), these three being for the canonical form 
^BOyz^ 2R0't/z^ ^{BC + B'C)i/z] and for the remaining 
three covariants (3, 1), (2, 2), (1, 3), we may take either the 
Jacobians of each pair of these (Art. 218), or the results 
obtained by operating with each on the quartic covariant. 

There are six linear covariants^ viz. the two (1, 2), (2, 1) 
considered Art. 216; two (3, 2), (2, 3) obtained by operating 
with the Hessian of either cubic on the cubicovariant of the 
other; two (1, 4), (4, 1) obtained by operating with either cubic 
on the square of the Hessian of the other. Lastly, there are 
seven invariants^ viz. the two discriminants (4, 0), (0, 4), the 
combinants P, Q, (1, 1), (3, 3) (Art. 213), and the invariants 
Jf, M\ Nj of Art. 218. Of the preceding invariants Pand Q 
are skew. We have in Art. 218 connected P* with the in- 
variants J9j3, i?g, of that article, and the expressions there 
given for the S and T ot the biquadratic are, in fact, expres- 
fflons for PQ and Q^ in terms of Nj M\ &c. We can also con- 
nect Q* with the functions i)jj, B^^j &c. if we remember that, 
as was remarked (Art. 218), Q is the invariant 12.23.31 of a 



* Of the eight linear covariants which they supposed to be irreducible, Sylvester 
has shown that two are not, and d'Ovidio and Gerbaldi have developed their 
cxpresBioiuSy Aui di Torino^ xv. 267. 
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system of three quadrat ics^ and that it was proved at the end 
of Art. 193 that doable the square of this iavariant is 

A.. A., A. 
A„ D„, D„ 
A., i>„, D„ 

219a. Geometrically, the two cubics may be taken as two 
triads of points on a conic, as in the case of Art. 198. When 
any point {x^t/) on the conic is joined to the points of the 
triad (u), the joining lines meet the sides of the triangle {u) in 
points forming a triangle in projection with (u), and it is easily 
seen that the first emanant with regard to x'^ }/ of the cubic u^ 
whose roots are represented by the points of the triad, is the axis 
of the projection. Similarly, may be made the centre of a 
projection for ?;, and the axis corresponding be found ; these two 
axes intersect in a point 0\ and as moves round its conic^ 
(y describes another conic which intersects the conic in four 
points representing the roots of the Jacobian of u and v. The 
four corresponding points can without difficulty be de- 
termined. 

The roots of the covariant H^ are represented by two points 
on the original conic whose axes with respect to the two triads 
are conjugate lines with respect to that conic. 

In Art. 198 it was seen that for a system of a cubic u and a 
quadric V the simplest linear covariant is the centre of the 
projection with regard to u whose axis passes through the pole 
of F. If we calculate for the triad consisting of this centre 
and the two points where V meets the conic, the combinant P 
with the triad w, we find P=0. It follows from symmetry that 
each of the vertices of the former triangle is the centre of a 
projection with regard to w, of which the axis is conjugate to 
the opposite side ; and that such relation holds mutually between 
u and V when P=0. Another way of stating the condition 
P= is that the triads are such that H and its pole are axis and 
centre of a projection with regard to r, and H and its pole^ 
axis and centre of a projection with regard to w. 

The simplest linear covariants discussed above are represente 
as follows : L is the centre of the projection with respect to v^ 
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whose axis is the line joining the poles of H^ H.' ; and U the 
centre of the projection with respect to u of the same line. 
The identities established^ Art. 216, show that L is also centre 
of the projection with respect to u^ whose axis joins the poles 
of jff, jffj, and i' centre of the projection with respect to v, 
whose axis joins the poles of jffj, W. Thus the pole of H^ can 
be constructed. 

If the points i, L' coincide, JST, -ff,, H' are concurrent lines, 
and the line joining their poles is the axis of projection for 
the L point with respect to both triads and the combinant Q 
vanishes. 

219J. System of four cuhics. It is desirable to generalise 
to this case the theorems given p. 181 for three quadrics. For 
the determinant of the system, if we denote the combinant 
(Ojf?,) — 3 (6jC,) by P„, &c., we have, by Art. 33, Ex. 4, the 
relation 

and this becomes when a^, &c., are replaced by y*, &c. 



= 3 



«l> 


«f> 


«.. 


r 


\, 
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*3, 


-ay' 


«l» 


«,» 


«3> 


a^y 


d., 


d^ 


^., 


-»' 



= -3 



a^x + hjt/j 0,0? + hj/y a^x + bj/ 
c^x H- rf,y , c^x + dj/^ c^x + d^ 



This is the cubic which determines the values of x\ y\ so 
that XjWj + X,w, + XgWg = (ccy' - ody)^ be a perfect cube, see Curves 
(Art. 216a &c.), and the discussion of unicursal cubics there given 
furnishes an additional geometrical illustration of this theory. 
For four cubics, denoting the function just written by J^^^ we 
have the equations 

P„u, + P«w, +^^1,^*4 = - 3/,,,, 

a linear transformation in four variables. 
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If J„ signify the Jacobian of the cobics 0^2^+ &c, a^*+ &c, 
we haTC six such Jacobians each a qoartic in x^ y, which we 
may write 

«» = («!**)» 2i„ = (a,c,), &c 
Now it is easily found, as in Exs. 3, 4, Art 33, that 

= 12(c„c„ + c„c^ + c^,cJ. 
Hence, and from the vanishing combinations, 

the Imear relation had by dialytic elimination of x% x^y, &c., 
between the six functions J^^ is found to be 

Other relations can be established connecting the functions B[ 
with these, as at p. 181, on which we need not delay. For 
instance, we might show for five cubics, with an obvious notation, 

that 2e7,J^=|ti., ^„, £r. 

Also for four that JJ^^ + JJ^ + .T^iA = 0.* 

219c. The system of four cubics furnishes another geome- 
trical view of binary cubic systems. For, we can by linear 
combinations alter the functions to a;', o^y^ xy*^ y^ and introduce 
these as new variables a?, y, z^ w^ the coordinates of a point in 
space which depends on a single parameter t. The relations 
between them, and t^ may be written x : y =y : « = « : tt7=» t\ 
thus the point t is restricted to a twisted cubic, and the roots of 
any binary cubic are the parameters of the points of intersection 
of a plane with the twisted cubic (compare Sutfacesj Art. 337 
et seq). 

For any point t on the curve the osculating plane is 

a? - 3y< + Szi" - ict^ = 0, 
80 that the points whose osculating planes meet in any point 

* Dr. F. lindomann's paper {^fa^h, Annalen, toL xxiii. p. Ill) on the geemetzio 
exposition of binaiy forms includes the formolse of this article. 
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afy'z'w' are determined by a?' — 3y'*+ 3«V- wY = 0, or the 
points of contact lie in the plane v/x - 3a'y + 3^'« — x^w = 0, but 
this plane passes through x'xfzw'. 

Hence, in any plane F^ ax + Zhy + Zcz -i-dw^ there Is a point 
whose coordinates are rf, — c, J, — a, which is the intersection 
of osculating planes at the points in which it meets the curve, 
and the point and plane may be said to correspond. When 
lies in the plane F^ corresponding to a point (7, the above relation 
shows that (/ lies in the plane F corresponding to ; and the 
line 0(y possesses an invariant relation to the curve. For 
two such planes F^ F the P invariant vanishes. 

Two equations of the line meeting the curve in the points 
f„ t^ are x-y(t^ + t^) + zt^t^ = Oy 2/ -^{t. + Q + wt^t^^O^ if we 
express that this line passes through the point Oj the parameters 
t^j t^ of the points in which the chord of the curve, through 
meets the curve are the roots of the quadratic 

(ac-J*)^+(arf-Jc)<+ W-c' = 0, 

thus the Hessian of the binary cubic is represented by the 
intersections of the chord through with the curve. 

The determinant, whose constituents are the coordinates of 
the collinear points 0, t^^ ^,, and of any other point, vanishes 
identically. Hence, by the first formula of last Article, if we put 

ax^ + Sby^ + 3c«j + dw^ = \j 
ax^ + 3 J^, + 3cz^ + dw^ = X,, 
we have identically 

= {x^w^ - 3yj«, + ^z^^ - w^x^) [ax + 3Jy + Zcz + dw). 

Hence the plane F contains the line of intersection of the 
osculating planes at the Hessian points. 

The plane through the intersection of the osculating planes 

\ (^^9 ^ 3y^« + 32?^, - wx^) + \ {xw^ - Syz^ + Zzy^ - wx^ = 

which is harmonic to the former is easily found to represent the 
cubicovarlant, and having the same Hessian, its corresponding 

FF 
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point IB the harmonic conjugate of with regard to the 
Hewian points. 

219d. A second plane 4> giyes rise to a similar system, and 
besides to the results of combining the two. The coordinates of 
the tangent line to the curve at any point are fj — 2fj t ^f^ 2tj 1, 
whence we find that ^ is a root of the Jacobian of F, 4> for any 
point on the curve whose tangent meets the line in which the 
planes intersect. The line joining OCX meets the tangents at 
the same points. 

The parameters of the points in which a chord through any 
point on 0(7 meets the curve are given by 

From any point given on the curve, two chords can be drawn 
to meet 0(7, and if -Er, = 0, these chords meet 00' in points 
harmonically conjugate to and 0'. 

The simplest linear covariants are represented by the point 
where the plane through containing the chord through (/ 
meets the curve again, and that in which the plane through 
(7 containing, the chord through meets the curve again. 

The invariant P vanishes for two planes if the point 
corresponding to one lie in the other, in which case the line F^ 
becomes identical with its corresponding line 0(/. 

The combinant Q vanishes when it is possible to draw an 
osculating plane through the line J^4>, in this case it is easy 
to see the corresponding line 0(7 meets the curve and the two 
points which represent the simplest linear covariants coincide.* 

219e. System of a quarttc and cubic. This system consists 
of sixty-one formsf: 1 sextic, 2 quintics, 5 quartics, 8 cubics, 
10 quadrics, 15 linear, and 20 invariant functions. An invariant 
of the third degree in the coefficients of the quartic, and 
of the second in those of the cubic, can at once be written 

♦ See a paper on this geometrical representation by Mr. W. R. W. Roberts, Proe, 
Lond. Math. Society ^ toI. XIII. Also Dr. Lindemann's paper, Note p. 216. 

t In Dr. Gundelfingetr's inaugural dissertation the number was assigned as 64, 
but Dr. Sylvester has since shown {Comptes Rendus^ t. LXXXYn.) that two of the 
■quadratic and one of the linear covariants are reducible. 
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down from the determinant form of the sextic covariant, p. 192, 
being the result of operating with that covariant on the square 



of the cubic, 



a 



-Sb', 



0, 



a 



a. 



-2J, 
-3c 



3c', - £?, 

— 35', 3c', — ct 

— 3 J, 3c, — d 
0, 2(?, -c 
3rf, - e, 

The same determinant with only one row so altered is a 
covariant cubic, and another of the same degree in the quartio 
coefficients may be got from the skew invariant. Art. 219. 

The two simplest linear covariants are 
a' {dx + ey) - 35' {ex + dy) + 3c' (bx + cy) - & (ax + Jy), 
and the corresponding one for the Hessian of the quartic. The 
determinant just written is the eliminant of these two. 

Operating with the quartic on the square of the Hessian of 
the cubic, gives an invariant of the first degree in the coeffi- 
cients, of the former. 

220. System of two quartics. We consider here chiefly the 
invariants of this system, which are also combinants. We have 
seen, Art. 218, that the invariants of any invariant of \u + fiv 
are combinants. Let us form the 8 and T of X2< + /iv and 
write them 

Sk"" + S\/* + ^A 2^' + <^V + «' V + T'fi^ ; 
then if we form (Art. 198) the invariants and covariants of this 
cubic and quadratic, we get combinants of the system of two 
quartics. 

Thus the discriminant of the quadratic is S' — 4^88' = 



a, 45, 6c, 4cdj e 



a\ 46', 6c', 4.d\ e' 



— rf', c', —5', a' 

— £?, c, — 5, a 



«(ac')"+16(5£f)'*+12(ac')(cc')-48(5c')(cd')-8(a5')(£?e')-8(a(f)(^^^^ 
which we shall refer to as the combinant A, 

It will be convenient to use the abbreviations («&') = a, 
(£&')= a', (ai') = i8, (5e')=^, {ac') = \ (cc'} = \', (5c')=/i, 
led) = /, (oe') = 7, {hd') = S. We have then 

A = 12 W - ^SfMfi' + 7* + 168' - 8aa' - 8/3/3'. 

We can find by a different process an independent combinant 
of the same order in the coefficients. The Jacobian of the two 
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quartics, /, is 
ax'+3\a;V+(3i8+6/i)ajy+(7+8S)a;y+(3i8'+6/iOa;y+3\%'+ay. 

Again a combinant quadratic P or 12* is 

(/8 - 3a^) a?« + (7 - 28) iry + (^ - 3/^0 y"- 
The sextic J has an invariant of the second order in its 

coefficients (Art. 141), and the discriminant of P is of like order, 

neither being identical with A. 

The condition that u and v be derived functions of a quintic, 

is the vanishing oi B = 
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hence, or as in Art. 2 19 J, we find jB=\X'-/A/Lt'-^/*'-i8'/A4-S'-aa'; 
the invariant of J will be found to be -4 + 48jB, and the dis- 
criminant of P to be -4 - 12 A 

The resultant of u, v, found by expanding the determinant 
of Art. 84 is 
R = 1296XV' - 3456 [aiiX'^ + aVX') - 1 1 52 (aiSX" + a'/SV) 

- 727*\\' - 5767SX\' + 9216aa>/ + 967 (/8^' + ^X) 

+ 2887 (a/8'\'+ a'/S\) +15368(a/3V+a'/3AA) 4-3072aa' (/3/tA'+/3» 
-I- 7* - 48aaV - 16/3/3V - 256aa'7S + 512a''a'" 

- 256 (a/S'« + a'/S') - 4096aa'S*. 

In terms of the preceding combinants can be expressed the 
combinant which we have called ^(Art. 182), but which, in order 
to avoid confusion, we shall now call C] and which expresses the 
condition that a quartic of the system w + Xv can have two 
square factors. Such a combinant must vanish if v reduce to 
the single term c'ojy. In such a case a, a', ^8, ^, 7, S all vanish ; 
and we have A = 1 2XX' - 48At/x', P = XX' - /i/i', R = 1296X*X'^ ; 
hence we see that (-4 — 48P)'- P is a combinant which vanishes 
on this supposition. And since it is of the same order that we 
have seen, Art. 182, that 2^ must be, it is identical with it. 
Using the values already given for -4, P, P, we find that 
{A - 48P)" - P = 128 (7, where 
C=-277(X/»+XV)+18(/3V'+/8''/A')+18S*XX'+367SAA/i'--36aa>/^' 

+ I87SXX' - 97V/ - 37 (ja/3'X' + a'/3X) - 24S" (/S/i' + /S'/it) 

- 68 (/3'^X' + ^"X) - 68 (a/3'X' + a'fiX) + 2 {a^ + a'^) + aaY 

+ 4a V - 2aa 78 + 478' + 1 6aa'8'* + 88\ 
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Again, if we form the invariant which we called I (Art. 198) 
of the quadratic and cubic at the beginning of this article, it 
will be found that 

[A + 48jB) [A - 165) - 5 = - 128/, 
a formula obtained by Mr. Warren, Quarterly Journal^ Vol. VII., 
p. 70. 

221. We consider next 2>, the resultant of the cubic and 
quadratic, and E the discriminant of the cubic. D is the 
invariant which we have called 8 (Art, 182). It may be 
mentioned, that besides the methods already indicated for 
calculating that invariant in general, the following may be used. 
It is required to find the condition that \ can be determined 
80 that the three expressions w,i + ^v,j, w,j + Xv,j, ^a + ^v^ can 
be made to vanish together. Now we may multiply each of 
these by the 2 (w — 2) terms a?*""*, &c., of a quantic of the degree 
2n — 5, and so obtain 6(n — 2) equations, from which we can 
eliminate dialytically the 6 (n — 2) quantities o?'*'*'^, &c., Xa5'*^,&c., 
and so obtain 8 in the form of a determinant. In the case 
of the system of two quartics, 

i) = - 16X'X"+48X»X>/+ 6\\W'+ 16aaV+ 27\V*+ 27\V 
+ 36a\/iX'' + 36a'\y\» + 12X"X'* (/S/ + ffii) - dQafi^'X'Y 

- 96aV^V - 67X/iM'' - 67/i'XV - 36SX"X>'^ - 368X/**X'" 

- 48a/Lt/i'* - 48a>V' - 24.B\fifjf^ - 24SX>V + 24a/3XX'' 

+ 24a'iS'XV - 18aiS'XV - 18/3a'XV - 6S''X''X'^+ 877V V 

- XX>/ (162aa' + 90/3/3') - 36a/3AA'*- 36a'^A** + 96S*XX>/[a' 
+ (228aa' - 60/3/3') a^V' - ^oi'yX'^ - 4a'V^» - UatS'X'y 

- 1 Q<x:i3"\^fi - 30aa"'XV - 30aVX> - 50aa'XX' (/3/a' + ^fi) 

- 20SXX' (X/3a' + X'a/3') + 27/ii/ (X/3a' + X'a/3') + 488 V^" 
+ 48S«aVX«+ 24a/3>A^'*+ 24a'/3'/;A V + 56a/3/3>'' + 56a'/3/3'/^" 
+ 240aa'/3/;A/:4'"+ 240aa>V/3' + 32aS V +32a'Sy + 3X«/8*a'" 
+ SX'^a'^iS'* + 24aa' (i8V« + /S V) - 6aa'7>/ - 12a'a'*XX' 

- 30aa'/3/3'XX' + GOaa'XX'S* + 12/3^XX'S'' 

+ {84a*a''+ 120aa'/3/8'- 12/3^^/3"^} /*/- 192aa'SV/+ 487SV/*' 

- 48S*XX' + 67aa'"/3X + QyaW^'X' + 48a*a" (/3/ + i8» 

+ 24aa'S (i8'/+ /S^V) - 96aa'8' ()8/-h /3'a^) - aVV- 4aa"i8" 

- 4aV/8''+ 8aV- 47SaV^ - 48aVS''- 16S''aa'/3/3'+ 64aa'S\ 
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222. In studying the relations of these combinants, we may, 
without loss of generality, suppose one quartic to want the first 
two terms, and the other the last two ; that is, we may write 

u a= ax* + 4:bx*y + Bcx*y\ v = GcVy* + 4cdxy* + ey*. 

To save room, we write ae==lj bd^m^ cc^^rij ccuP + c'e6* =^'. 
We find then 

A^ (Z- 47n)" + 12w [l - 4m), 

B= m*-y + it(Z-wi), 

-B = ? (Z - 16m) + 96?/ - 72nZ" {I + 8m) + 1296Z'n', 

/ =- Z'm'+ 4Zm'+/(?- 2Zm- 8m*) + 6jp* 

- w (? + 6im* - 16m') - dnlp" + 12n* (P + Zm - 2m'), 

2> = - n* {9Zm' (? - 4m) - 6/ (2P- 6Zm - 4m") - 27p*+ 16w (Z- m)'}, 

^= - Pth* + 2?my (i + 2m) - (Z + 2m)*jp* - 2nZm' {I + 2m)* 
+ 4p' + 2np» (if + 2wi)» - ISnp'Zm* - w" (if + 2m)* 
+ 36w'/m" {I + 2m) - 6np* (i + 2m) - 6ny (if + 2m)* ' 
+ 27ny + 4n' (Z + 2m)' - 108n'/m*. 

By the help of these values we can verify the equation 

165' - AB' - 2/B+ jE;= 2>, 

which expresses ^ in terms of invariants already found. 

The Jacobian, with this form, wants the extreme terms. 
There is no difficulty, therefore, in calculating its discriminant, 
and thus verifying the theorem of Art. 1 80. 

Finally, we have seen that a cubic and quadratic have a 
skew invariant M. The equation of connection given at the 
end of Art. 198, when applied to the case considered in this 
article, shows that the system of two quartics has a skew 
invariant M of the 9*^ order in the coefficients of each, whose 
square is given by the formula 

M* = A [AE-^ rf - 8D (/' - 9AIE-{- 5WE). 

Mr. Bumside's method, reducing the theory of two quartics 
to that of three conies, discussed Conies^ Art. 388, would have 
led us to the same results. 
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223. I have also sometimes found it convenient to suppose 
each quartic to be the sum of two fourth powers, so that for 
each the invariant T vanishes. Let the quartics be aw* + Jv*, 
a'lD* + JV, where u is a,a? + ^jy, &c. We use (12) to denote 
ttjiS, — ttj/S^, and employ the abbreviations 

(12) (34) =. L, (13) (42) = J/, (14) (23) = i^; 
where it will be observed that we have identically i/+Jf+^=0. 

Now the invariant 8 is got by substituting -r , — -j-, for a;, y 

in the quartic and operating on it with the result. If we 
operate in this way with u upon u the result vanishes ; but if 
we operate on v the result is (12). We find then at once that 
the 8 of XZ7+/tFi8 

X»ai (12)*+V {aa'(13)*+ a&'{14)*+ Id (23)*+ iJ' (24)*} + /tVJ' (34)*. 

The combinant then which we have called A is 

{aa: (13)* + ah' (14)* + lei (23)* + IV (24)*}" - ^<MVL\ 

In the same case B is found to be — aba'b'L'MN. 

The invariant T is found by operating on a quartic with 
its Hessian. But here the Hessian of U is ai (l2)'uV. We 
find then that the Tof XZ7+/tFis 

X> {aba' (12)» (13)" (23)' + abb' (12)' (14)' (24)'} 

+ V [a'b'a (13)' (14)' (34)' + a'b'b (23)^ (24)' (34)'}. 

Hence, we have immediately 

^=-a'5'a"i"i*{ao'iV'(13)*+a6'ir(14)*+Ja'i/'(23)*+Wi7'(24)*}», 

I)=-a^Va'-'b'*U [a^a'^N^ (13)' + a*b'*M' (14)' + b*a'*iP (23)" 

+ Vb'*lP (24)" - iMNa^a'b' (13)* (14)* - iMNbVb' (23)* (24)* 

- 2MNa'^ab (13)* (23)* - 2MNb'*ab (14)* (24)* 

+ 2JiPN'aba'b' {AP + N*- 2L% 
7=-a5a'6'i'[a'o''JV(13)''+a'J''ir(14)*+J'o''if\23)»+6'J''Jn24)» 

+ (ilf" + iV' - 2i') {a'a'b' (13)* (14)* + bVb' (23)* (24)* 

+ o''o5 (13)* (23)* + faS (14)* (24)*} 

+ 2if 'i^' (ilf + JV - 4i') aJa'i'J, 

by the help of which values we can verify the equation already 
obtained. 
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Sylvester has reduced by two the total number of mdependent 
forms for the system of two quartics which Gordan enumerated 
as thirty, viz. there are for each quartic the five forms m, J3, J, 
8 J T; twelve more forms are got by taking the operations 
I2, I2', 12', 12* performed on the pairs m, m' ; «, J7' ; u\ H; 
two more by 12*, 12* performed on Hj H' ; and lastly, four more 
are obtained by operating on the sextic covariant of either 
quartic with the other quartic or with its Hessian. This gives 
in all eight invariants, eight quadratic, seven quartic, and five 
sextic covariants* 

The following are examples added in further application of 
these principles to binary quantics of the first four degrees. In 
dealing with the sextic we shall return to the system of two 
quartics. 

Ex. 1. If three quadratics be the three second derived fanctioiis of a single 
biquadratic f onction, express the relation between their coefficients. 

With the notation of p. 181, tt=aiai*+26iayftf,y*, v:=€i^;^^4ai^ 2Dn=a,CgHhCr^^r6„ 
we must have 

«i» K «» *« 

¥t ^ h 4» 

= 0. 
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This may be found by comparing coefficients when we effect a linear transfor- 
mation on the quadratics. It may be found more rapidly in another form, as follows : 
The general conic identity between the quadrics (p. 181) for 

u = aa^ + 2bxy + 01/^, v = ba^ + 2cxy + dy^, w = C2^ + 2dxy + «y», 
has Dii = ac — b^j • Djj ^bd—<^, D^ = ce — d', 

2i>„ = be-ed, 2i>,i = (ie + c'^^ 2bdj 2i>„ z=ad-he, 
whence, by the identity {ac — 6*) (ce— d') + {ad— be) {ed— *e) + (oe - W) (W — c») = 0, 



derived from the matrix 



we get 



a, bf Oj d 
bf Cf dj e 

J),^D„ - -LDj^a + J>„ (J>„ + 2i),0 = 0. 
Ex. 2. To give a geometrical signification of the preceding relation ? 
The equation {ax + by + cz) ac^ + {bx + ey + dz) y' + {ex + dy + ee) gf = is that 
of the polar of {x*, if,z') Pto the conic « = aa*+ cy*+e2;'+2rfya+2caB+2toy =0 j and 
if y** = 42'a/, P moves on a conic t; = 0, and its polar touches 

{ax + by + cz){ex + dy + ez) = {px + cy + d»)\ 
This conic is found to be the harmonic conic of u and 9, and to meet v in the 
points which are the roots of the Hessian of ti as a binary quartic. A binary 
transformation leaves v of the same form as before. The three quadratics correspond 
of course to right lines, and if a binary transformation make them the derived 
functions of a binary quartic k, they ihust be two tangents and their chord of contact 
to the harmonic conic, which is the reciprocal of v with respect to u. That the 
reducing cubic of the quartic is clear of its second term is {ConicSj Art. 381, Ex. 1) 
equivalent to this special determination of the harmonic conic F. The conies u and v 
are said to be apohr {ApolarUcU und rationale Cvrven, F. Meyer, Tubingen, 1883). 
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Ex. 3. What relation holds among the coefficients of four quadratics if by the 
8ame linear transformation two of them become derived functions of one cubic and 
the other two of another ? 



= A1-O44 + ^22^n - 2 { As^M + A3 Aa - i>u-Z>«}, 



the notation being the same as in Example 1, are easily found to be equal, and the 
condition required is got by equating them to zero. 

Geometrically, the lines are such that a quadrilateral can be inscribed in the 
fundamental conic, having its sides each through the pole of one of the given lines ; 
thus, points P and S can be found on the conic, such that when P is joined to the 
pole of line 2 and It joined to the pole of line 1 the lines meet in Q on the curve ; 
and when P is joined to the pole of line 4 and B to the pole of line 3 these lines 
must meet in 8 on the curve. 

Similarly considered, Ex. 1 has the lines so placed that a quadrilateral can be 
inscribed in the conic, having two alternate sides through the pole of one givoi line 
and the other sides severally through the poles of the other two given lines. 

Ex. 4. What relation holds among the coefficients of three quadratics which can 
"be the simplest quadric covariants A ^u ^' of two cubics ? 

In Art. 219 it was pointed out that P^, PQ, Q? can be independently expressed 
by means of the functions D, The values are in the present notation 



P» = 4(4i)„-Z)«) 

PQ = 8 (A^Da + A.* - -»ii-Z>a. - As^a), 



Q« = 16 



A„ D> 



'\M 



21» Al 



-^12> -^22» -^82 



2>.«, D. 



'I8> 



»> ^U 



whence, comparing values of P^Q^, also writing the minors of the last determinant 
A = Bn^zi - 2>M*, (fee, we find 

The form of this relation, compared with that in Ex. 1, shows that the Jacobians 
of Ef Hif ff' are second derived functions of a quartic. • 

Ex. 6. A cubic can be uniquely determined whose covariant ff^ with a given 
cubic vanishes identically. 

Ex. 6. The P invariant of 

u={x-ay){x'-fiy){x'-yy)y v = A (a; - ay)» + 5 (« - /3y)» + C (a; - yy)», 
Tanishes identically. Similarly, 12** vanishes identically for two quantics 

« = (a? - 0|y) {x - a^),..{x - a«y), v = Ai(x- a^y)* +...+ An {x - a„y)\ 

Two binary quantics for which 12 vanishes are said to be apolar (see Ex. 2) : also, 
conjugate binaiy forms by Dr. Schlesinger, Math. Annalen xxii. 

Ex. 7. For two cubics, show that, in terms of the roots, 

Ca-a')(/3-^)(7-y') + (a-/3')O3-y')(y-«') + (a-y')(^-«')(y-0') 

3P 



= (a-a')03-y')(7-/3')+(^-P')(y-a')(a-y') + (y-y')(a-/3W-a') = 



aa 



Ex. 8. In the system of cubic and quadratic (Art. 198), calling the Jacobian of 
U and Vf u, prove that the combinant P for the cubics «, A ^ double the inters 
mediate invariant /, and that the P for the cubics «, /, vanishes. 

GGh 
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Ex. 9. For the cubioovariants 7, /' of two cubics «, v the combmant 

P (7, /O = -LDjjP - 2Q. 

Ex. 10. Calculating, a3 in Art. 216, the detenninant fonn = U of the resnltant 
of two cubics (Ex. 2, Art 90), we get at onoe 

- 8iJ = P (a^4 - 4a,a, + So,*) 

+ (aa, - 8*0, + 8c<h - do,) (ajd' - 8<v' + 3ajb' - a^oO 

+ (oa^ - 3*0, + 3<ja, - do,) (o'fl,-36'o, + Sc'oi- d'o,) 

= tVi« + I (i^ii^'t - L^\) = A (^ - 27Q). 
For the biquadratic this gives the discriminant in the usual form, o^ &c., are then 
coefficients of the Hessian. 

Ex. 11. The expression v^D' - 4i^M* + GuH^N - 4uv*M + v^D contains as a 
factor the sqnare of the Jacobian of » and v. If the division be effected, show that 
the quotient is 2 {P. 7+ 6^ (/)}. 

Ex. 12. The combinants P and Q of two cubics are each expressed in terms of 
the 8 and T invariants of the discriminant quartic, by a biquadratic whose quad- 
linvariant vanishes. 

Ex. 13. If the roots of two cubics a, ^, y ; a', /3', y', be connected by the relation 

•J{(a-a')(^-y')(y-/30} + »J{(^-^(y-a')(a-y')} + '4{(y-y')(«-/»0(^-«')} = O, 
shew that u + Xo admits of being a perfect cube. 

Ex. 14. Determine the condition that a quartic may be such that its covariant 
12* with another quartic may vanish identically. 
It is ST=0. 

Ex. 15. The determinant form for J (Art. 202) is got by expressing that a quartic^ 
whose covariant 12' with « vanishes identically, has a double root. 

BX.X6. If a,±-^ + 2a,^+...+ na^,± = i, J,|. + 2*. ^+...+ rJ,-,|-=«', 

concomitants of the system a^ +...= «, b^ +...= v, can be derived from their 
sources by repeating the operation 6 + d% and this operation on the coefficient of the 
highest power of x vanishes : as in the case of a single original function (Art. 147). 

Ex. 17. If we combine any quadratic with a cubic and form their Jacobian 
Art. 198, it becomes in the method of Art. 219c a plane, and as we vary (the quad- 
ratics) the chords of the twisted cubic the Jacobian varies, but always passes through 
a fixed point. This point is easily seen by the determinant form for the cubicovariant 
of a cubic (Art. 195) to be the point which corresponds to that cubicovariant. 

Ex. 18. In the system of cubic and quartic the simplest linear covariant p. 219 
vanishes identically if the cubic be of the form uvw and the quartic Au^+Bv*+ Cw*J' In 
general, the system may be reduced to the form Au* + Bv* + CtD*f -4V + 5V+ C'«o*, 



where « + 1; + w = 0, by the canonizant 



a', o, b, y* 

b'f 6, Of -xy* 

c', c, df x^ 

d'f dj Cj —a? 



= uvw = 0. 
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LESSON XVIIL 

HIGHEB BINARY QT7ANTICS. 

224. The Quinttc. There are in all (including the quintic 
itself and four invariants) twenty-three forms. The invariants 
are /, K^ L of the orders 4, 8, 12 respectively, and a skew 
invariant / of the 18th. The discriminant B of the quintic 
is not reckoned as a separate invariant, inasmuch as it is, as 
we shall presently see, a function (e/* — 128jK') of the invariants 
J and K. 

Three of the covariants invite special attention, viz. the 
Hessian 12*, which if we take the quintic to be («> J,C)^)€,/X^)y)*7 
has for its value. 

J7=(ac-&*)a;'+ 3 [ad-bc)x^y-\'Z (a«+W-2c')a;y+(a/+7Je-8c(?)ajV 

+3 (J/+C0- 2(?») a?y + 3 {cf^de)xt^+{df^e^)y\ 

There is a second covariant of the second order in the 
coefficients, viz. the covariant quadratic 12^, the 8 of the quartic 
emanant, which has for its value 

fif = {ae - 4:bd + Sd") a? + (a/- 3be + 2od)xy-\' [bf" 4ce + 3d*) y\ 

And thirdly, there is a covariant of the third order in the 
coefficients, viz. the canonizant, the determinant expression for 
which we gave Art. 169 ; that is to say, the covariant cubic which 
has for its factors the a;, ^, z of the canonical form. This covariant, 
which is also the T of the quartic emanant, has for its value 

(ace-a(f -6&'+2Jcc?-c')aj' + {acf- ode - jy+ bce + bd^-- c^d) x^y 

+(a(^-ae»-i^+&(fe+c'e-crf')aJ3^"+(J(^-Je'-cy+2crf6-cZ')y 

225. In studying the quintic we constantly use the canonical 
form ax^ -k- by* -^ cz'^ (where a5+y + « = 0), to which it has been 
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shown (Art. 168) that the general equation may be reduced. 
For this form the three covariants just considered are respectively 

8 = bcyz + cazx + abocy^ 

T^abcxyz, 

Differentiating the quintic with regard to x and y successively, 
we have u^ = aaj* — c^*, w, = hy^ - c«\ It is evident that the 
resultant of these two will be the discriminant of the quintic, 
and that the combinants of this system will be invariants 
of the quintic. These invariants are then immediately found 
from the expressions in Art. 223, where we must write for 
a and J, a and — c, for a' and J', b and — c. We have (24), 
and therefore if = ; (13) =s 1, (12) = - 1, (34) = - 1 , (14) = - 1, 
(23) = 1. We observe then at once that B vanishes. We can 
see, by counting constants, that any two cubics can be brought 
by linear transformation to be the two differentials of a single 
quartic ; but two quartics cannot be similarly brought to be the 
differentials of a single quintic, unless the condition j&=0 be 
fulfilled. Or it may be otherwise stated that this is the condition 
that the quartics should be reducible to the form au*" + Jr* + cm?*, 
aV + JV + cV. 

The combinant A in like manner becomes 

JV + cV + a'J* - 2abc (a + i + o). 

This, which we shall call e/, is the simplest invariant of the 
quintic, and it may be obtained in other ways; viz. either 
by forming the discriminant of S^ or the quadratic invariant 
i2' of H. 

In either way we obtain the general value of J^ 

ay* - 10abef+ 4.acdf-\- 16ace' - 12ad^e + UVdf 

+ 9iV - 12Jcy- Ubcde + 48Je? + 48c'e - 32cW". 

226. The discriminant of the quintic may be obtained either 
from the theory of two quartics, or by direct elimination 
between the two differentials ax*^ — c;?*, &y* - cz^. When thesa 



THE QUINTIC. 229 

vanish together, we may take ahc as the common value of 
€KC*, Jy*, CJ5* ; whence x — (Jc)*, y = {ca)^^ z = (aJ)*. Substituting 
in a? + y + « = 0, we get the discriminant in the form 

(Jc)*+(ca)*+(a&)* = 0, 

or {JV+cV+a*y-2a7>c(a+ i+ c)}' - 128a''JV(&c + ca + a6) = 0. 

Thus then we are led to the form for the discriminant /'— 128^, 
where K is the invariant of the eighth order in the coefficientS| 
which for the canonical form is o^V<? (5c ^-ca-k- ah). 

This latter invariant may be otherwise defined : the invariant 
JT is found by substituting in the usual way differential symbols 
for the variables, and operating with the square of the canonizant 
on the Hessian. This can easily be verified by the canonical 
form. Or else K can be found by forming the invariant /, as 
in Art. 198, of the covariant quadratic bcyz + cazx + abxy^ and 
the .canonizant. In any of these ways the general value is 
found to be Jr= 

a'cc^' - ayW - a'/'jy- Sa'fd'e - Sa*/ W + 5ayde' + 5afb'c 

- 2aV - 2 jy + a^bV + 1 la^bcde - da'/bce' - 5af'b'de 
+ UaTbd' + 12ayVe - BOaybdV - 30a/'JVe + 15a»Jrfe* 
+ 16b*cef' - 2lay Vrf» - S^ayc'de' - 34af iW" + 22aVe* 
+ 226V/» + ISa'/cd^e + l^afbc^d - 48a'ct?e' - 485V^* 

- 27ayei' - 27a/*c" + 18a»e? V + 18 JV/' + 1 ZZafVicd 
^ 54a JV - U¥dey- 1 ^afVd\ - 1 8a/ JcV + 3a J'tZ V 

+ 3&'cV/- 220a/&ec'tZ' + lOGaJcW + lOG&'ciZ V+ 93a/ Jcrf* 
+ 93a/cye- 30aJe'cd' - 30J'ecV/- 9aJecZ'^ - 9Jecy- 38acy 

- 38&»cZy- 42a/c'd'+ 8ac'tZ V + 8JVeiy + 6acV*e + ^bc^dj 

+ 27&V - 8l5Vcd + 38&'eW'^+ 38J'eV+25JVcW"- 57i'ece?* 

-57JeVtZ+185WVl8cV+74Jec'ei'-24JcW*-24c'^tZ'e+8cV*. 

The value of the discriminant in general can be derived hencCi 
or else, as I originally obtained it, from the formula (Art. 220) 
for the resultant of two (]^uartics. We thus find 
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B = aT- 20a' f be - UOa^cd + 160 {a'fce'' + a*/ VflO 

-i: 360 {a'f(re + aYbc') - 640 (a'/rfe^ + a/Vc) + 256 (aV + V/*) 

- lOay'iV - 1640ay''ieci + 320 (ayje'c + af^Ved) 

- 1440ay' (i(i» + c'e) + 4080 (ay Je't? + afb'ed") 

- 1920 (a*ieV+ J*ec/*) + 2640ay"cV+4480 (a'/jW + afVccP) 

- 2560 (a'cV + J*dy') - 10080 (ayafe + afb<?d) 
+ 5760 (a»C(?6» + VcW) + 3456 (a»dy + a/ V) 

- 21 60 (a»d*e* + iV/') - 180a/&V - 14920a/6Vcrf 
+ 7200 {aV't^c + JVrff ) + 960a/(J''6(f + ieV) 

- 600 (aJV<? + bVcJ) + 28480a/Jec'd"-16000(aJeVc?+ J'eciT/) 

- 11520a/(icc?* + c^de) + 7200 (oJeW + &"ec'tZ/) 

+ 6400 {ac'i' + i'^y ) + 5120a/c»e? - 3200 (ocVcZ* + iVe?/) 

- 33755V + 9000JV<^ - 4000 (JV^ + JVc») + 20006Vc»(?. 
The discriminant may also be expressed as follows: Let 

u4 = ay - 34a/5e + leafed - 32ace' - ^ib^df - 12a€(? - 12 Jcy 

+ 2255 V - ^20becd + 480 ( Jd" + c\) - 320c*eP ; 

JB = 3ay » - 22a/Je - Uafcd + 64 {ace^ + Vdf) 

- 36 {aed" + Jcy) - 45JV + 20becd ; 

(7= aye + 2a/5c? - 9a Je' - 9a/c' + 32acrfe - 1 8ae? + 6JV 

-15J€c' + 105c<?, 

JD = 3a'(^- 2aV - dafbc + aJeeZ + 18ac'e - 12acd' + 65y 

-.155'ec+10J"ef ; 

and let C\ U be the ftmctions complemental to G and D (where 
all these functions vanish if three roots be equal), then three 
times the discriminant is 

^5+ 64(7(7' -642>iy. 

227. Quintics have also an invariant of the twelfth degree, 
which may be most simply defined as the discriminant of the 
canonizant. For the canonical form for which the canonizant 
is abcayzj this discriminant is - a*5V. And, in general, this 
discriminant is — Lj where the following is the value of L as 
calculated by M. Fait de Bruno. To save space in printmg we 
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omit the complementary terms. Thns {a^t^d^f) stands for 

L = oVrfy* - 2 ia*cWf') + (a*cV/') - 6 {a*c^ef) + 16(a*a?Vy) 
- 14 (a'afe'/) + 4 (aW) + 4 (aV/'j - 11 {a*d'e'f*)-HO{a'dVf) 

- 3 ■(o*d'e«) + iaVcdey - 2 (a'J'ccy) + 6 {a'Vd^ef) 

- 16 (a"6W/*) + 14 (a'JW/) - 4 (aW) 4 SOa'bc'(Pef' 

- 82 (a'Jc'efey) + 32 (a'JcV/) - 36 [a'lcd^f) + 30 [u'lc^ey) 
+ 30 {a'bcdJ'e*/) - 24 (a'Jc<fe') + 28 [a'h^ef*) - 50 (a'irf'c'/) 

+ 22 (a'Sd'e") + 16 (a'cV/) + iiaVO'f' + 50 {aVd'e'f) 

- 16 (oVcfey ) - 16 (a'cV) - 54 {a'c'd'ef') - 46 (aV<f e'/) 
+ 60 (oV<?e') + 6 (a'af/') + 70 (a'ctfe'/) - 56 (a'cdV) 

- 18 (a'<?V) + 1* {a'^e") + aVe*/* + lS2a'b'cde''f-50{a'bW/) 
+ 14 {fl*b'ffeY) - 60 (aVcPe*/) + 30 {a'b'de') - 168a'iVd'e'/' 
+ 48 {cfWcUy) + 4 (a'iW) + 48 {a'Fcd'ef) + 2 {a^VccH'^f) 

- 6 (a'6'c<?e») - 62 (o'J'iy') + 90 (aWd^eY) - 39 (a'iWV) 

- 112 (a'JcV/) - 82a'Jc'dV'+ 170 [a'bc'cPe'/) + 104 (a'JcW) 
+ 108 {a'be^d^f) + 42 (a'Jc'^ey)-298(a'ic'<fe*)-242 {a'bcdfef) 
+ 294 (a'J«ZV) + 72 (o'Jdy) - 78 {a'bcTe') + 164 (a'c'de'/) 

+ 24 (o'cV) - 63aV(/*/' - 394 (aV<f e'/ ) - 194 (aVd'e*) 
+ 324 (aV<f e/) + 440 {aVd'e') - 78 (oVrfy) - 428 (aVi'e') 
+ 180 {d'ccPe) - 27 (o'tZ^") + 18aJV/- 38ab*cde*/+ 36 (aJV) 
+ 204 {ab^^e'f) - 102 (aJ^d'e") - 308 {abVcle') - i2ai'o'd^ey 

- 674 {aVcdVf) + 690 (a&'afe*) + 128 (a&'cfe/) - 138 {ab'dV) 
+ 4 (aiW) + 652 {abVd'e*) + 7UabVcPe'f+ 498 {abVcPef) 

- 1246 {abVd'e") - 224 (aJ'cc?/) + 516 [aVccP^) - 48 (oJ'tfe) 
- 136 (aJc*<fe*) - lOlSahc^d'ef- 206 {abc*cP^) + 342 {abc'dy) 
+ 804 {cdHi'd'e") - 506 (aJc'd'e) + 90 (aJa?) - 16 (acV) 
+ 220 {ac»<f e') - 106ac''d»/- 392 (ac''rf'c')+222(ac*d»e) - 40(ac'<f) 

- 275V + 234J''ccfe'' - 32 {b'cPe") - llSbVd'e* + 246 (5WV) 

- 4 (6'<f e') + 866JVd»e' - 550 {J'cV e') + 56 (b'cd'e) + 4 (J't?) 

- 1396We' + 354 (6V<f e) - 83 (JVd*) - SSOJc'd* e 
+ 72 (JcV) - 16c«£P. 
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On inspecting this invariant it will be seen that it Tanishes if 
&, c, d all vanish. Consequently the form a^ + bexy^ -^-fy^^ to 
which Mr. Jerrard has shown that the quintic can be brought 
by a non-linear transformation, is one to which no quintic can 
be brought by linear substitution unless i/ = 0. 

228. We take J, JT, L as the fundamental invariants of the 
quintic, and we proceed to show how all its other invariants can 
be expressed in terms of these. In the first place, it will be 
observed that the interchange in the canonical form either of x 
and y, or of x and z^ is a linear transformation whose modulus 
is — 1. Hence, if any invariant is such that when transformed 
it is multiplied by an even power of the modulus of transfor- 
mation, it must, for the canonical form, be unaltered by any 
interchange of a^h^c] that is to say, it must be a symmetric 
function of these quantities. If the invariant is multiplied by an 
odd power of the modulus, it must be such as to change sign when 
any two of the quantities a, &, c are interchanged; it must 
therefore be of the form (a — J) (J — c) (c — a) multiplied by a 
symmetric function of a, 5, c. Now an invariant is in trans- 
formation multiplied by a power of the modulus equal to its 
weight. And (Art. 143) the weight of an invariant of the 
quintic, whose order is n^ is |n. A quintic cannot have an 
invariant of odd order in the coefficients. If the order is a 
multiple of 4, the weight is an even nnmber, and the sign of the 
invariant is unaltered by the interchange of x and y. If the 
order be not divisible by 4, the invariant is what we have called 
skew^ that is to say, such as to change sign when x and y are 
interchanged. Let us first examine the former kind, which we 
have seen must, for the canonical form, be symmetric functions 
of a, 6, c. Now, since e7'=(Jc + ca+ aJ)'— 4aJc(a + i + c), 
K = a*5V (Jc -\-ca-\-db\ L = aVc^j (from which we infer 
fl'=i(X»-Ji) = aWc'(a + J + c),*) it follows that if we are 



* The reader must be careful to observe that though, in the case of the canonical 
form, a^b^c^ [a + b + c), for example, is divisible by o*i*c*, we have no right to infer 
that in general H is divisible by L, unless in cases where the quotient abc {a + b -i-e) 
has been also proved to be an invariant. 
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given any qnlnticy and transform it to the canonical form by 
a substitution whose modulus is unity, the numerical values of 
the new a, 5, c are given by the cubic 

Now the order of any symmetrical function of a, J, c wUl be 
equal to its weight in the coefficients of this cubic, and when 
this weight is a multiple of 4, it is easy to see that the symmetric 
function is a rational ftmction of /, Kj L. 

Being given, therefore, any invariant whose order in the 
coefficients is a multiple of 4, it has been proved that we can 
write down a rational function of V, K^ Zr, which, for the 
canonical form, shall have the same value as this invariant, 
and therefore be always identical with it. And since it would 
be manifestly absurd to suppose an integral function of the 
coefficients to be equal to an irreducible fraction, it follows that 
every non-skew invariant is an integral function of /, JT, L. 

K we make the first three coefficients a, i, c each equal 0, 
c7^ jST, L all vanish. Hence when three roots of a quintic are 
all equal, these three invariants vanish.* If we make a, i, e^f 
all equal 0, e/ becomes — 32c*ti*, audi, — 16cV, and therefore 
•T* — 2048i vanishes. Quintics therefore which have two pairs 
of equal roots must not only have the discriminant =sO| but 
also J' = 2048i. 

229. The simplest skew invariant is got by forming the 
resultant of the quintic ax^-^hy^ + cz^^ and its canonizant abcxyz. 
Substituting successively the three roots of the canonizant in 
the quintic, and multiplying together, we get for the resultant 
€^V<? {b — c)[c"'a){a''h). This invariant, therefore, is of the 
eighteenth order. Previous to its discovery by M. Hermite,t 

* In general all the inyariants of a qnantic vanish, if more than \n of its roots be 
all equal. For when half the coefficients, counting from one end, simultaneously vanish, 
no term of the proper weight (Art. 143) can be made with the remaining coefficients. 

t See Cambridge and Dublin Mathematical Journal^ vol. IX. p. 172. M. Hermite works 

with a new canonical form, the x and y of which are the two factors of the quadratic 

covariant. The quintic then is supposed to be such that ae — 4bd+ 3c*, bf^4ee + Sd^ 

both vanish, and the quadratic covariant reduces to xy. The advantage of this is that 

d^ 
the operating symbol thence derived is simply , . , and some of the covariants 

- HH 



234 HIGHER BINARY QUAMTIGS. 

the possibility of the existence of skew inyariants had not been 
recognised. I took the trouble to calculate tins invariant, and 
the result is printed [Philosophical Transactional 1858, p. 455*), 
but as it consists of nearly nine hundred terms I cannot afford 
room for it here. The leading terms are aWy* — o^d'f'' ; in this, 
as in every skew invariant, the complementary terms having 
opposite signs, and the symmetrical terms vanishing. More- 
over if the alternate terms in any equation be wanting every 
skew invariant vanishes. For in this case the weight of each 
coeiGcient is even, but the weight of any skew invariant is an odd 
number. Thus /vanishes if i, J, y vanish ; that is to say, if the 
quintic can be reduced to the form x {a? — a*) (oj* — /8*), in other 
words, if we consider the quintic as denoting five points on a 
right line, the vanishing of / is the condition that one of these 
points should be a self-conjugate point of the involution deter- 
mined by the other four. 

By the argument used, it is proved that every skew in- 
variant of a quintic must be the product of this invariant / by 
a rational function of J^ Kj L, 

230. The square of / being of the thirty-sixth degree can 
be expressed rationally in terms of /, Kj L (Art. 228). The 
actual expression is easily found. 

By forming the discriminant of the cubic (Art. 228) 

we obtain the product of the squares of the differences of a, J, e 
in terms of /, -ff, i, and thus have 

or putting for H its value J {K* — e/Z), and dividing by X, 
we have 

16P = JK' 4 SLK' - 2J'LK* - 12JKU - 432i» + .TU. 

In the last equation of Art. 222 when we make J5=0 for 
two quartics derived from a quinti^ we find by the same article 

obtained by thus differentiating assume a very simple form. Notwithstanding, I 
liave preferred using Sylvester's canonical form, which I find much more convenient. 
♦ Where the coefficient of l^'cfe^f should have been printed 12500. 
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E^D and by Art. 220 /+(7=0; whence If' becomes the 
function written here. 

231. We come now to the covarlants. We have akeady 
(Art. 224) mentioned the quadratic covariant 8 and the cubic 
covariant 71 Considering this system of a cubic and quadratic, 
we have (Art. 198) a series of covariants which give com- 
pletely all the covariants of the quintic which are not higher 
than the third order in the variables. The five invariants of 
Art. 198 reduce to four /, K^ i, I already mentioned, the 
discriminant of the cubic, and the resultant of cubic and 
quadratic, both reducing to L. The four linear covariants 
of the system of cubic and quadratic give four linear covariants 
of the quintic, of the orders 5, 7, 11, 13, which for the canonical 
form are respectively 

ahc {Jbcx + cay + ahz) , 
abc {(JV+ a^lc) (y - is) + (cV+ Vac) [t-x)^ (aV+ c^ah) (a: - y)}, 
a'JV {ic (y - «) + ca (0 - a?) + ah [x - y)}, 
a*J V [ax '{■hy-\-cz]. 
These are the only distinct linear covariants of the quintic. 
If we eliminate either between the first and last of these, or 
between the second and third, or between the first of them 
and the canonizant, we get Hermite's 7; and if between the 
first linear covariant and the quintic itself we get /(/"— SJE"). 
Thus, then, if I vanish, or if J" = 3^, the quintic is immedi- 
ately soluble, one of the roots being given by that linear 
covariant. Hermite has studied the quintic by transforming 
the equation, so as to take the first two linear covariants for 
X and y, when all the coefficients in the transformed equation 
are found to be invariants. The transformation becomes impos- 
sible when the two linear covariants are identical, which will 
be when their resultant JK-\- dL vanishes. 

The system of cubic and quadratic have (Art. 198) three 
quadratic covariants, viz. in addition to S itself, the Hessian 
of r or a*5V [a? + y^ + «*), and the Jacobian of this and 8^ or 

a'JV [bcx {t/'-z)+cay{z'-x)+ abz {x - y)}. 
These are the only distinct quadratic covariants of the quintic. 
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Jaeobtaa of 5 aad T^ 

TWie ire die oalj cafaie eflrvanaota of tibe qiiiiiti& We hare 
iMyvr eaauented t&arttta ferma, iriiofle order in die Tsriablea 
in SMt bif^ker diaii die diird; aii£zig to tiieae tbe qamtic and 
ito Heisiao, tiiere are atill xren forms to be mcntiooed. If 
we operate with 5 upon Hj we get a qnartic of the fourth 
€ffier m the coeffieieiita, which onlj diffiera by a multiple <^ 
tbe tcpiare cif ^ from dhc{ast ^h^ -^ a^. 

A wtctmA qoartie eorariant ii the Jaoobian <tf this and 8^ or 

Theie are tbe only two qnartic coTarianta. We haye a quintic 
eorariant by taking the Jacobian of B and Uj vis. 

A second qnintic covariant id found bj taking the Jacobian of 
U and the quadratic covariaot a*JV (a:" + y* + «*). This gi^ea 

a*JV {oaj* (y- 0) + iy* («- a;) + C2* (a? -y)}. 

Of sextic forms there only is, in addition to the Hessian, the 
Jacobian of 8 and E^ or 

abc [aoif (y - «) + Jy* (« - a;) + C2* (a? - y)}. 

Thoro is one soptic form, viz. the Jacobian of U and the 
simplest quartic covariant, or 

ahc {Joy*«' (y - «) + caz^x^ («-») + ataj'y' (a: — y)}. 

And lastly, one nonic, namely, the Jacobian of 27 and J?, or 

a'toy - a'oaj V + JVy V - Vay'x^ + c^az'a? - c' tey 

+ oJca;'yV(y — «)(« — «) (a; — y). 

232. The forms might also have been arranged, as 
l^rof. Cay ley has done, according to their order in the coeffi- 
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tdents. We g^ve here^ in his order, the leading terms of 
the less complicated. 

(1) ti, Qointic, a. 

(2) iS, Qaadratic, oe-^Li^+Sc'. 

(3) JH; Sextic, ac - y. 

(4) T, Cubic, ace - orf" - J*6 + 2bcd - c\ 

(5) Quintic, a/- babe + 2acd + SVd - 66c". 

(6) Nonic,ay-3.aJc+2&'. 

(7) Invariant / already given ; fourth degree in coeiGcients. 

(8) Quartic, a* (c" -d/) + a [ibcf- ibde - 4c*c + 4crf*) 

+ bh^ce + 2 J»£f - 26y- 8icV + 3c\ 

This differs by the square of 8 from the corresponding quartic 
covariant, Art. 231 ; and is 12" of Tand u. 

(9) Sextic, a* (c/*- de) - db^f - 2aJcc + 4a5cP - acV + 3 J'c 

- 66*cd + 3 Jc". 

(10) Linear, a" (c/^ - Uef^ c') + a (- jy - 4Jce/+ 86^7) 

+ a (- 26&"- 2c"£^+ 14cV) + a(- 22cd"c + 9d*)+ 66 V" ^ 26"c^ 
~ 156'ce" + lOytfc + 66cy + 30Jc'(3fe - 206cd' - 15c*c + 10c"cP. 

(11) Cubic, a" (ce/*- 3cfy + 2(fe«) + a(- JV+ 146c^- lUce") 
+ a (-i£fe-9cy+ 14c"&- 6cd') - 86'^^+ 96V+ 66'cy- V^Vcdt 
+ 86"^' + 3Jc'e - 26c*i». This is the Jacobian of 8 and T. 

(12) Septic, a' (2cy- 5c(?e + 3(?') + a (- 4JV+ 56"<fe + bhc^) 

+ a (- 760? + c"e?) + 26y- 56»ce - 26'tfH- 86Vi- 36c*. 

(13) Quadratic, a" (- c"/ " + Safe/"- 3ce' - 3^^+ 2ef e') 
+ a (26V* - 56"de/+ 36V -- 56cV+ 76cdy ) 

+ a (- 6cde« - 6d'e - c'^+ 6cV - 8c"<f e + 3cc?) 

- 6y " + 56 V+ 26^'/- 36»de" - 86*c"^- 46Vc« + iVcS^e 
^Vd^ + 36cy+ 56c'(fe - 46c"i» - 3c*e + 2c'd\ 

(14) Quartic, a» (- (^+ e^) + a" (36c/"+ ^hdef- 56e'- 8cV) 
+ a' (2cdy+ 12c^'-6d»e)+a(-26y"-26"ce/-66''c?/fl36"de") 

+ a (206c"^+ 46cV - 526crf" e + 246d* - 9cy+ 20c'rfe - lOc^cf) 
+ 66V- ^'^V'cdf- 156'ce" + 106'cf c + 66V/+ 306Vde 

- 206"^? - 156c*c + 106c'^. 
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(15) Linear, a» (c/"» - 4d^/« + Se"/) + a" (- jy» - Sbce/^ 
+ a» (1 6My * + 4 Wey- 1 5 Je* - 6cW/' + ^V/- 22cd V) 
+ a« (26ctfe' + 9^*/- 12rf V) + a (7 J V - 30J«a^« + bW/) 
+ a (- lAb'dY-^ 84:J'(fc» + 18Jcy* + IGOJc^efe/"- 98JcV) 

4- a (- 20icJy- 94Jci V + 5l6c?*e - 81cV+ 18c"e?y+ 140c'^») 
+ a (- lOOc'i'e 4 IScd') + 86*d/'* - ISbV/-- 6JV/* + 326»cd;3/ 
+ 456'ce' + lUb'dy- 1506W - GJVc/-. 2846Ve?y+ 506Vde« 
+ 320JWe - 120JV* + 2166c*^- 156cV- 3106c"d'e + 130&c*^* 

- 54cy-f OOd'de - AOc*d\ 

(16) Quintic, a»(c(i/"«-2cey+2rfV-^0+«"(-i"^'+2&'ey) 
+ a" (- 3icy" - Qbcde/+ Ubce^ - 86rfy+ 2MV) 

+ a' (16cV- 2c"rfy- 38cWe' + 34cd'e - 9rf*) 
+ a (56V" + 26^6/- 126V - 24JVe/+ 526W/+ 7 J'cefe") 
+ a (- 22b''d'€ - 52bc'd/+ 34JcV + 8JcV*e - Jcrf* + 18cy ) 
+ a (- 25c*tfe + lOc'd') - 2by* + lOb'cef- 2Sb*dy+ SOb'de* 
+ 32bVd/'^ Sbb'cV - bOb'cd'e + 306'i* - 126V/+ 706Vtfe 

- 40J W - 1 5 Jc'^e + lOJcV". 

(17) Invariant JT already given, 8*^ degree in coefficients. 

(18) Quadratic, 8^ degree in coefficients. 

(19) Cubic, 9*^ degree in coefficients. 

(20) Linear, 11*^ in coefficients. 

(21) Invariant L already given, 12"^ degree in coefficients. 

(22) Linear, 13*^ in coefficients. 

(23) Invariant /, 18^ in coefficients. 

For (18), (19), (20), (22) we refer to Prof. Cayley's Ninth 
Memoir on Quantics, Phil, Trans.y 1871, p. 17. 

• 

233. Prof. Cayley* has been led to consider in the theory 
of the quintic a new canonical form, which is obtained as 
follows : Taking for convenience the quintic to be 

(a, b, c, d, e, f Ja;, y)", 



I 



* It has been already mentioned (p. 134) that the method of dlBcossing coyariants 
by means of their leading terms or sources waa introduced by Prof. M. Roberta 
See Quarterly Jownalf vol. lY. 
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using small Roman letters for the coefficients, suppose in the 
first instance that a, hy Cj d^ 6, f denote the leading coefficients 
of the first six covariants of Art. 232 respectively, thus 

o = a, « = ac-b«, e=ra2f-6abe + 2acd+8b2a-6bc*y 

* = ae - 4bd + 3c«, rf = ace-ad«-b«e- c»+ 2bcd, /= a«d - 3abc + 2b», 

■where — y' = a'(a£i— ic)+4c* identically, so that any rational 
and integral function containing f can always be expressed as 
a function linear in regard to f. This being so, we have the 
function 

- (a, b, c, d, e, f )(a? - by, ay)» = a:» + 10a»y2 (ac - b*) + Wa?y* (aM - 3abc + 2b*) 

+ 6ajy* (a»e - 4an)d + 6ab«c - 3b*) + y» (a*f - hufbe + 10an)2d - 10ab»c + 4b»), 

and forming the values of d^b — 3c' and cfe - 20/*, this is found 

to be 

= (1,0, c,/, a*J - 3c«, a'e - 2cf\x, y)\ 

The last-mentioned function, considering therein a, 5, c, e^f as 
denoting not the leading coefficients, but the covariants them- 
selves, and (a;, y) as variables distinct from those of the quintic 
and its covariants, is the canonical form in question. Using 
in like manner d to stand for the covariant, we have between 
the covariants a, &, c, eZ, e,y the foregoing identical equation 

which is to be used to reduce functions of the covariants so as to 
render them linear in regard to/. 

234. Criteria for the reality of roots of quintics. It ought 
to have been stated earlier that the sign of the discriminant 
of any quantic enables us at once to determine whether it 
has an even or odd number of pairs of imaginary roots. 
Imagine the quantic resolved into its real quadratic factors, 
then (Art. 110) the discriminant of the quantic is equal to 
the product of the discriminants of all the quadratics, multiplied 
by the square of the product of the resultants of every pair 
of factors. These resultants are all real, and their squares 
positive ; therefore, in considering the sign of the discriminant, 
we need only attend to the discriminants of the quadratic factors. 
But the square of the difference of the roots of a quadratic is 
positive when the roots are real, and negative when they are 
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imagmaiy. It follows then that the product of the squares of 
the differences of the roots of any quantic is positiye when it 
has an even number of pairs of imaginary roots, and negative 
when it has an odd number. We have been accustomed to 
write the discriminant giving the positive sign to the term 
which is a power of the product of the two extreme coefficients. 
This will have the same sign as the product of the squares of 
differences of the roots when the order of the quantic is of the 
form 4:171 or 4wi + l| and the opposite sign when the order is 
of the form 4wi + 2 or 4m + 3. We see then, in the case of 
the quintic, that if the discriminant be positive, there will be 
either four imaginary roots or none; and if the discriminant 
be negative, there will be two imaginary roots. It remains 
then further to distinguish the cases when all the roots are 
real, and where only one is so. 

235. In order to discriminate between these remaining cases, 
there are various ways in which we may proceed. The fol- 
lowing* are, in their simplest forms, the criteria famished by 
Sturm's theorem. Let J be the quartic invariant as before, and 

if = aV - a^df+ Zahcf- Sabde + 4acrf* - 4ac'e - 2 jy 

+ 5 J'c6 + 2 J'^» - She'd + 3c*, 

then the leading terms in the Sturmian functions are proportional 
to a, a, Hj 5H8+daT, ^EJ+l2SM+4:8''-2UT% the last 
of course being the discriminant ; and the conditions furnished 
by Sturm's theorem to discriminate the cases of four and no 
imaginary roots, are that when all the roots are real the three 
quantities -H, 5H8+ 9a T, - EJ^ &c. must all be positive. 



♦ These values are given by Mr. M. Roberts, Quarterly Journal, vol. iv. p. 176. 
The reader who may use Prof. Cayley's tables of Sturmian functions (Philosophical 
Transactions, vol. OXLVII. p. 735) must be cautioned- that the fourth and fifth 
functions are there given with wrong signs. 

M is already written as (8) in Art. 232, and is connected with D in Art. 226 
by the equation D = S^ — SM. In fact the expression for the discriminant E there 
given is 9R = 25 J* - 192 (D^D^ - 42), Z), + SD^*), where the covariant whose source 
is 2) is written D^*+4DiX^y+&c., and D=Do, C= 2Di, 85 + ^ = - 107, 3B-A = 4^D^ 
C=2i>3, i>' = A. 
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236. We may apply these conditions to the canonical form 

(c - a) a?" + 5ca:*y + lOcojy + lOcajy 4 hcxy" + (c - 6) y*,. 

in which case the equality of all but two of the coefficients 
renders the direct calculation also easy. We easily find then 
that the constants are c — a, c— a^ aCj — aV ; and the fourth 
being essentially negative, we need not proceed further, and we 
learn that the equation just written has always imaginary roots. 
We find then that when the invariant X of a quintic is positive, 
the roots of the equation cannot be all real. For L being, with 
sign changed, the discriminant of the canonizant, when L is 
positive, the roots of the canonizant are all real, and the quintic 
can be brought to the canonical form by a real transformation. 

When L is negative, two factors of the canonizant are 
imaginary, and the canonical form is 

a{-2x)' + {c-d V(- 1)} {x+y V(- 1 )}• 

+ {c+rfV(-i)H«-yV(-i)}', 

which, expanded, is 

df/ + 5cy*a? - lOdi/'x* - lOc^V + 5dyx* + (c - 1 6a) a;*. 

Writing for brevity c*'\-d^ = r', I find for this form the Sturmian 
constants to be d^ J, r', r*, r" (- 4a''62* + 20acr' + 5/), and it 
would seem that the discriminant being positive, the roots are 
all real if d and - 4,a*d* + 20acr* + 5r* are both positive.* 

237. In practice the criteriaf furnished by Sturm's theorem 
are more convenient than any other, because the functions to 
be calculated are of lower order in the coefficients. It is, how- 
ever, theoretically desirable to express these criteria in terms of 
the invariants, and this is what has been efiected by different 



* I give this re»alt, though suspecting its accuracy, because it seems to me to 
disagree with the theory derived from the other methods. 

t It may be noticed that thei-e is no difficulty in writing down a multitude of 
criteria which miffht indicate the existence of imaginary roots; for any symmetric 
function of squares of differences of roots £ (a — /3)^, &c. must be positive if all 
the roots are real. We can without difficulty write down such functions which are 
also invariants ; and which, if negative, show that the equation has imaginary roots. 
But then these may also be positive when the roots are imaginary, and the problen^ 
is to find some criterion or system of criteria, some one of which must fail to be 
satiafied when the roots are not aU real. 

II 
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methods by Hermite and by Sylvester. We proceed briefly 
to explain the principles of Sylvester's method, which is 
highly ingenious. We have seen already that when the 
invariants eT, K^ L are given, then a, 6, e of the canonical 
form may be determined by a cubic equation ; and we can infer 
that to every given system of values of e/, K^ L will correspond 
some quintic. But to every system of values of J, K^ L will 
not correspond a real quintic. In fact, we have seen, Art. 230, 
that the /, JT, L of every quintic with real coefficients, are such 
that the quantity Q is essentially positive, where O is 

For G has been shown to be the perfect square of a real 
function of the coefficients of the general quintic, viz. a'(iy'+&c., 
this being the eliminant of the quintic and its canonizant, and 
therefore necessarily real. We may in the above substitute for 
^its value in the discriminant from the equation eT"*— 128^= 2>, 
and so write (7, 

c/Z>* - 4 [J"" + 2«ii) B" + (6 J' - 2^-2'^ii) J^B" 

- 4 (J* - 61.2V'*i - 9.2'^i'') JD+ir-- 2''Ly (/»- 27.2'^i:). 

If now, to assist our conceptions, we take e7, 2>, L for the 
coordinates* of a point in space, then G=0 represents a surface; 
and points on one side of it, making G positive, answer to real 
quintics, while points on the other side, making G negativef, 
answer to quintics with imaginary coefficients. 

238. Now, in the next place, we say that if the coefficients 
in an equation be made to vary continuously, the passage from 
real to imaginary roots must take place through equal roots. 
For, let any quantic <l>{x) become by a small change of 
coefficients {x) +s^ (a:), where e is infinitesimal, and let a be 
a real root of the first, a + A a root of the second ; then we 



i 



* Sylvester takes L in the usual dii*eetioii otx^Joiifi^ aad D of z. 

t Points for which G = answer to real quintics^ and ib. is easy to see that in 
this case the equation admits of linear transformation to the reetsTFiii^ icynn. For we 
have proved that when G = two of the Goeflficients of the canonical Iwxa ase. equaL 
The equation is therefore of the form ax^ + at/^ + 6 (a; 4- y)* = 0. 
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nave ^ (a + A) + e^ (a) = ; whence, since <}> (a) = 0, we have 
A<^ (a) + s^ (a) = 0, which gives a real value for h. The con- 
secutive root a + A is therefore also real. But if <^' (a) vanishes 
as well as ^ (a), the lowest term in the expansion of ^ (a4- A) 
will be A*, and the value of h may possibly be imaginary. 
When, therefore, the original quantic has equal roots, the cor- 
responding roots of the consecutive quantic may be imaginary. 

It follows then, that if we represent systems of values of 
Jy Dj L by points in space, in the manner indicated in the last 
article, two points will correspond to quintics having the same 
number of real roots, provided that we can pass from one to 
the other without crossing either the plane D or the surface O. 
If points lie on opposite sides of the plane i), we evidently 
cannot pass from one to the other without having, at an inter- 
vening point, i? = 0, at which point a change in the character 
of the roots might take place. If two points, both fulfilling 
the condition G positive, be. separated by sheets of the surface 
Oy we can not pass continuously from one of the corresponding 
quintics to the other; because when on crossing the surface 
we have O negative, the corresponding quintic has imaginary 
coeiGcients. But when two points are not separated in one of 
these ways, we can pass continuously from one to the other, 
without the occurrence of any change in the character of the 
corresponding quintics. 

Now Sylvester's method consists in shewing, by a dis- 
cussion of the surface O^ that all points fulfilling the condition 
G positive, which he C2X\% facultative points, may be distributed 
in three blocks separated from each other either by the plane 
D or the surface O, And since there may evidently be 
qaintics of three kinds, viz. having four, two, or no imaginary 
roots, the points in the three blocks must correspond respectively 
to these three classes. I have not space for the elaborate 
investigation of the surface 6?, by which Sylvester establishes 
this; but the following is sufficient to enable the reader to 
convince himself of the truth of his conclusions. 

239. One of the three blocks we may dispose of at once, 
vis. points on the negative side of the plane J?, which we have 
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seen (Art. 234) correspond to qnintics having two imaginary 
roots. Next with regard to points for which D is positive. 
We have seen, in the last article, that a change in the character 
of the roots takes place only when 2> = 0; our attention is 
therefore directed to the section of O by the plane 2>. We see 
at once, by making D^O \n the valne of O (Art. 237), that 
the remainder has a square factor, and consequently that the 
surface O touches D along the curve J^^2^^L^ and cuts it 
along J" — 27 .2*®ii. Now, if a surface merely cut a plane, the 
line of section is no line of separation between points on the 
same side of the surface. If, for example, we put a cup on a 
table, there is free communication between all the points inside 
the cup and between all those outside it. But if a plane touch 
a surface, as, for instance, if we place a cylinder on a table, 
then while there is still free communication between the points 
inside the cylinder, the line of contact acts as a boundary line, 
cutting off communication as far as it extends, between points 
outside the cylinder on each side of the boundary. 

Now Sylvester's assertion is, that if we take the negative 
quadrant, viz. that for which both J and L are negative, and 
if we draw in the plane of xy the curve J* — 2"ii, then all 
facultative points in that quadrant, lying above the space in- 
cluded between the curve and the axis i^ = 0, form a block 
completely separated from the rest, and correspond to the case 
of five real roots. 

240. In order to see the character of the surface, I form the 
discriminant of O considered as a function of iT, which I find 
to be — V (/' + 27i)'. Consequently, when both J and L are 
negative, the discriminant is negative, and the equation in JThas 
only two real roots. To every system of values, therefore, (rf 
/ and L correspond two values of K^ and consequently two 
values of D and the surface is one of two sheets. Now I say 
that it is the space between these sheets for which O is positive. 
In fact, since O is e7J0* + &c., it may be resolved into its factors 
J [D - a)(D — P){{D — yY + S*} ; and since J is supposed to be 
negative in the space under consideration, D must evidently be 
intermediate between a and jS in order that O should be positive. 
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Now the last term of the equation being {J'^-I^^Ly (J'-27.2'^ii), 
if /' be nearly equal to 2'^Zry will be of opposite sign to Z, or 
in the present case will be positive. And the coefficient of L^ 
being negative, we see that on both sides of the line J^ = 2"i 
the values of D are, one positive and the other negative, that 
is to say, the two sheets of the surface are one above and the 
other below the plane D, But I say it is the upper sheet which 
touches D along J* — 2"i/. This may be seen immediately by 
looking at the sign of the penultimate term in the equation 
for D, by which we see that when the last term vanishes, the 
two roots are and negative. The theory then already ex- 
pliuned shows that the curve J^ = 2"i/ acts as a boundary line 
catting off communication in that direction between facultative 
points on the upper side of D. But, again, communication in 
the other direction is cut off by the plane X = 0. For when 
we make L positive, the discriminant becomes positive, and the 
equation in D has either four real or four imaginary roots. 
But the first Sturmian constant is proportional to L {J* + 12Z), 
which, when / is negative, and L positive and small, is negative. 
Immediately beyond the plane X, therefore, the equation to 
determine D has four imaginary roots, or the surface does not 
exist. The facultative points, therefore, lying as they do mthtn 
the surface or between its sheets, are cut off by the plane Z, 
on which the sheets unite, irom communication with points 
beyond it. Thus the isolation of the block under consideration 
has been proved. 

I need not enter into equal detail to prove that all other 
facultative points have free communication inter ae. The line of 
contact i^^L — J' is no line of separation in the quadrant where 
J and, L are both positive. For then it is seen, as before, that 
it is the points outside the two sheets which are facultative, and 
not the points between the surface and touching plane. 

The result of this investigation is, that in order to have all 
the roots real, we must have the quantity 2"j& — /" positive,* 



* Sylvester has inadyertently stated his condition to be that 2>iL — /* ib 
negative. It is easy to see, however, that what he has proved is, that this quantity 
must be positive. For the block which he has described lies on the side of the carve 
V^h-J^ next to the axis L = 0. Bnt when Z is and J negative, 2"Ir-i/'' is positive. 
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and L negative, which also infers J negative. If either con* 
dition fails, our roots are imaginary. It is supposed that in both 
cases D is positive. 

241. We have seen that the cylinder parallel to the axis 
of ^ and standing on the curve 2"i/ — e/' does not meet O above 
the plane D ; the two values of z being one 0, the other nega- 
tive. Any other surface then standing on the same curve and 
not meeting O would serve equally well as a wall of separation 
between the two classes of facultative points. For, all the 
points between the cylinder and this surface would be non- 
facultative, and therefore irrelevant to the question. Sylvester 
has thus seen that we may substitute for the criterion 2"i — e/*, 
2"2/ — /^ + /iJZ>, provided that the second represent a surface 
not meeting O above the plane D. And on investigating 
within what limits li, must be taken, in order to fulfil this 
condition, he finds that fi may be any number between 1 
and — 2. 

He avails himself of this to give criteria expressed as sym- 
metrical functions of the roots. In the first place 

S(a-/3)''(/3-7)'{7-a)»(8-e)* 

is an invariant (Art. 136), and being of the same order and 
weight as / can only differ from it by a numerical factor, 
which factor must be negative, since this function is essentially 
positive ; and / we have seen is essentially negative when the 
roots are all real. And secondly, the symmetric function 

2 (a-/3)«(/S-7)» (7-a)« (e -a)* [^-^f[t-i)\h-a)\h- /S)* (S-y)*, 

(the relation of which to the other may be seen by writing it 
in the form i)^S (a - iSp (/3 - 7)"^ (7 - a)"^ (S - s)"*, where D is 
the discriminant), is also an invariant, and of the twelfth order. 
It must therefore be of the form aJ^^ l3JD+yL, Now, by 
using the quintic* x [x^ — a") (a;* — 5*), the symmetric function 

* It was observed, Art. 229, that the characteristic of this form Is that Hehnite'^ 
invariant / vanishes, hence it may be safely used in calculating any invariant function 
whose order is divisible by 4 and is below 36, since such forms cannot contain /, but 
though this form may be safely used in this case, it cannot always be safely used. 
, For when a linear factor of a quintic is also a factor in the sextic covariant of tho 
remaining qoartic, a relation must exist between the invariants. 
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may easily be calculated and identified with the invariants ; and 
the result is that its value is proportional to 2"jL — e/' + |«^A 
Since then the numerical multiplier of JD is within the pre- 
scribed limits, it may be used as a criterion, and Prof. Sylvester*s 
result is, that the two symmetrical functions mentioned are such 
that not only are both positive, as is evident, if the roots are 
all real, but also if both are positive, and D positive, the roots 
mtist be all real. It ought to be possible to verify this directly 
by examining the form of these functions in the case of an 
equation with four imaginary roots. 

242. I have also tried to verify these results by examining 
the invariants of the product of a linear factor and a quartic, 
(aix-\-Py){x^^^ma?y*-\-y*)\ these being necessarily covariants 
of the quartic (Art. 201). The coefficients of the quintic are 
then 5a, ^9, SiTza, Stti^, a, 5^ ; and I find for the / of the quintic^ 
48 (SiSff- arc/), or 48 times 

(5m + 27m') (a* + ^) + (8 - 18m' - 54m*) a'/S*. 
Now the roots of the quartic are all real when m is negative, 
and when 9m' is greater than 1. On inspection of the value 
given for /, we see that when m is negative every term but 
one is negative. Giving then m its smallest negative value — ^y 
J is negative, viz. - 144 (a* — /8*)* ; and J \^ d fortiori negative 
for every greater negative value of m. Or we may see the 
same thing by supposing ^8 = 0, when we have only to look at 
the coefficient of the highest power of a in SSH—BTU^ which 
is - 8 {V — ac) iff - 3 Ta, But now if we call the three Sturmian 
constants Aj J?, (7, viz. 

^ = 6*-ac, B = 2SA-\'STa, C=8'-27T% 
the value given for J becomes —QAS—B^ which is essentially 
negative when the roots are all real. 

The invariant Lj according to my calculation, is 
54 {SSH'-dTUf - 6400 {8^ - 27 T') [4.H^ •-SEU^+ TU') 
+ 150 {8'^27/r) U\S8H+ IbTU) - A050 U^ 8' {2 8H-- 3 TU)y 

whence 2"ii — J^ differs only by a positive constant multiplier 
from 

-128(/ff'-27r») {4.H'-3SHU''+TV') 

+ 3{8'^27T')U'{SSH+16TU)^S1U'S'{28E''3TU\. 
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Writing = a^d-Babc + ib*f the coefficient of the highest 
power of a in this is 

128(7^ + SWS* + 45a»C5- bia^CSA. 
All the terms of this but one are positive when the roots are 
all real, but as there is one negative term, is it not obvious, on 
the face of the formula, that the whole will be positive when 
the roota are all real. Still less that if this formula be positive 
and J negative, the roots are necessarily all real. Therefore, 
although no doubt Prof. Sylvester's rule may be tested by the 
process here indicated, to do so requires a closer examination of 
this formula than I am able to give.* 

243. Prof. Cayley in his Eighth Memoir on Qnantics 
{Fhtl. Trans. 1867), proceeded by a method a little different 
from that described above. Adopting as coordinates 

2"i - J* D , 

then from the foregoing equation 

167" = JJSr* + %LK^ - ^rLK"" ^12JUK^ 432i» + J^X«, 

where, K^ -^^^ {tP~ D)^ we deduce without much difficulty 

p 
2.2" js = - 3x' - a* + y (72a:» + 205aj + 125) + ^ (- 29« - 17) 

+ y' (-« - 9) + y*.2 = <l> (a;, y) suppose ; 

I* 
or, since « = «/, we have z4> (a?, y) = 2 . 2"* y-g = positive, 

and the surface G=^0 may be replaced by z<l> {xj y] = ; that Is, 
by the plane = and the cylinder ^ (a?, y) = 0. The configura- 
tion of the regions into which space is divided by this surface 
depends only on the form of the curve ff> (a, y) == (Prof. 
Sylvester's " Bicorn "), which is the section of the cylinder by 
the plane is = 0, and the discussion as to the reality of the roots 
may be then effected by means of the plane curve alone ; the 
results, of course, agree with those obtained above. 



I 



* The verification, however, is easy in the particular case x{ac)^ + Gmsc^ + y*). 
We have then /= 48m (5 + 27m«), L = 12m (5 - 9to«)* j 2"Z» - J* proportional to 
i» (1 - 9w2) (60 + 46m« + 648m* + 729m«). Thus, when m is negative, and 9m« > 1, 
we have / and L negative and 2"L — J' positive. The latter is positive for imaginary 
roots only when m is positive, but in this case J is positive. The imaginary roots 
musti, therefore, be detected by one criterion or other. 
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ft 

244. It has been already mentioned (Art. 231), that M. 
Hermite has made use of the fact, that the quintic as well as. 
every equation of odd degree is reducible to a forme-type^ in 
which the x and y are linear covariants and the coefficients are 
invariants. It follows immediately, that by applying Sturm's 
theorem to the forme-type^ the conditions for reality of roots 
may be expressed by invariants. 

Hermite extends his theorem to equations of even degree 
above the fourth, by the method indicated in Art. 248. Writing 
tP-ZK-M^ JK-\'dL = N'y and Q a numerical multiple of 
Hermite's /, such that 

Q' = JK'3P - 2MNK{J' + 12K) + JAP ( J» + 72K) - 48iV^, 
then the coefficients o{ the forme-type are 

C=Q{JM-12N), 

D = J'KJiP - JMNiJ" + SOK) + A^' (42/^ + 1442r), 

E = Q [J'M - 24.JN); 

F=^rKM^--rMN[r^ 42ir) + A^e7(54e7" + 288A:) - 1152JV'. 

Thus the first Sturmian constant B^ — ACi^ found to be 

36A''' [{MK- 5JNf - UMN'}. 

The Sturmian constants being essentially unsymmetrlcal, there 
seems no reason to expect that the discussion of these forms 
would lead to any results of practical interest. The coefficients 
of the forme-typej as M. Hermite remarked, satisfy the relations 

udeT*- 2 07+^=0, jR7*-2i>e7+^=-ll52AP, 
^^~45i> + 3(7' = -12*Ar'^, AF-^BE-\^2GD^0, 

BF- 4.CF-h 3Z>' ^ 12VAr\ 
Thus then the quadratic covariant is N^ {x* - Jy^) ; and 
operating with this on the quintic, we get the canonizant in the 

form 

N'{AJ-C, BJ-B, GJ-E, BJ-FJxjyY] 

the coefficients inside the parentheses being all further divisible 
by A^. Hence we have 

A GE+ 2BCB - AD' - ^i?'^ - C' = - 4 . 12*N'Q, 

KK 



k 
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and the second Sturmian constant is got immediately hy 
substituting in the formula of Art. 235, the values just found for 

B'^AC, AE-4.BD-{-ZG\ ACE+2BGD-&C.* 

245. The Tschirnhauscn transformation consists in taking 
a new variable 

3^ = a + ;8a; + 7a?* -f ...+ Xaj""* ; 

then there are n values of y corresponding to the n .values of a;, 
and the coefficients of the new equation in y are readily found 
in terms of those of the given equation by the method of 
symmetric functions, the first for example being as^-i ^s^-\-ys^+&c. 
The coefficient of ^""^ is evidently a linear homogeneous function 
of a, i8, &c., that of ^"~* a quadratic, of ^""' a cubic function, 
and so on. In the case of the quintic, the transformation is 
y = a + iSa: + 7a;'' + 8aj', and we have four constants a, /8, 7, S 
at our disposal. Mr. Jerrard pointed out that the coefficient of 
y^ being a quadratic function of a, )8, 7, 8 was (Art. 165) 
capable of being written as the algebraic sum of four squares, 
say <* - w'* + v' — w^. It can therefore be made to vanish, by 
assuming two linear relations between a, ^8, 7, S; ^ — w = 0, 
v — w = 0. If we combine with these two that linear relation 
which makes the coefficient of ^ vanish, we have three relation* 
enabling us to express three of the constants a, )8, 7, S linearly 
in terms of the fourth. We can then by solving a cubic make 
the coefficient of y^ also vanish, or else by solving a biquadratic 
make the coefficient of y vanish. In this way Mr. Jerrard 
showed, that by the solution of equations of inferior Qrders, 
a quintic may be reduced to either of the trinomial forms 
y^-\-by = 0, or y^ -f by^ = c. The actual performance of the 

• 

— — t ' 

* The coefficients of the forme-type of the quintic were given by M. Hermite 
{Cambridge and Dublin Mathematical Journaly 1854, vol. IX. pv 193), and re-calculated 
by me before I found out the key for the translation of Hermite's notation into 
Sylvester's, which is A = /, J^ — — K, J^ = JK + 9i. 

The discussion of the invariantive characteristics of the reality of the roots of 
a quintic was originally commenced by M. Hermite in the same classical paper, 
and was resumed by him in his valuable memoir presented to the French Academy, 
t. 62, 1866. His result, in our notation, is that the roots are all real, when the dis- 
criminant being positive, we have also positive K, 2^^L-J^+JDf and K{JLrhK^}-lSIA 
It seems to me that this result is superseded by the greater simplicity of Prof, 
Sylvester's criteria. 
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transformations would be a work of great labour, but M. Hermite 
showed how, by somewhat altering the form of substitution, we 
can avail ourselves of the help of invariants. 

If we have to transform the equation aa^ + Jaj**"* + co^ -f &c., 
Hermite assumes . 

^ s= a\ + (oic + S) a + (aai*H- Ja; + c) /8 + [o^-^- &a;'+ ca; + rf) 7 + &c , 

then in the first place the ti'ansformed equation will be divisible 
by a ; and secondly, if the given equation be linearly transformed, 
and if the corresponding substitution for the transformed 
equation be 

r=.iV + (-4Z + J5)a' + (^Z' + 5X+ a)^' + &c., 

then he has shewn that the expressions for a', ^, &c. in terms 
of a, i8, &c, involve only the coefficients of linear transformation, 
and not those of the given equation. It is not so with respect 
to the first coefficient X, which we have therefore designated 
by a special letter. But the theory of linear substitutions will 
be directly applicable to all functions of the coefficients of the 
transformed equation which do not contain \. Such, for 
example, will be all symmetric functions of the diflferences of 
the roots of the new equation, since, on subtracting 

^j = a\ + (oa?j + J) a + &c., y^ = a\ + [ax^ + J) a + &c., 

X disappears. Or, what comes to the same thing, if we take \ 
«ich that the coefficient of ^"'* in the new equation shall vanish, 
then the theory of linear substitutions is applicable to all the 
coefficients of the transformed. I give Cayley's proof of 
Hermite's theorem, and, after his example, take, to fix the 
ideas, the quartic 

(a, J, c, rf, e§x^ \)\ 

Then, as we have used binomial coefficients, we shall write 
the equation of transformation 

y = a\ + (aa; + 4&) 7- {aaj"+ 4&aj + 6c) iS + (««;'*+ 4&aj*+ 6ca; + ^d) a. 

Adding the 4 values of y, and employing Newton's formulae 
for the sums of powers of the roots, we see that the coefficient 
of y""* in the transformed equation will vanish if 

a\ + 357 - 3c)8 + rfa = 0. 
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This redaoes the valae of y to 

In general it will be observed, that in this substitution all 
the terms have the binomial coefficients corresponding to the 
order of the given equation, except the terms not involving x^ 
which have the binomial coefficients answering to the order 
one lower. 

246. Now what is asserted is, that all the coefficients of the 
transformed equation will be invariants of the system 

(a, ft, c, rf, ejxj y)\ (a, ^, i^x, y)\ 

and of course if we regard y as constant, the whole transformed 
function will be such an invariant. 

This will be proved by shewing that it is made to vanish by 
either of the operations 

d ^1 d ^ d , ^d ( d c^rs d\ 

.id ^ d ^T d d f^r^d d\ 

Let the general substitution be y = F, and let Fj, F^, &c. be 

what F becomes when we substitute for x each of the roots of 

the given equation, the transformed in y is the product of the 

factors y — Fj, y — T^, &c., and it is sufficient to prove that each 

of these factors is reduced to zero by this differentiation. We 

may, as in Art. 64, write the first part of the first operation 

d . dV dx 

^, and in order to calculate -^ , we must find -^. Operating 

on the given equation, we get 

dx dx 

(o, ft, c, dXx,iy^-^{a, ft, c, dlx, 1)'* = 0, or ^ = - 1. 

The part then of the differential of F which depends on the 
variation of x is 

- {ay - {2ax 4 4ft) iS -f (3aaj" + 8ftx + 6c) a}, 

and the part got by directly operating on the a, ft, &c. which 
explicitly appear in Fis 

ay - (4aip -f- 6ft) ^ + {iax'' + l2ftiB + 9c) a. 
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Adding, we have 

^ =- 2 (aa? + J) /8 + (aaj' + 4&a? + 3c) « = - (« Tg +2/3 -^j , 

which proves that the eflfect of the first operation on V is zero. 

In like manner, for the second operation, we have, by 
performing on the original equation, 

(a, J, c, (Q[a?, l)'^+a?(i, c,rf, ^X^, 1)'=0. 

Bat the original equation may be written 

X (a, J, c, cTjfxj 1)'* + (J, c, dj e][a?, 1 )* = 0. 

dx dV 

Hence -r- = x^. The part of -7- due to the variation of x is 
dfj * drj 

therefore 

ax*y - (2aaj' + 4&aj") ^ + (Sax* + 8 Jaj' + 6ca;") a. 

The remaining part is 

(45aj + 3c) 7 - (4Jaj* + 12ca; + 6i) )8 + (4Jaj' + 12ca;* -f 12dx + Be) a. 

. Adding, the coefficient of a vanishes in virtue of the original 
equation, and the remaining part is found to be 

which completes the proof of the theorem. 

247. When this transformation is applied to a cubic, if we 
consider a, fi as variables, the coefficients of the transformed 
equation in y will be covariants of the given equation. The 
transformed in fact has been calculated by Prof. Cayley, and 
found to be ^'+3-Sy+c7, where H is the Hessian [ac—b*) a*+ &c., 
and J is the covariant (Art. 142), {a^d- Sabc + 2i') a' + &c. 

Prof. Cayley has also calculated the result of transformation 
as applied to a quartic. Take the two quantics, as in Art. 212, 

(a, J, c, J, eX^j y)\ (a» /3, 7^0?, y)\ 

and let C denote the skew invariant of the same article, p. 203 ; 
let 8 and T denote the two invariants of the quartic ; also let 
!S^ = 6 A, then the transformed function in y is 

2/* + 6 (S + SA)y^ + 4:Cy'{' /S^'- 3S'- Gfl^SA + lST^A. 
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Prof. Cayley has also calculated the 8 and T of the trans- 
formed equation. In making the calculation, it is useful to 
observe that since the square of J, from which G was derived 
(p. 204), can be expressed in terms of the other invariants, so 
also may the square of C] the actual expression derived from 
his being in our notation 

- (7= Tf- /SS^'*- 9 (22 + /SA) TAi^-f (2S + 3fi^A)*S + 54!r*A'. 

The result then is that the new S is /S'^' + 3iS'A*+ IST^A^^, 
and the new T is T^' + /S'A^' + 9£i'ST^ + A' (547' - 5'). 

Finally, he has observed that these are the 8 and T of 
U^ + ^H^^ as may be verified by the formula of Art. 210. 
It follows, then, that the effect of the Tschimhausen transforma- 
tion is always to change a quartic into an equation having the 
same invariants as one of the form Z7-f Xfl, and, therefore, 
reducible by linear transformation to the latter form. The 
foregoing results in a different notation are reproduced, and the 
corresponding results for the quintic are obtained in Prof. 
Cayley's Memoir on Tschimhausen's Transformation, PhiL 
Trans.y vol. CLII. (1862). 

248. The following is the form in which M. Hermlte 
presented his theory, and applied it to the case of the quintic. 

Let tt be a quantic (a;, yf ; w^, u^ its differentials with regard 
to X and y ; let ^ be a covariant, which we take of the degree 
n — 2 in order that the equation we are about to use may be 
homogeneous in x and y ; then the coefficients of the transformed 

equation, obtained by putting « = —, are all invariants of w. 

The equation in z is got by eliminating x and y between 
«Wj— y^ = 0, and w = 0, or, what comes to the same thing, 
«w,.+ x(f> = 0, which follows from the other two. If we linearly 
transform x and y, the new equation in z is got, in like manner, 
by eliminating between zU^— Y^ = 0, ?7, + X^ = 0. But, if 

X = XX -f fiYj y=i \^X+fi^ F, A = \f/ — X'^, we have 

AX=fi^X'-fiyj A3r=Xy — Va?, 

and Art. 130, U^ = \u^ + X'w^, U^ = fiu^^ + f/u^^ and, since ^ is a 
covariant, we have 4> = A'0. Making these substitutions, the 
equation in ^, corresponding to the transformed equation, is got 
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by eliminating between 

z (Xm^ + X'm,) - A'-^ (Xy - X'a?) = 0, 

z [fiu^ + fi^u^ + A*"*^ [ijfx - fiy) = 0. 

Multiply the first by /t', the second by X', and subtract, and we 
have A^M^ — A*y^ = 0. In like manner, multiplying the first 
by ^, the second by X, and subtracting, we get A^w, + A'a:^ = 0. 
In other words, we have the two original equations, except that z 
is divided by A*"*. Consequently, the equations in z corre- 
sponding to the original equation, and to the same linearly 
transformed, only differ in having the powers of z multiplied by 
different powers of the modulus of transformation A, and 
therefore the several coefficients of the powers of z are 
invariants. 

The actual form of the equation in z will be 

;5* + ^;5"-'+~««-» + &c. = 0. 

It is easy to see that the discriminant will appear in the 
denominator ; and the coefficient of z^^ will vanish, sincie, if ^ 
be any function of the order w — 2, the sum of the results of 

substituting all the roots of Z7 in -^ vanishes. In fact, when 

the terms of this sum are brought to a common denominator, 
the numerator is the sum of <^a multiplied by the differences of 
all the roots except a, and this is a function of the order n — 2 
in a, which vanishes for w — 1 values of a, a = ^8, a = 7, &c., and 
must therefore be identically nothing. 

In applying this method to the quintic {x^ 1)^, Hermite 
substitutes 

where ^j, ^g, ^3, ^^ are four covariant cubics of the orders 
3, 5, 7, 9 respectively in the coefficients. ^^ is the canonizant. 
if>^ is the covariant cubic of the fifth order, the Jacobian of 8 
and T whose leading term or source^ whence all the other terms 
can be derived, is printed in full as (11) Art. 232 ; on inspection 
we see that this source vanishes if both a and h vanish; 
consequently, if the given quintic has two equal roots, their 
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commoD valae satisfies this covarianL We can form a 
covariant cubic of the seventh order from ^, in the same way 
that 0, was formed from ^^j and by adding 0,, multiplied by J 
and a numerical coefficient, can obtain ^,, snch that its source 
vanishes when a and b vanish ; and, in like manner ^^ can be 
made to possess the same property. 

When this substitution is made, the coefficient of 2;' is a 
quadratic frinction of a, fij 7, 8. Hermite finds for its actual 
value (a result which may be verified by working with the 
special form, note, p. 248), 

- {9KD -\- 10 AF) S"}^ 

where ^=9 [l^L—JK)^ which vanishes when the quintic has two 
distinct pairs of equal roots. By breaking up into factors each 
of the parts into which this coefficient has been divided, the two 
linear relations between a, 7 ; ^, S, which will make it to vanish, 
can readily be obtained ; as also by another process which I shall 
not delay to explain. The discussion of this coefficient is also 
the basis of Hermite's later investigations as to the criteria for 
reality of the roots. He avails himself of a principle of 
Jacobi's [CrelU^ vol. L.), that if a, /3, 7, &c. be the roots of a 
given equation, and if the quadratic function 

(« + aw + a*v+. . .(I'^wY + (« + ;8m + ^v + &c.)' + &c., 

be brought by real substitution to a sum of squares, the number 
of negative squares will be equal to the number of pairs of 
imaginary roots in the equation. Hermite shews, by an easy 
extension of this principle, that the number of pairs of imaginary 
roots of the quintic is found by ascertaining the number of 
negative squares, when the coefficient of 2' just written is 
resolved into a sum of squares. And since the same process is 
applicable to every equation whose degree is above the fourth, 
he concludes that the conditions for reality of roots in every 
equation above the fourth can be expressed by invariants. 

249. It does not enter into the plan of these Lessons to 
give an account of the researches to which the problem of 
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resolving the quintic has given rise.* The following, however, 
finds a place here on account of its connection with the theory 
of invariants. Lagrange, as is well known, made the solution 
of a quintic to depend on the solution of a sextic ; and it can 
easily be proved that functions of five letters can be formed 
capable of six values by transposition of letters. Let 12345 
denote any cyclic function of the roots of a quintic ; such, for 
example, as the product 

{a - /S)' (/3 - 7)" (7- «)' (S - e)' (e - «)', 
where evidently 23451 and 1543^ would denote the same as 
12345; then it can easily be seen that there can be written 
down in all twelve such cyclic functions. But, further, these 
distribute themselves into pairs ; and by so grouping them we 
can form a function capable of only six values; for instance, 
12345 + 13524, 12435 + 14523, 13245+12534, 13425 + 14532, 
14285 + 12543, 14325 + 13542. The actual formation of the 
sextic having these values for its roots is in most cases a work 
of extreme labour. M. Hermite, however, pointed out that 
when the function 12345 is the product of the squares of 
differences written above,t all the coefficients of the corre- 
sponding sextic are invariants, and that the calculation therefore 
is practicable. I have thought it desirable actually to form 
the equation, because, in the development of the theory of 
jsextics, it will be necessary to ascertain the invariant 
characteristics of sextics whose solution depends on that of a 
quintic; and it may be useful to be in possession of more 
than one of the sextics which spring out of the discussion of a 
quintic.^ I take the simple example a:*+ 2wia;y + ajy*, of which, 



* Among the most remarkable of recent investigations in this subject is the 
application to it of the theory of elliptic functions by M. Hermite and M. Kronecker. 

t In the method of Messrs. Harley and Cockle, the function 12345 is 

fl^ + /3y + yd + i« + «a, • 

and the sextic chosen is that whose rodts are 12345 — 13524, <&a This has been 
calculated by Prof. Cayley {Philosophical Tramactiont, 1861, p. 263), and the result 
is very simple, two terms of the sextic are wanting; bat the coefficients are not 
io variants. 

X The form arrived at by M. Kronecker and M. Brioschi is 

(x - a)» {x - 5a) + lOi (a: - a)^ - c (a; - a) + 5** - oc = 0. 

^ the help of the formulae given further on, the invariants of this equation cask 
be calculated, and a, 6, e eliminated. 

LL 
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sinoe two pairs of roots are eqnal with opposite signs, the 
functions of the differences can easily be formed. I find then 
that the sextic is the product of 

^ + 2* (wi + m') « -f 2*" (m' - 2iii* + 6w»), 
by the square of 

«» + 2* (i»» + 3m) < + 2* (m* 4 5m* + 19m" - 25). 
But if we first multiply the quintic by five, its invarianta are 

/= 2*m (5 + 3m*), D = 2". 5' (1 - m')', Z = 4m (5 - m^)\ 
To avoid fractions I write /= 2^, i) = 2505, er-2"i = 50(7; 
and then formiug the sextic, and expressing its coefficients in 
terms of the invariants, I obtain 
e + 4Af 4 (6^" - 255) ^ 4 (44' 4 2 (7- 3045) f 

4 ^ (4* 4 44 a- 174'5 4 ^^5") 

4 1 (24* C- WB-'lBC 4 1104J?) 4 CT - 445(74 204*5«, 
which is a perfect square, as it ought to be, when D = 0.* 

250. M. Hermite has studied in detail the expression of thb 
invariants in terms of the roots. He uses the equation trans- 
formed so as to want the first and last terms ; that is to say, 
so that one root is and another infinite ; and the calculation 
is thus reduced to forming symmetric functions of the roots 
of a cubic. I had been led independently to try the same 
transformation on the problem discussed in the last Article, but 
found that, even when thus simplified, the problem remiained 
a difficult one. It would be necessary to form for a cubic the 
sextic whose roots are the six values of 

and then to identify the result with combinations of the forms 
assumed by the Invariants of the quintic when a and y vanish. 
M. Hermite expresses his own invariant / as follows. Let 
a. = (a-^)(a-e)(S-7) + (a-7)(a-S)(/9-e), 
«.=(a-/3) (a-7) (s - S) + (a-8) (a- e) (/3- 7), 
a. = (a-/3)(a-S) (s - ,y) + (« - 7) (a - e) (S -/S); 
the continued product of these Is symmetrical with respect to 
all the roots except a ; and if we multiply this product by the 
similar products obtained for the other four roots we get /. 

I — ■ — — — ii » 

♦ Though the form with which I have worked is a special one, I believe that the 
lesult is general ; because it seemed to me that the coefficients only admitted of being 
expressed in terms of the invariants in one way. 
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These factors are of course the values of the determinants 
a', 2a, 1 



= i 



2a - (7 + e) , a (7 + e) - 27s 
2a-(i8 + Sj, a(/3 + S)-2;88 



, &C.y 



)8S, 13+ S, 1 
78, 7 + s, 1 

'which express, p. 193, that one of the roots is self--conjugate 
of the involution determined by the other four, which is the 
case when / vanishes, as remarked, Art. 229. Determining tUe 
numerical constant by a special form, such as aa^+5exy*+fy'^=^0j 
we find the product of these fifteen factors by a" to be 10"/. 

251. From the roots of a quintic five sets of four can bto 
formed by omitting each in turn, let 8a^ /S/j, /Sy, /8^, St denote 
the equi-anharmonic functions of these sets of four, see Art. 199 ; 
also Taj Tp, Ty, Tdj Tt their harmonic functions ; it is easy to 
see by comparing terms in a simple case, for instance, for the 
quintic ax^ + lOcajy = 0, that we have in terms of the roots 

^-^8^ 8a {x-ai/)\8pix~^i,)\8y {x-y7,Y+ 8i{x-Si,)\8, {x-tyf 

- 6M0 T^Ta{x-ay)\Tp[x-Py)\Ty{x-^)\Ti[x-Zy)\T,{x-tyY 

- lOOfl"- a'S (a - P)* (« - f^yy {x - Sy)' [x - ey)*. 

K we calculate for the quintic oaf + lOda^y' = 0, the value of 
the ten terms S (a - P)* {7 - tf (S - e)* (e - /S)* which we saw, 
Art. 241, can only be the quartinvariant, we find 

a*S (a - 8)* (7 - Sy (S - e)» (e - 7)" = - 1250/. 

The function 2 (a - /8)" {8 - 7)' (7 - 8)* (8 - e)» (e - a)* containing 
twelve terms (Art. 248), is found to have precisely the same value. 
' Similarly it may be noticed, for the covariant jD, note p. 240, 

a*S (a - /8)* (7 - S)« (S - 8)« (e - 7)* {x - ayf {x - ^yY = 10002>, 

whose source, is the function D written in full on page 230. 

The value of the discriminant R on the same page must be 
innltiplied by b^ to become identical with a^ times the product of 
the squares of the differences. 

The condition that four of the five roots may be equi- 
anharmonic will be that some one of Say S^j &c. vanish. Hence 
their product will be an invariant. We get by a special form 

a'SaS^SyStS^ = 20* (J» - 3K). 
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Similarly for tbe harmonic condition, we get the invariant 

Again, the function 2 (a - 13)* [a — 7)' (S - e)* consists of six 
terms belonging specially to a, which we may denote by H^j 
and similarly for j5/3, &c. It is easy to see that, if we write a 
tot x\ y in the above value for the covariant 8^ the right side 
becomes 2j5a. Hence, the eliminant of 8 and u is the product 
of these five factors. But by Sylvester's canonical form or 
otherwise, that eliminant is found to be 2e/X'— 92/ — tT"', and 
by a special quintic such as (x - 1}'' {x + 2) a;' = 0, we can find 
the value of the constant, thus 

Similarly we can see that I is the eliminant of T and u, 
for, the result of substituting a in the above value of T is 
six times the product of the factors o^, a,, a,. 

Again, by taking a special quintic of the form used in 
Art. 241, we find the constant which gives the symmetric function, 

= i . 5^^ (2"i - J' + \JD) = 2.5' (5.2'i - /' - 2Vir) * 

252. The 8extic. The investigations of Clebsch and Gordan 
show that, including the sextic itself, there are in all 26 forms. 
There are four independent invariants, which we shall call 
A J -B, C, Dj of the orders 2, 4, 6, 10 respectively; a fifth JE', 
of the order 15, is skew and its square a rational and integral 
function of the other four. There are six quadric covariants 
whose orders in the coefficients are respectively 3, 5, 7, 8, 10, 12 ; 
five quartics of orders 2, 4, 5, 7, 9 ; five sextics, orders 1, 3, 4 
and two of the sixth; three octavics, orders 2, 3, 5; one 
decimic, order 4 ; and one duodecimic of order 3. 

The first invariant A is 12*, formed by the method of 
Art. 141, and for the general sextic is 

ag - 66/*+ 15ce - lOcP. 

I have given (Art. 174) the canonical form of the sextic ; bu 
I believe it will be found in practice not less convenient to 
the more general form 

au^ + bv^ + cto^ + dz\ 



* The equation determining the anharmonic ratios of the roots has been given b, 
Mr. M. J, M. Hill. Proc, Lond. Math. Soc,f vol. xiv. 
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To this we should be led by the theory of two qulntics, which 
cannot be more simply expressed than as each the sum of four 
fifth powers. For the form just given, the invariant A is, by 
proceeding as in Art. 223, found to be Soi (12)S or, in full, 

ab (12)* + ac (13)* + arf(Uf + be (23)' + bd (24)' + cd (34)*. 

The Hessian of the sextic, 12'*, is of the eighth degree, the 
general coefficients being ac— fc*, 4(arf-5c), 6a6+4Jrf— 10c*, 
4af+Ube-20cdj a^ + 146/+ 5c6 - 20rf',* &c. ; and for my 
canonical form is ^abu*v^ (l^)'- ^^^ sextic has another covariant 
of the second order in the coefficients, with the variables in 
the fourth degree, viz. the 8 of the emanant quartic, which is 
for the canonical form '2abuV (12)*, the general coefficients being 

ae-Ud+Sc^ 2af-'6be + ^cdj a^r - 9ce + 8(f *, &c. 

To these we add, the covariant sextic, of the third order, 
the T of the quartic emanant, which for the canonical form 
is 2a Jc (12)' (23)* (31)* uVw^j and whose general coefficients are 

<ice + 2bcd -ad'-' tV - c', 2ac/- 2ade - 21//+ 2bce + 2 J^ - 2c*rf, 

acg + 2adf-' 3ae' - Fg - 2bc/+ ^bde + 2c\ - 3cd*, 

2adg - 2ae/- 2bcg -f Ahd/- 2 Je* - 2c*/+ ^cde - 4ef*, &c. 

Also, the simplest quadricovariant Z, of the third order, 12* of 
8 and ti, or 12* of u and H^ which for the canonical form is 
'Siobc (23)* (31)* (12)' M*, and whose general coefficients are 

<i(^g - ^V - ^adf+ Sbcf+ 2ae* -bde- 3c'e + 2cd* = Z^, 
adg-bcg- aef- Sbd/^ 9cy + 9be* - 17 cde + 8ef = 2Z„ 
aeg - Udg + 2c'g - a/* + 3 Je/- crff - 3ce* -f 2(f e*= Z,. 

253. We take for the invariant B that which has been 
called by Sylvester the cataUcticant^ which expresses the condition 
that the sextic should be reducible to the sum of three sixth 
powers, and is (Art. 171) the determinant 

a, i, 0, d 

bj c, dj e 

c, rf, €, / 

* It seems mmecessary to write the terms which follow from symmetiy. 
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This expanded is 
aceg-ac/*-ad'g+2adef-a/f-Veg'\'V/^'\-ibcdg'-2hce/ 

^ibd'f'\'ibde^-'i?g'\-2(?df'^i?^'- Zed's + d^. 
If DOW we form the quadrinvariant of the HeaBiaOi we find it 
proportional to ^* + 300£; if that of the covariant 8^ we find 
A' — 3QB ; and if we operate on the sextic with the covariant Tj 
we get B. Applying this last process then to the canonical 
form, we get the value of B, 

abed (12)' (23)" (34)« (41)' (13)" (24)*, 
which vanishes, as it ought, if any of the quantities a, ft, c, d 
vanishes, or if any two of the four functions u, v, u?, z become 
identical. 

254. We take for the form of the fundamental sextinvariant 
(7, that which involves no power higher than the second of the 
leading coefficient a, and which for the general form is (7= 

a'cT/ - Qa'de/g + 4a*rf/'» + 4aV^ - SaV/* - Sabcdf + ISabcefg 

- Uabcf* + Uabd'fg - ISabd^g + 6aJe'/+ 4acy - 24acV^ , 

- IScufd/g + SOoc'ef* + biacd'eg - Uaed'/'' - 42ac&y 
+ Uace" - 20ad'g + 2^ad'e/- Sad'e* + 4:b*df - Ub^'e/g 

+ 86'/ » - 3iV/ + SObWg - 24JV* - laJ'cTe^ - 24ft'^ 
+ GOJ'efey- 276V + QbcYg - 42Jt;'tfe^ + 60Jc'^' - 30JcV/ 
+ 24Jc(f^ - 84Jc(f e/+ 66Jc(ie' + 24^*/- 24&f^+ 12c*6sr 
-27oy'-8c'<f^+66c'flfe/-8cV-24c'ef/-39c'(f6«+36cd*e-8(?. 
In terms of these we can express the other invariants of 
the sixth order. Thus, the cubinvariant of the covariant 
quartic is -4'— 108^-8—54(7; the cubinvariant of the Hessian, 
p. 141, is 3^'- 100^5+2750 (7; the discriminant of the quadratic I 
is 4(Z,Z, — Zj^)= 4^4-8 + 30; and the quadrinvariant of the sextic 
covariant is 2^-B— C The last-named invariant can be easily 
calculated in the case of the canonical form. We have to 
operate with SaJc (12)' (23)' (31) VrW on itsetf. Now if we 
operate with uVz* on uVw^ the result is proportional to 
(12)'Jf-^, where M and N. have the same meaning as in Art. 
223; and if with w'vV on itself the result is -(12)' (23)' (31)*. 
Hence we get for the invariant in question 

2a'J'c' (12)« (23)' (31)' - 2abcd^ab {i2yM'N\ 
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255. If a, by c all vanish, the invariants Aj By G become 
respectively — l(k?, <?*, — Sd*. Hence, when the sextic has as 
fjEu^tor a perfect cube, the conditions must be fulfilled A^ = lOOBj 
4:AB^5Cj AG=SOB\ If we make a, 5, /, g all =0, the 
invariants become 

consequently when the sextic has two square factors, in addition 
to the discriminant vanishing, the condition must be satisfied, 

[A* - 300^5+ 250(7)' = 5 (^' - 1005)*. 



256. If we make &, d^f—O in the equation, the discriminant 
will be ag multiplied by the square of the discriminant of 
(a, 5Cy 5e, g^Xy yf ; and if all the terms vanish but a, rf, g^ the 
discriminant will be ay multiplied by the cube of the discrimi-* 
nant of (a, 10^, 5'JaJ, y)'. Knowing these terms in the 
discriminant, the rest can be calculated by means of the differential 
equation. The resulting value of A is 
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- 187500 


a'cey* 


+ 25500 


aV>\/*g 



VA 



VjTjMtJL KTJLTT vrxrn« 



-f 1 l^Vi 

- !^)«2.W 

- 33rKKKi 

4- 75(KKK) 
-8I72r/(K) 
+ W^VM) 
+ 87/1000 

- 225000 
+ 780000 

- 1 350000 
-2100000 
+ 1200000 
+ 4(550000 

- 255()()()0 

- 1500000 
•I- UOOOOO 

- 150000 
•f 7500 

^V 25tHHH> 
•f 750000 
•♦■ 37500 



cf}jed4'jf 

cf}jedfff 

cfieeTg 

a^bcd'efff 
dfhcd'f^g 
a'bcd^f 

cfhcdeYo 
a'hcdp/^ 

a%d^i?if 

dfUVePg 

d^hd!'/' ' 

a'bit'eyg 

a^biPey 

a'hdifg 

aVntey* 

aV/Y 
aViPg* 



- i^yx/i 

' -T 47250rp0 
, - 2062^Xi 
, + 4875000 
j - 2025000 
1 - 1875000 
+ 1125000 
+ 3750000 
-300000 
-9750000 
+ 5250000 
+ 3750000 
-2250000 
-1000000 
+ 3000000 
-1600000 

- 1250000 
+ 750000 
+ 9375 

- 7500 
-9375 
+ 25500 

- 11520 

- 97500 
-412500 
+ 616500 
+ 1222500 
-2197800 
+ 864000 
+ 5(X)00 
-330000 



<feftPg 

Jed"/* 

€fed^/g 

<fed^r 

cfe^g 

€tet'p 

cfcd^Pg 

ofcdP/fg 

cl'ed^ff* 

d'ed^e^g 

d'ed^/j^ 

d'd^g' 

a^d^e/g 

a*d^e^g 

aVcg^ 

ah'dfg^ 

aVeY 

aVeJY 

abTg 

ab\yg' 

aVcdeg^ 

ab'cd/y 

oVceYg' 

ab^cefg 

abY' 
ab'd'g* 

ab'd'e/g' 



• -r 375W a^d^^ 

-5113O0 ab*dtyg 

•-2WO00 flP*/"* 

-202500 abV/g 

I + 121500 tfffiy 

+ 412500 dbVeg" 

- 23250 mbVPs/" 
+ 675000 oftVrfy 

- 3172500 abVde/f 
+ 511500 ab'd'dPg 

- 2S21875 abVey 
+ 7633125 dff^^fg 

- 3442500 ab^eeP 

- 2190000 ab^cd^/f 
+ 4725000 db^cdl^^g^ 
+ 6030000 db^cdCepg 

- 3360000 ai*a?/* 

- 15337500aJWe^ 
+ 8392500 ab^cdep 
+ 5062500 abWg 

- 3037500 ab^'ceP 
-300000 aVd'e^ 
+ 900000 ab^'d^elfg 
-480000 aVd^eP 
-375000 aVd:'e^g 
+ 225000 ah^d^^P 

- 900000 ahc^'dg'' 
+ 375000 dbcYg^ 
-202500 dhcPg 
+ 4650000 dix^dPfg^ 
+ 4875000 cMdeY 

- 15337500aJc'&/^j 
+ 7087500 dlH?dp 

1 + 843750 dbc^dfg 
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-506250 oicVy 

- 9750000 abc^cPeg" 
+ 900000 abc^cPf^g 
+ 24750000aicVeV^ 

- 13350000aJc'(fe/"» 

- 9375000 abc^de'g 
+ 6625000 cibc^dip 
+ 3000000 cibcd^g^ 

- 9000000 cihc^efg 
+ 4800000 ahc^p 
+ 3750000 abcdi'ig 

- 2250000 abccPeY* 
+ 250000 ocy 

- 1500000 ac^d/g* 

- 1875000 acV/ 
+ 5062500 ac^ef^g 

- 2278125 acy*' 
+ 3750000 ac^tfe/ 
-375000 (ufd^fg 

- 9375000 ac*de'^ 
+ 5062500 ac*^/» 
+ 3515625 ac*eV 

- 2109375 acV/« 
- 1250000 ac'^dy 
+ 3750000 a(fd^efg 

- 2000000 a4?d^f 

- 1562500 ac'cTe'^ 
+ 937500 ac^d^e^f^ 

- 3125 jy 



+ 37500 Vcj 

+ 187500 Vdeg* 

-240000 VdfY 

-506250 JV/^" 

+ 864000 b^efg 

-331776 jy 

-187500 J"cV 

+ 11250 jv/y 

-375000 J*c^/ 
+ 1537500 J*c*// 
-288000 Vcdfg 
+ 1265625 hWf 

- 3442500 JWy V 
+ 1555200 i^ce/** 
+ 1200000 W// 

- 2062500 JVey 

- 3360000 h'd'efg 
+ 1843200 JVy* 
+ 7087500 h'de'fg 

- 3888000 ftW/' 
-2278125 JV^r 

+ 1366875 JV/* 
+ 500000 JVflf/ 
-225000 i'c%" 
+ 121500 JV/V 

- 2550000 iV^// 

- 2625000 J'cVey 
+ 8392500 V'c^defg 



-506250 VcVfg 
+ 303750 ycV/ 
+ 5250000 VcdJ'eg^ 
-480000 VcdJ'f^g 

- 13350000J'ci»e!/Sr 
+ 7200000 J'ci'e/' 
+ 5062500 V'cde^g 

- 3037500 ^crf^/" 
-1600000 J'd"/ 
+ 4800000 Vd^efg 

- 2560000 Vd^r 

- 2000000 J'cPe'^r 
+ 1200000 VdJ'eY' 

- 150000 JV/ 
+ 900000 Vc^dfg^ 
+ 1125000 JVey 

- 3037500 Vc^e/g 
+ 1366875 6V/* 

- 2250000 JV^i'e^" 

+ 225000 JVdyv 

+ 5625000 ft'cW/^ 

- 3037500 JVW 

- 2109375 6VeV 
+ 1265625 6Vey 
+ 750000 JVrf'^r" 

- 2250000 Vc^dJ'efg 
+ 1200000 JV(f/' 
+ 937500 JV(feV 
-562500 bVd'ey 



- 3888000 iV^* 

257. If it be required to determine a cubic whose covariaat 

12' with a sextic vanishes identically, it will be found that the 
problem furnishes linear equations enough to eliminate all 
coefficients of the cubic, and the condition to be satisfied is, 
that the determinant B of the sextic vanish. But if the problem 

were to determine a quartic whose 12' with the sextic should 

MM 



20ft HI'iHCR BIXAKT QUAXTUSb 

Taoiib idendcanT: thoogli there are enoogb linear equations 
to gire a deteiminant condition among the coefficients of the 
seztic, thU will be foond skew symmetrical of the fifth order, 
and therefore the condition ia idendcallj satisfied. Hence, 
this problem admits of solution generally. In fact, it is easy 
to Terif J that if we write the qoartic 5, which we shall now call 

= *^* + U^2?y + 6*^^* + 4*,xy» + *y , 
then a«, - 3J*, + 3c*, - A^ = 0, &c., 

thns it satisfies the conditions of the question.* 

This qoartic covariant fbmishes to the system of the seztic 
besides its invariants its Hessian and its sextic covariant. 

The determinant value of B^ treated by the rule of Art. 219fi| 
at once gives the invariant 

^•-365=12(v,-4v,4-30 = 12/„ 

as we shall write for brevity. If the coefficients of the Hessian 
of i be written out, we find that its source satisfies the relation 

1 2 (io*, - 1/) + ^*. = 3 (aZ, - 2W, + cl^. 

Writing out the corresponding equations for the other coeffi- 
cients, multiplying the first by i^ the second by — 4t,, and so 
on, and adding, also calling the invariant 

lit -¥ 2l 1 1 — tt" — 1 1* — *'«=7^. 

*0 f 4 • *1 » S 8 *4 I f 8> 

* It should have been noticed that if in a skew Bymmetrical determinant of odd 
order the constituents in any row or colamn be replaced by arbitrary quantities, the 
determinant formed is a linear function of the binary determinants formed from 
the constituents of the replaced and its conjugate column or row. And again, if in 
a skew symmetrical determinant of even order all the constituents in any row or 
column be replaced by arbitrary quantities, the value of the determinant formed 
is the product of two linear functions of the constituents of the replaced and its 
conjugate column or row. Thus the value of the determinant 

, a f —3b J So t — d, b^ | = 6' (aot^ — iaii^ + 60,4 — 4a^i^ + a^i^) . 

- o , , Be, -Sdy 3e, - 4^1 {b^i^ - 4d|t, + eftjt, - 4ft,ti + Vt), 
8d, -6<?, , 6e, -3/, 662 

- 3o, 8rf, - 6c , , 5^ , - 463 
rf, -8c, 8/, -^, 0, b, 
f'o} -4fj„ Gozt -4^3, 04, 

enables us to write down in a determinant of the fifth order the product of the 
covariant i by any one of its coefficients. 
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^e get 36/3 + 2^7, = 12 [IJi^ - Zj«) = 3 [^AB + 3 C\ Art. 253, 
whence 108^ J? + 54 (7 - ^' = 2 1 6/3. 

The relations just employed show that the Hessian of t may 
be replaced in the system of the sextic by the result of operating 
with I on the sextic, and the sextic covariant of i by the result 
of operating with I on the Jacobian of the sextic and t. 

The same relations being employed to determine the quadrin- 
varlant of the function (aZ, — 2Wj + cZJ a?^ + &c., lead to the 
equation 
(*o'. - 2*,?, + ij,) I, - 2 (t,Z, - 2.,Z, + .3^ \ + (t^Z, - 2*3Z, + t,ZJ Z, 

= I {21 ; + 3^/3) = i {2A^B + 3^ a + 725*). 

258. It should have been mentioned in dealing with the 
system of a quartic and a quadric that if we call the quadric 
covariants at the end of p. 203 respectively 

a^x* + 2B^xy + %y% aV + 2/3'a:y 4- 7y , 
and operate with the former on the quartic a new quadric 
covariant a,x* + 2/3^x1/ + yj/'^ is found, if we operate with this 
on the quartic we get another a^x"* 4- 2^830;^ + 73^*, and so on. 

From the system of equations thus derived 

a^ = a7 - 26)8 + ca, a, = ay^ - 2b fi^ + ca^, a^ = ay^ - 26)8, + ca,, 
)8,= J7-2c/3+cZa, /S, = J7, - 2c)8, + rfa,, /S, = J7, " 2c)8, + cZa,, 
7i = ^7 - 2cZ)8 + 6a, y^ = cy^-2dfi^+ ea^^ 78 = ^Vj - 2cZ7, + ea„ 
it can easily be seen that each covariant admits of linear ex- 
pression by two preceding it in the series, the values being 
®s = ^^1 + 2 Taj a^ = /Sa, •+ 2 Ta^, &c. Moreover, these equations 
show that a7, - 2/3^^ + rya, = 2 [a^y^ - ^8^'), and when we write 

8oL^ + 2 Ta = a7, - 2 J)8, + ca,, &c., 
we see that 

«i7, - 2/S,/3, H- 7,a, = S {ay, - 2/3/8, + 7a,) + 4 r(a7 - /3'), 
«,7, - /S> ^ (a.% - )8;^) + T(a7, - 2/3^, + 7aJ. 
In the notation of Art. 212, 4 (a7 - )8?) = 2', a7j- 2/3/3,+ 7ai= <^, 
a,7j-)8,* = S+ /S(a7 — )8*), thus the successive invariants of 
the quadrics are expressed in terms of these five invariants, and as 
the skew invariant difi^ers only by a factor from 
its square can be similarly expressed. 
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It may also be noticed as regards the coTariant a[ that we 
find 3a, = 2iSbe + a^; and likewise for the series of deriTatiyei 
according to the law corresponding to ol from the quartic, 

a'"= 3iSV + 2 (54r-iS*)a, &c. 
Also ct" + So! = 2 iS"a + 18 Ta^. 

259. Now when we take as quartic the coyariant % of a sextic 
and take its covariant I as quadric, we derive a new quadric m 
by operating with I on i, another n by operating with m on i, 
and by what we have just seen, the further quadric co variants 
thus derived are reducible. These three thus give rise to a 
complete quadric system of which we proceed to consider the 
invariants. 

The relations between the coefficients of i and of its Hessian 
used in Art. 257 give 

12 [a (t/, - l;) - 2J [l^l^ - t.O -f c (f„*, +2i,*3 - 3^ - 2d ( v,- ^0 

6(t„Z,-2t,Z, + sy = tn,* 

6(t,/,-2t,Z,-ft,g = m,, 

6(t,7,-2y,+ t,ZJ = m„ 
Mj, Wj having similar expressions to that for m^. 

By the same relations, determining the result of operating 
with the square of I on the Hessian of t, we find this invariant 
linearly related to the result of operating on the sextic with 
the cube of Z, al^ — 6JZ,*Zj + &c. = J?^, and to the last invariant 
written in Art. 257 ; but it is also obviously so related to the 
discriminants of I and of m. We find as the result of the 
comparison what we shall call 

D' = iw,7w, - wi,' = 9 (2>, - 245/,).t 

♦ In full, the value of m, = 

- ^acd'^g 4- 48ai^ - ihac^P - ISa^e'/ 4- ISacdef- 48ad»/- 36oce» 

+ 28a<;V - 9b^ceg + llhH^g - 96bc^dg + 36cV - lUb^def+ 108*c«e/ 

+ 9C3c^y - 72e*df+ SlJ^e* - 1266c(fe2 - 27c»d« + 16W»e + 96c«J^ - 32tfrf*. 

t It was mentioned in the second edition that instead of the discriminant ^ we 
may use another invariant of the tenth order i), in which no higher power than 
the fourth of th« extreme coefficients a, g appears, and which does not contain 
the product a*g*. The quantity multiplying a* in i) is (eg —/*)', and the relation 
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We can now, writing 6 (t^w, - 2ijm^ + t^ni^) = ti^, &c., express 
the remaining invariants of the quadratics by means of the 
invariants -4, /,, 7^, I/. In fact, using last article, we have 

l^n^ - 2l^n^ + Z,n, = 2 {m,m^ ^ m/) = 21/, 

m^n^ - 2m^n, + m^n^ = 36 {/,(Z^m, - 2Z,m, + Z,wJ + 2U^ (y, - ?/)}, 

«•^ - w.' = 36 {/, [m^m^ - m/) + 6/3 (Z,w, - 2Z,w, + ?,m,)}, 

and we have already at the end of Article 257, 

Z,w. - 2l^m, + Z,m, = 4 (2/.' + SAI^j. 

We have, of course, also the skew invariant of the system of 
quadrics which must be to a numerical factor the E of the sextic, 
and its square will be expressed by the other invariants in 
the usual maimer by putting in their values in the expanded 
formula for 






m,, mj, m, 

22)', 288 (/,« + 2^/,/, + 9/^2) 

288 W + 2^1/2/3 + 9/,«), 72 (4D' + ASI^^I, + 72il/,«) 

moreover, the identical relation between the quadrics may be 
written down by equating this determinant bordered with them 
to zero. 



J {AJ, + 18/,), 
4 (27/ + 3^,), 
22)', 



260. By means of the differential equation I calculated 
the invariant E. Its value was given at length in the second 
edition, where it occupied thirteen pages, but I have not 
thought it worth while to reprint so long a formula. The 
terms containing the highest power of a are 

a'{eg-/y{g'd-3sfe+^/')', 

whence making all coefficients vanish but a and / the deter- 
minant at end of last article is found = 2 (27ji5')'*. 

<P^»^»^^^— ^M^— ■ ■ I ■■ 11 I ■ ^»^— W I Blll-I III ■ !■■— -- — — »■■■ I ■-■■■ ■■■■■ m^m^^^^^^^^^^ 

connecting A and 2) is A = ^1* - ZlbA^B - 625^«C + 31262). The value of 2) was 
there given at length, bat I have not thought necessary to reprint it. Taking either 
of its special values in the cases mentioned at the beginning of Art. 256, D^ is foon^ 
connected with it by thd equation 2)^=^ D •\- 6B'{3C + 2AB) : whence we find 

9A - 31252)' = 384^* - 12000.4' {AI2 + 5/3) + 760001^ (AT^ + C/3). 
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Tbe exprcanon for £ in tenns of tbe other ioTaruntB mij be 
nitherwise found from the follovhig consdentioiB: If m die aexlac 
bj df f Taniih, E neceeanl j Tani«heft. FiM-, snoe the vcigfat of E 
IB fortT-fire ^Art 143^ the weight of some one of die consdtoent 
coeffideotB in each term must be expressed bj' an odd nnmber; 
and when in the sextic we make all the tenns Taniah whose 
weight u odd, E TanLsbes. E=0 is therefore the conditioii 
that the roots of the sextic should form a system in inrolntion. 
If then we make £, dj/= in A^ Bj C^ A and eliminate a^e^e^g 
from tbe results, the relation thus obtained between A^B^ C, A 
must be satisfied when E vanishes, and must therefore contain 
it as a factor. 

From what has been just remarked it follows that the 
expression for E in terms of the roots is the product of the 
fifteen determinants of the form 

! I, a + )S, off 
1 1, 7+ S, 78 
I 1, e + ^, e^ 
or of tbe fifteen factors (Ex. 7, p. 25) 

If we write ag^\ ^ = M» a€^ + 5'c* = K, the values of the 
invariants got bj making i, d^/= 0, may be written 

C7 = -24V-8/A' + 4(X + 3/i)v, 
A = X {V - 1 50X/i - 1 875/i' + 500v}". 

Eliminating v in the first place, the last two equations become 

(7=4/a(X-/a)*-4(X+3/a)5, A=X(X*+350X/i-1375/i'-500J5)'. 

Then eliminating fjk by the help of the first equation, we get 

1024X'-1152X'^+(132u4'-10800-B)X+3375(7+2700^-B-4^'=0, 

X (256X' - 320^X + 55^* + 45005)' - A = 0. 

The resultant of these two equations is of the thirtieth degree 
in the coeflScients ; and therefore, from what we have seen, can 
only differ by a constant multiplier from £*. 
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261. By Art. 234, when the discriminant is negative the 
sextic has either six or two real roots ; and when it is positive^ 
has either four or none. We can readily anticipate that the 
discussion of this expression for E is likely to lead to the same 
results in affording criteria for further distinguishing these cases, 
as the corresponding discussion of the expression O in the case 
of the quintic. Analogy also leads us to expect that what will 
be important to examine will be the result of making A = 
in the expression for E. Now, although the calculation of this 
general expression for E may be a little laborious, that part 
of it which is independent of A is easily obtained. It will 
evidently be the product of 3375 (7 + 2700^5- 4 J[" by the 
aquare of the resultant of the cubic and of the quadratic 

256\' - 320u4\ + 55^' + 45005. 
And again, analogy leads us to believe that the first of these 
factors is not important in the question of the criteria for real 
roots, and that it is the square factor alone which needs to be 
attended to. 

The result I find is that, writing for convenience B' for lOOi^, 
C for 125(7, the quantity squared differs only by a constant 
multiplier from 

4^* - 19^*5' - 49^'5" - 4J:'(7' - 805'" + b2AB'G' - 4(7". 

Analogy then leads me to suppose that the criteria for the 
number of real roots of a sextic depend on the signs of this 
quantity, and of A' - 1005, A"" - 125 (7, 

{A^ - 300^5 + 250 (7)' - 5 {A' - 1005)', 

which, as we saw, vanish when three roots are all equal. 

262. If we now resume, from Art. 223, the consideration of 
the system of two quartics 

V = a V + 4 J Vy + Gc'ajy + ^ctxjf + ey ; 

and, as in Art. 216, write their Jacobian or functional deter- 
minant, which is in full, 

{aV) a;' + 3 {ac') x'y + 3 {{ad') + 2 (Jc')} x'f -I- [[ae') + 8 {bd')] x^ 

' + 3 {[he') + 2 [cd:)\ xY + 3 [ce') xy'' + {de') f 
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and their qnadric combinant of the same order in the coefficients 
{((^) - 3 [W)] x' + {(ae') - 2 (Jef )} xy + {{be') - 3 (ccT)] yf 

we express as follows all the determinants of the second order 
employed in Arts. 220-1 in calculating the combinant invariants, 

■ (ac')=2a„ (a<f ) = 3a, + 1;),, (Jc') = «,-ii?o» 
(ce')=2a., {ae')=4a, + f;)„ (W)=2o,-i;)„ 

Between these determinants we have five identical relations 
of the form {ah') (cd) + (ac') {dh') + [adf) {be') = 0, but of which 
any two result from the other three, and these introduce the 
simplest quartic covariaut of our sestic Jacobian. In fact, 
writing as in Art. 257, 

"o"* - *«i«. + 3a,' = *o, ao«5 - 3o,a, + 2a,a, = 2t„ &c., 
the identities are 

«i/'f - 2a.i>, + a.;>„ = 5*. - |p„ Pi. 

«.P. - 2a.i>. + o, P. = 5t, - ^ {p^p, + 2p,»), 

«.Pi - ^<^iPx + «.P. = 5f. - |i>,i>„ 
«4?. - 2a.p. + a,p. = 5t, - lp,\ 
Now if, in order to combine these, we write, as in Art. 252, , 
«o»4 - *«i»8 + 6a,', - ^^t^ + a/„ = 2Z., 

■ «,*4 - 4a»ta + 6«4«. - 4«5». + «.*o = 2Z, ; 
also calling ' 

«o«6-6«,«6 + 15a,a«-10a,'' = -^.> PoPt-Px=P^. 
<^.P* - 4«, Z'lP, + 2a, (/j,^', + 22'i'') - 4a. p,K + a*^.* = [a„p,*], 
we find 2 {t,p, -. 2t,^, 4 t,p, + iA.Po) = 5 .2 . Z. - | [a.^.l, 

kK] ^ 54'oPt - 2«. Pi + t,;>o) - A^i>„ 



= 2/,-/.£-+ir, 
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from which eliminating [<»oPi*]) ^^'^o writing down similar 
relations for the following coefficients and patting for brevitj* 
^=M.-A^, weget 

It will be observed that the i and I coefficients depend solely 
on the coefficients a, hence these equations enable us to determine 
the p coefficients by means of those of the sextic Jacobian. 
In fact, they enable us to solve linearly for the p coefficients in 
terms of these quantities and P, and when this is done to form 
from them the value of P. 

Thus the notation of Arts. 256, 258 gives us the determinant 

I, , 2*, ,S-^^ 

^. + ^j 2*3 , *, 

we find incidentally 50/, + 4ZP= 15 (Z^p,-2Zjp, 4-?,Po)» *°d 
finally to determine ?= ^ (-4, — 6^) arrive at the quintic* 

eK' - A^* - 10I,K' + 2 (^,7, + 15/3) K* - SAJ^K 

Hence we see that as the Jacobian is a sextic of full generality, 
it is possible to express any given sextic as the functional deter- 
minant of two quartics in five ways ; when any root of this 
quintic is employed, a quadric p is linearly found by means of 
the given sextic by the above equations, or we have definitely 
in terms of the covariants Z, 971, n of the sextic : 

ii2l,-J,K+K')p^(K*-I,)l-^Km + ^n, 
and hence the values of the determinants {act)y &c., are found. 

* In preparing the foUowing ekfitch. of Dr. Brill's paper, Math, Annakn XX., 
p. 830, I had printed thns far without seeing the ^'M^moire snr les faisceanx 
de formes fainaires ayant nne mdme Jacobienne/' by M. Gyparissos Stephanos, in 
Tome XXYIL of the Savcmts Strangers of the Acad6mie des Sciences, 188S. 
H. Stephanos obtains this quintic, but with a slightly different notation, p. 78. In 
the pBeliminaiy notice in the Camptes Rendm, 12 Dec., 1881, it is giYtn inconectly. 

NN 
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263. From the sjstem of three quartics 

we can obtain a Bimilar theory. In fact, thej afford the 
sextic covarlant 

aa* + 2/3a?y + yy«, /3aj* + 2yxy + Bfy ya? + 2&cy + ty^ 
a/B^ 4- 2/3,a!y + y,y«, ^/b« + 2y,«y + *y, y/r« + 2a^ + «y 
a'x« + 2^a!y + yy, /8'a:« 4- 2y'»y + *'y, y'a;' + 2a'ajy + «y 

which, using [afii] to denote the determinant (a/3^7')j ^-j "^^ 
may write 

= (a/37)aj«+ 2(a/S8)arV[(a/3e)+ 3(a7S)]a;y+2[(a7e)+ 2H3yS)}af'/ 

+ [(aSs) + 3 (/Sts) J xY +2 (/8Ss) icy' + [ySs) f 

«= S^a;* + U^x^y + 15J,a^y* + ao&gay + 15 J^a^y + eb^x/ + by. 

Introducing the present notation, we find the expansion 
(p. 3J) of the determmant 



<h 


*. 


«i 


•^ « 


a',: 


*', 


c', 


rf', e' 


<h 


ft 


y. 


«, «, 


«/. 


A, 


%. 


*„ «, 


«', 


/y, 


y. 


*', «' 



= a,J, - 60jJ, + 1 5a,J^ - 20a,J, + 1 5a^5, - 6a Jb^ + a,&, 

-iA{(««e)-2(/878)}+i2'.{(«7e)-8(/378)}-ip,{(a/38)-2(a7S)}. 

This introduces a new combinant of the three quartics, 
which we shall write q^x^ + ^Si^ + qj/* = 

[(a/Ss) - 2 (a78)] a:« + [{a7e) - 8 (/37S)] 03^ + [(aSe) - 2 (/37e)] / ; 

by whose coefficients along with those of b we can express all 
the determinants* 

!'I S!l^r «. = (-978)= J.-k., /3,= («7e) = 85. + l?., 

!' ~ S " t «• = (^3^^) =^ 3^^ - *?" '^' = ("^^) = «^« + «?•• 

«o = 17<«) = 6„ 



* It is useful to hare both notations : the identities following may be written ij 
letting X and y go through all paiis of values of a, p, y,t, tin the matrix 



«> 


«/» 


«', 


(a^«) 


and are 


^2«2 - ^8«l + ^4«0 = 0, 


A' 


^.. 


/3', 


(a^^) 




«i«4 - aQ«6'- ^«i = 0, 


y> 


y.> 


y', 


(a^yy) 




«2«4 - aQ«« - fit^i = <>» 


*, 


^., 


«', 


(«y^) 




CjOj — aiflj — ^40, = 0, 


«» 


«/» 


«', 


(*y«) 




Ar«6 - /Jstt* + A«4 = 0. 
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Among these there are five identities, as in Art. 28, three 
of which only are independent, and which lead to the system 
of equations of the type 

whence the determination of the covariant j from J, by aid 
of which any given sextic may be identified with the functional 
determinant of three quartics, follows immediately as in last 
article. It is to be observed that the duality, of which these 
two articles furnish an example, is general; that if we have 
a system of p independent quantics of the n^ degree, n not les» 
than p^ they have a functional determinant of the degree 
(n-^ + l)/?, which is a quantic of full generality of that 
degree, and that any quantic of the degree [n- p-\-\)p may 
be identified, by adjoining to it a suitable irrationality, either 
with the functional determinant of p quantics of the n^ degree 
or with the functional determinant of n- p-\-l quantics of the 
rfi^ degree. The irrationality in the present case for either form 
is the root of a quintic, by means of which the quadratic 
covariant is linearly determined. Moreover, the system of 
combinants of the p quantics of the n^ order, for n not lesi^ 
than p^ is in number and form identical with that of ri^p + 1 
quantics of the same order. 

264. If the quartic XZ7+/aF+ vW break up into the quad- 
ratic factors 

(r^c^ + 2r,a?y + rjj') [r^x^ + 2r\xy + r',y'), 

on comparing coefficients, we can find easily that the second 
factor may be determined, in general, by the first, as 



«> 


«/» 


a', 


n» 


0, 





4^, 


4^„ 


4^', 


2n, 


»-w 





6y,. 


6y., 


6y', 


»•«» 


2r., 


'•o 


4a, 


4^., 


45', 


0, 


»•» 


2rx 


«» 


«/» 


«', 


0, 


0, 


»•« 



0, 0, 0, a:«, xyy y^ 

whence this particular value of \U-\- fjkV+vW is found by, 
replacing the bottom row by J7, F, TF, 0, 0, 0, and accordingly 
X : /A : V are determined by r^ir^i r,. 
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The second quadratic factor becomes indeterminate if the 
former make all determinants yanish in the matrix 



s» 



0» 



0, 



4ft 4ft, 4^, 2r„ r, 



•) 








6y, 6y„ 6y', r„ 2ri, r« 
4^, 4a^ 4a', 0, f,, 2r| 



"/» 



0, 



the former factor accordingly fails to determine the ratios \:fi:v» 
The equations which make this matrix vanish may be written 

V«*-;^i»'«^i +2^« (*'o»'2+2r,«)-4*ir,ro4- Vo'=l ('•o*'«-n*)?o-* ('•oft-2r,^i+*'«9o) »*o> 
V«*-4*^2^i + 2ft,(ror4+2ri2)-4Viro+Vo'=l(»-a»-2-n')?i-Tfe(»'o?if-2r,ft+rjg'o)^^^ 

or in the form 

2r,\. - r,-r, (6a, + ^,) + 12r,r,a3+ Sr.'/S, - r,r, (6a, + /3J + 2rX = 0, 

r;^,- 3r,r^/33+ V,(6a, - ^J + 4r,«/3, - 8r,r,a, + 6rX =0; 

and from these either of the ratios r^ir^: r,, may be eliminated 
dialytically and the other will be found by a cubic. A root 
of this cubic being employed, the former ratio will be found 
linearly. Thus three quadratics u^^ t«,, u^ can be found, and we 
may assume, as,, the basis^ of the system of quartics in all 
matters relating to combinants, the products u,u,, u^u^^ u^u^^ If, 
farther,^ we suppose a linear transformation effected, making 
the independent variables the factors of u^y so that u^^acjf 
and r^ = 0, 9-, = 0, we must have in the equations determining 
these coe£Scients )8, = 0, ^83 = 0, ^84 = 0, whence follow, by the 

identities of Art. 263 (note) that ?i = ?i = ?? . Thus, if we 

a* «6 «a 
mdke by suitable determination unity the common value of these 

quotients, we have by a linear transformation,' depending on the 

solution of the quintic and oh that of the cubic, arrived at 

the reduction of the general sextic to Dr. Brill's canonical form 

x^ + 2paj* + 3qx* + 4ric' + Bx* + 2px + J = 0. 



i 



* Compare the Notice of Dr. Brill's paper in the Fortsehritte der MtUbematik^ 
1882, by Dr. W. F. Meyer ; also his ApolariicU und rationale Curven, p. 806, Ac. 
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'-' 265. When the quartic XU-k^ iiV-\-vW is the sqnaFe of 
«^aj* + 28^xy + «jy", we must have the miltrix • 



<h 


«/> 


«', 


V 


ft 


A, 


^, 


Ml 


8y, 


8y., 


V, 


'A + w 


*, 


^., 


^, 


»1«2 


«» 


«.» 


«', 


«,» 



= 0. 



feut this is equivalent, by the identities of note Art. 263, to oply 
two equations ; for example, we may write the two 

Eliminating ^^ : «, between these, we get a biquadratic iQ 
8^ : 5,, and the second equation connects a single value of s^ : 8^ 
with each of its roots. Thus four quadratics are found to solve 
tjie- qa^tion : calling them 0,, ^„ ^„ 0^, we may take the 
squares, of three of them as basis of the system as regard^ 
combinant properties. It is obvious that^ besides the linear 
relation which holds between any four quadratic functions, 
thctre must exist also a linear relation between the squares 

^ *H ^l» ^.T ^4- 

If ^i^xy^ so that s^^Oj «,» 0; the vanishing of the above 
Biatrix independently of 8^ requires that 

0^ = 0, a, = 0, ^, = 0, i8, = 0. 
'. In this way we are led, by employing a root of the quintic 
ud a root of the biquadratic, to reduce by linear transformation 
the general sextic to the following cancmical form, given both 
by M. Stephanos and Dr. Brill, 



266. When, by the methods 
identified with the Jacobian of a 
criminant breaks up into factors, 
these are (Art. 180) their resultant 
(Art. 221), which vanishes if t« + 
The resultant was already given 
it in the notation of Art. 261 as 

i2=12i 



just explained, the sextic is 
system of quartics, its dis- 
For the case of two quartics 
B and the invariant called D 
\v admit of a cubic factor. 
(p. 220), but we may write 



^9i «1> 

«» + IPlI «4 + ^P2J 






«4 - i^P: 



a 



5» 



a. 



^-^ 



ViuMi v^ ieit»&uev$; ^m ifa^sraxaxmt^ mt tarn ht 

1I4$A Mi f/u^/f ^m U wfitim iif twn im a detennioaitt of the wbok 
*ffAt^0 \H» VmW i!h0rm% tbat tbe dttcriinipaiit breaks vp into 
tw// ^frfm\fttuX%u% Uu^tifn lor tbe fonctioiial deternunaat of 
// t^Wktt^m^ Mf$A iu (MMtkoUr detennines tbeir Tallies for tbiee 
4\Hnft!u*M, Vtff \$%n mwfUiittA form (Art* 264) it breaks up into 
a f/iM'/t//f fd ibi5 MXtJi de^ee^ 

//♦^;/(AAyK'/+»)+f^/-?)y-T«»(2'-i)y+i?(2*-ir=iVC, 

ftn4 ilM /;! tmr factor is tbe product of four linear factors 

Krorri thisimf taking /^^ ^^ r as rectangalar coordinates, after 
tiiit mantKir of Hylventor (p. 242), and consideriDg how space is 
psHitd by tbo surfaces C/»0, 2)|»0, i>,-0, he investigates 
tim fiuuibur of roal and imaginary roots for real values of^, qj r. 

Wo ontit tho diicumiion, however, as well as the geometrical 
dctVftlopmtintH given in tho Mdmoire of M. Stephanos, and 
(uuiohulo with a few miicollanoous examples on the subjects 
of thin LoMon. 

t(}iii li t( ili0 t)ir«0 iiUHrtttM In Art. 2A8 have a oommon factor, we maj equate 
ihmit hi «tiiHi, i^imI, multl|)lyln|{ thorn flnt by a and then by y, eUminate a^i sd^f dtc 
Kmuva wi» ti^t i^ (WM^ruiluiuit 

«» 4^, 6y, 4e, 



«*! ^.1 «%, << 



4> 



«» 

4^» 









m\ iff, 67'. 4^*, 

0, «, 4/i, 6y, ♦«, « 

0» ii.» 4/*.. 6y,» 4*„ f, 

^ «\ 4^**, «v\ 4^*, «' 
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2. If we take an the thzee qnarticB in Art. 268, the simplest qusurtic coyariants 
of the quartics in Art. 262, viz. 

jff = oar* +...= (ac - 6*) ar« +..., //, = a^ +...= {at^ -^ca'- 2W) «* +..., 

H'^ala^ +...= (aV - *'») as* +..., 
we can write the inyariaot C of p. 220 in the form a, b, e^ dj 



a', ft', </, cf , 

«> fii y» ^» 

«/» ^/f y/> ^/» 

«', ^, y', ^', 



e 

e 
</ 



In fact^ when a member of the system \u + fiv admits of being a perfect square, we 
can identify X« + fiv (Art. 207) with \^H + X/ti//, + fi^B'f and when we do so and 
eliminate dialyticaily, we get this determinant. 

Ex. 8. In the case of Ex. 2, if \u + fiv admit of a cube factor, V27 + \/iH, + /i^H' 
IS the fourth power of that factor, whence by the matrix 

= 0, 



a, 


«/» 


a', 


y* 


A 


fi^ 


^, 


-ary» 


y» 


y/> 


y, 


JcV 


^f 


«., 


^', 


-a^y 


f. 


«/» 


«', 


. ar* 



^De can both determine the factor and the condition i> = 0. 

Ex. 4. The qnadric coyariant / comes naturally in relation with the sextic 
covariant 7*, which may be written m any of the following forms, and which we 
shall now call j —j^ -^'^x^y + ^* 

aa^ + 2fta?y + cy*, fta;* + leosy + £^, car* + Uxy + ey« 
&B* + 2ca!y + <f^, <?a;* + Idxy + c^, da* + 2eay +yy* 
ca? + 2dxy + ey^t dai?.+ 2.exy+fy^, eg? + 2fxy + gy^ 

ax + byf bx + eyy cx-\- dy, — y* 

bx + cy, <?a; + <fy, <foj + ey, a;y* 

caj + rfy, cte + ey, ex+fy^ ^a^ 

dx + eyf ex -i-Jy, fx + yy, a?* 



— 


o, ft. 


c, rf, - 


-y* 


= J 


a, ft, c, -4y«, 









ft, c, <^ «, a^* 




ft, c, <^ 8y*a;, -y» 






c, d, e, f, -x'y 




r, d, 6, -2ya:2, 2y2aj 






d, e, f, 9, ^ 




d, e, /, aj», -8ya;* 






-y», «y*» -«*y» ^» 




«» /, 9^ 0, 4a;» 




- {pibc) aj» + 2 (oW) a^y + [(ofte) + 8 (<w?<?)] arV + 2 {{aoe) + 2 (ft<?d)} aj»y» 


+ {cdt) y« + 2 (*<fo) a^» + [(acfo) + 8 (ftc«)] a;V, 


denoting by (oft^) kz, the determinants 


a, ft, c 


dec. of the matrix 


a, ft, (?, d, e 


as aboye. 


ft, c, d 




ft, tf, d, e, / 




<?, d, e 




^» ^'j «» y, ^ 


In this notation we find 


/ = {{ahe) - 2 {acd)\ ^ + {(ace) - 8 (ftc^} xy + {(owfo) - 2 (ft<?e)} y*. 


But again, let the reciprocal constituents to 


B- 


a, ft, c, df 
ft, c, d, 6 
<?, d, e, / 


be written 


«/> */> ^/> <^/ 
*/, c/, d/, c, 








<^ «» /» ^ 








<^,» «/> //» 9i 







1 
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tad we half 

•!«>. < = % + l^ -rf/ = % + tt, <?/=% + ». 

Now from the identities between the oonstiiiients €»f B and their zedprocala we 
can derire relations among the coefficients of oorariants, for instance^ 

(«/)» = fjt - 0% + 109, - 104;2 + '»«?i -j5# = 0, 

(«; ). = nj. - 6^'j + 169; - 2(kjr. + 15<!/i - ejj, + 57. = 45. 
The identities gotb^ writing the aboye matrix with two additional rows of its 
own lead to {IIj). - ^ (if), - I (.*/), + ^/ = 0. 

The^identities of note Art. 268 applied to the matrix in this Example aze 

^^,-ffli ^fit-9fl4 ffi,-9fit ' 
and lead to the set of relations of the type 

JJa - 4;, J, + 3;,« = tW,* - lb ( V« - 2/ J, + kj.). 

Ex. 6. The definition of /, ai^ - 4^ + 6012 - 4tdi^ + «f, = 22; Ao, combined with 
the relations ai^ - 8&», + 8ct, - <ffo = &c, (Art. 258), giye the following identities : 
at, — 8H2 + 8ct, — rfio = 0, at4 — 36t, + Sci^ - rfij = f 2^, 

6», - 8ct2 + 3«/i, - cto = - i^o> *»4 - 8«t + 3<f%— e*4 = }/„ 
ci^ - 8(i«2 + Set'i -/to = - ^^» c»4 - 8rf»i + Setj -/ij = ^2,, 
rfi, - Scij + n/t, - ^fo = - i4 <^»4 - 8«, + 3/4 - ^*, = 0, 
which, being solyed for the coefficients of i, lead to the relations 

Bi, = f ( Va - 2/ J, + ^'o) - tW*' Ac., 
whence, bj the last formnla of Ex. 4, 



Ex. 6. If we compaxe the yalues of 



€lf 6f Cf df € 

b, e, d, e, f 
Ci dy €, f, g 



«, — 4rf, Qc, —4 J, a 
/, -46, W, -4<?, i 
9i -4/, 6<, -4<^* c 



we find 6 0' Ji - ^di + 1^'J4 - 1 Vs*) + * {kk - ifl = /. - i^t + A^» (Art. 267), 
whence 80 0V« - ^JJ$ + 1 VJ4 - 1 V.*) = 2AB - C. 

Ex. 7. If the three qnartics in Art. 268 be the second deriyed fulictions of the 
sextic in Art. 262, the sextic coyariant is the^ of the sextic a^aifi +..., and the quadric 
ooyariant g is its 7. Using the letters y and I in this sense, we haye 

["hjt] = aji - 6a J5 + 16aj4 - 20aJ, + 16a J2 - 6a,j\ + aj^ 



and 



= 4 


«0I «1» 


a» 




«II «» 


«» 




a» «8i 


a4» 




«» «4l 


<»» 


«! 


3, c, <i, 


6 


«', 


&', c', rf', 


«' 


«•! < 


»i» «» «» 


«4 


«l, < 


H» «» «f4» 


«6 


Ot» < 


h> 04» «6I 


ffe 



a. 



= [«*;•] + i CpA - 2p,/, +M). 
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Ex. 8. If II, tf be any two binary cubics cafi +..., aV+..., add if operating with 

** aJ» "" dxd « "*"••• ^° ^® product ««, we determine the result to be proportional 

to t« ; we find that v must be the eyeotant of the discriminaot of u. This fact has 
already been employed to establish a canonical form for the sextic (Art. 174). 

The determinant of that article may be found, as in Ex. 1, Art. 212, by identifying 
the cnbicovariant 12* of the sextic and an arbitrary cubic ca^ + ^Pa^y +... with this 
cubic and eliminating its coefficients. Thus 

ad - Sby + 3<?/3 - <fa = 8/oa, 
bd -3€y + Bdfi -ea = 3/o/3, 
cd - Bdy + 8e/3 -fa = 3/oy, 
di-Sey + W- ga = 3/0^. 

■ 

Now the determinant which results, 



a, 
ft, 



*, 



d + Rj 



d — Bpf €f 



d-p, 

/; 



d+Bp 
e 

/ 
9 



is unaltered by changing the sign of p, whence it is a function of p^ only, and its 
value is easily found = B + Ap^ + 9/i*. 

The canonical form thus arrived at may be written, with the relation «+!;+«;= 0, as 

aifi + *«• + 6vfi + Zduvw (t> — w) (w — «) (« — ») = 0. 
By ooBTerting this into a binary system, we find 

A-=zhc'\-ca-\-ab- 9<?, B = - (6c + co + ah) d^; 
whence the determinant just written breaks up into the factoia 

( V + Jc + ra + a*) (p* - rf*). 
From the value of the covariant 
t = lbc+ (6 - c) rf + 3<i^ «*«;* + [co + (<? -«)(?+ 3^] w«t^+[ai + (a- ft) cf + 8rf«] uhi^ 

it can easily be found that 

7= [abe + ida{b-c)-^d^ (ba-b- e)] u* + [abc + 2db {c-a) + d^ {6b- e-^ o)] v^ 

+ [abe + 2de{a-b) + d' {5c-a- b)] to% 
whence by BC+^AB=^lol2-ll^=Sa^'^e^+2d'{6abc{a-^b+e)-2{b^c^+e^a'^ + a^b^)] 

+ 12/P(*-<j)(<J-a)(a-*)-9d«{a« + ft2 + c«-2(6c + ca + a6)}, 
we get C = o?6V + 6abc {a + b-^e) d*-^4.{b- e) {c-a) (a-b) d^-&{a+b + cY rf». 

The binary sextic has just been expressed by the intersections of a line with a 

ternary sextic. The change to expressing it by the intersections of a ternary quadric 

'and cubic may be made thus. Let tt^ = x, ©* = y, w^ = z; then, if 2vw =x- y - «, 

2wfi=y — 2 — a, 2uv:=z — x — i/f the relation f*4-t> + ttr=0 becomes th,e single relation 

4x + 4y + 4^ = ^y ^^d ^^6 sextic becomes 

oaj* + by* + cz^ — 3d(y — z) {z — x){x — y) — 0. 

Comparing with Curves^ Arts. 220-1, we have the values for this of the ternary 
invariants, S=—B and T= C, whence the discriminant of the ternary cubic is C^-B^B*. 

Ex. 9. The invariants of the system of quadrics p, /, m (Art. 262) have all been 
given in t«ms of A^ /,, /„ K with the exception of p^m^-2p^my ^-p^mQ and the skew 
invariant {plm). 

It is easy to show that 

p^n^ - 2pimi + 1?2»», = 90/3 + 5^2/2 - 20/jK' - hA^K^ + 30J2'», 

00 
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wbeooe we can ezpraBa the square of (p/m) by the others. This inyariant {phn) is 
of the ninth degree in the coefficients of each of the qnaitics as in Art. 222, and the 
inyariant E of the sextic contains it as a factor, for, by the linear relation among 
p, I, m, It, we have 6 {Inm) = 72 (2/, - I^K + K^) {pim), 

Ex. 10. If the second qoartic v of Art. 262 be the Hessian of the first t/, the 
oombinant j7 yanishes identically, and the functional determinant becomes the sextio 
covariant of the biquadratic u. The identities of that article show that the 
covariant i of this sextic yanishes identicallj {Clebseh, p. 447). 

"Eji. 11. If the two quartios u and v of Art. 262 be the derived functions of a quintic, 
the Jaoobifm is its Hessian, and their invariant B (Art 220) vanishes identically.^ Now 
in the present notation we have from that article A + 48B = — 40^4^ A — 12jB = — 4P ; 
(bus for B =: 0, P= 10^ : whence th|s invariant relation among the quarticR is the 
same as that K=. — ^A^ shall satisfy the quintic of Art. 262. (Stephanos, l.c. p. 81 ^ 
F. Linden^lnn, Math. Ann, xxi., p. 81.) 

Ex. 12. If a quintic and a sextic admit of reduction to the forms 
^ V + 5'©» + C'tt^ + i>V, Au^ + Bifi + Cvfi -^ Dsf^, 



they satisfy the iiivariant relation 



a' 



b'y a, bj e 



= 0. 



b'y e'y bf Cf d 
c*, (f , c, d, e 
^j «', d, €, f 

Ex. 18. In order to reduce two quintics to the forms 

^tt» + ^c» + C'w* + i)»», A'tfi + 5V + C'vfi + D'sfij 
their canonizant uvwz is ax + by, bx + cy, a'x + 6'y, b'x + cfy =0, 

bx + cy, cx-^- dy, b'x + c'y, c'x + d'y 
cx + dy, dx + eyy c'x + d% d'x + e'y 
dx + ey, ex -^rfy^ d'x + e'y, e'x +/'y I 

■ • 

Ex. 14. Similarly if a cubic and quintic admit of reduction to the sum of thre^ 
eubes and three fifth powers of the (same c^uantities, we have a', <h h ^ = 0. 

6', 6, <?, . rf 
c', c, <?, e 

Ex. 15. In Hermite's invariant, p. 234, the leading terms in a and/ me 

/= a''f{df- €«)» - a/' (ac - *«)» + Ac. 

Ex. X%, Determine a quintic v such that the result of operating witli 12^ on t«v, 
where « is a given quintic^ may vanish identically. We find 

«», 6a;V, 10a»y2, 10a;V, 6(By*, y« 

d; -8c, 8ft, -a, 

e, -2(f, 0, 26, -a, 

/, e, -8d, 8<?, -6, -o 

0, /, -2c, 0, 2c, -b 

0, 0, /, -8«, 8rf, -c 

which is the product cif ti by its quartinvariant = — tfi/ pf p, 228. 
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LESSON XtX. 

ON THE OBDER OF BBSTBIOTED SYSTEMS OF EQUATIONS. 

267. The problems discussed in this lesson are purely alge-^ 
braicaly and in the investigation of them I do not make use 
of any geometrical principles. But I find it convenient to 
borrow one or two terms from geometry, because we can thus 
avoid circumlocution, and also can more readily see how to 
extend to quantics in general theorems already known for 
ternary and quaternary quantics. 

We saw (Art. 78)* that if we are given k equations in k 
independent variables, the number of systems of common values 
of the variables which can be found to satisfy all the equations, 
will be equal to the product of the orders of the equations. Now, 
in the geometry of two and three dimensions respectively, the 
system of values aj = a, ^ = J; oraj = a, y = 6, « = c denotes a 
point. I find it convenient therefore to use the word " point " 
in general instead of '^ system of values of the variables," so that 
the theorem already stated may be enunciated : '' A system of 
k equations in k variables of degrees Z, tti, n, p^ q^ &c. respec- 
tively, represents Imnpq &c. points^^ by which we mean that 
80 many ^' systems of values of the variables " can be found 
to satisfy all the equations. This number Imnpq &c. will be 
called the order of the system of equations. 

268. If we have a system of A; — 1 equations in k indepen- 
dent variables, we have not data enough to determine any system 
of common values of the variables, and the system of equations 
denotes a singly infinite series of " points." Such a system of 
equations we shall speak of as denoting a curve. If with the 

given system of A; — 1 equations we combine any arbitrary 

■ ■ — .' ■ ■ — ' > — 

* If as is usual we employ homogeneous equations, the number of variables will 
of course be A; + 1. 
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equation of the first degree, we have then data enough to 
determine points which will be equal in number to the product 
of the degrees of the equations. We shall define the order 
of a curve as the number of points which are obtained when, 
with the equations which denote the curve, we combine an 
arbitrary equation of the first degree. 

When we are given a system of A; — 2 equations, these 
denote a doubly infinite series of points, since we cannot de- 
termine any points unless we are given two other equations. 
Such a system we shall speak of as denoting a surface. If 
with the system of A; - 2 equations we combine an arbitrary 
equation of the first degree, we shall have a " curve " whose 
order is the product of the degrees of the i - 2 equations. In 
general, by the order of a surface^ we mean either the order 
of the curve obtained by combining with the given equations an 
equation of the- first degree, or, what comes to the same thing, 
the number of points obtained by combining with the given 
equations two equations of the first degree. 

And so, more generally, if we have any system of fewer than 
Jc equations, by the order of the system we mean the number of 
points that are obtained, when with the given equations we 
combine as many equations of the first degree as are wanting to 
make the entire number of equations up to A;, thus affording 
data enough to determine systems of values of the variables. 
It is evident that in the case under consideration, the order 
of the system is the product of the degrees of the equations 
which compose it. 

269. If we have A; + 1 equations in k independent variables 
whose degrees are Z, m^ n, &c., we can eliminate the variables ; 
and we have seen (Arts. 76, 78) that the order in which the 
coefficients of each equation enter into the resultant, will be 
equal to the product of the degrees of the remaining equations 
Taking then, to fix the ideas, the case of four equations : let 
their orders be ?, ?w, n, r, and let any quantity enter into the 
coefficients of the equations in the degrees X, /a, v, p respec- 
tively, this quantity will enter into the resultant in the degree 
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We shall use the word order to denote the degrees Z, tw, w, r, 
in which the equations contain the variables which are to be 
eliminated, and weight to denote the degrees X, /i, v, p in which 
they contain the quantity not eliminated; and the result just 
written may be stated, that the weight of the resultant, or the 
weight of the system, is equal to the sum of the weights of each 
equation multiplied by the order of the system formed by the 
remaining equations. 

And this is still true, if we break the given system up into 
partial systems. Thus, the first two equations form a system 
whose order is Im and weight \m + /i?, and the second two 
equations a system whose order is nr and weight vr'\- pn\ and 
the value just given for the weight of the entire system is 

nr (\wi + id) + Im [vr + pw), 
that id, it is the sum of the weights of each component system 
multiplied by the order of the other. The advantage of so 
stating the matter will appear presently. 

270. What has been hitherto said in this lesson is but a 
re-statement in other words of principles already laid down in 
the lesson on Elimination; but my purpose has been to make 
more intelligible the object of investigations, on which we shall 
now enter, as to the order and weight of systems of a somewhat 
different kind. We have seen that k equations in k variables 
represent Itnnp &c. points. But now we. may combine with 
these k equations an additional equation, which is satisfied for 
some of the points but not for others of them. We have then a 
system of A;+ 1 equations representing points, that is. to say, all 
satisfied by a number of systems of common values of the 
variables, that number being now, however, generally smaller 
than the product of the degrees of any k of the equations. 
Cases are of constant occurrence where a number of points can 
be expressed in no other way than that here described. A simple 
geometrical example will suffice. Consider p points in a plane 
where ^ is a prime number, and where the points do not lie in a 
right line, then these points cannot be represented as the com- 
plete intersection of any two' curves, and if we have any two 
curves going through the points, their intersection includes 
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oat only these paints but othen benden To define the 
points eompletelj, we must add a third carre goii^ thrcHigh 
the p given points, bat not throogfa the remaining points of 
intersection of the first two eonres. The points are thos 
eompletelj defined as the only points common to all diree 
eorres* Our object then is, in some important cases iriiere 
a system of points is defined by more than k equations, 
to lay down rules for ascertaining the order of the system ; 
that is to say, how many systems of conunon values satisfy 
all the equations. 

In like manner a system of A; — 1 equations b satisfied by an 
infinity of common values. But it may happen that we can 
write down an additional equation satisfied by part of this series 
of common values, but not by the remaining part. In such 
a case, the system of A; — 1 equations denotes a complex carve, 
and it requires the system of k equations to define that part of 
it for which all the equations are satisfied. It will be the 
object of this lesson to ascertain the order and weight of what 
wo may call restricted systems; that is to say, where to a 
number of equations sufficient to define points, curves, &c., is 
added one or more others which exclude from consideration 
those values of the variables which satisfy the first set of 
equations, but do not satisfy the additional equations. 

271. The simplest example of such a system is the set of 
determinants 

Uj Vj w =0, 

u', v', to' 
or, at full length, 

vw* — tvv' = 0, %ou' - uw' = 0, uv* — vu' = 0. 

By writing these equations in the form 

u _ t) _ w 
u' ~ v' " w' ^ 

it is evident that, in general, values of the variables which satisfy 

two of the equations must satisfy the third. But there is an 

exception for the case of values which make either u and u\ 

Ji and v\ or w and w^O. In any of these cases it is easy to see 
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that two of the equations will be satisfied, but not the third. And 
now it Is easy to see how to calculate the order of the system- 
common to all three. Let the orders of u and u', of v and v\ 
of w and t£?', be Z, m, n respectively ; then the orders of the first 
two equations are m-^rij n + Z, and of the ^stem formed by 
them is [tn-^n) {n-^l). But in this system will be included 
values which satisfy both w and w\ these values not satisfying 
tiie third equation. Excluding then this system, the order of 
which is n*, the order of the system common to the three 
determinants is mn + nl+ Im. 

In like manner, suppose we have a system with three rows 
and four columns, 



t^, w\ w'\ w'" 



= 0. 



Let us write at full length the determinants formed by the 
omission of the third and fourth columns 

tt" {yuf — wv') + v" {yov! - wto') + w" (wv' — t?w') = 0, 

v!" [vv/, - wv') + 1?'" {wu' - uw') + w''' [uv' - vv!) = 0, 

then these two equations are obviously satisfied for all yalues 
which satisfy the three W = W, wv!^uw\ uv* — vu\ But 
these values will not satisfy the other determinants of the 
given system. From (Z + wi + w/, then, which is the order of 
the system formed by the two equations written at length, we 
must subtract mn-{-nl-\-lmy which has just been found to be 
the order of the system special to these two equations, and the 
remainder Z* + w' ■+ w* + ww -f nZ + Zw is the order of the system 
common to all the determinants. Having thus determined the 
order of a system with three rows and four columns, we can, 
in like manner, thence derive the order of a system with four 
rows and five columns. Proceeding thus step by step we arrive 
by induction at a general formula, for the order of a system 
with k rows and (4+ 1) columns. 

* • 

272. We may consider in succession the oases : 1**, h rows 
and& columns; 2**, k rows and [k+ 1) columns; 8°, h rows and 
A; + 2 columns, and so on. Writing down in each case only tho 
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I a + a I =0, 



= 0, &c, 



a + a, ft + a ||=0, 



= 0, &c,, 



II a+a, J+a, c+a ||=0, 



= 0, &c.^ 



orders of the several fubctions, so that a + a^b-^ fij &c., stand 
for fuDCtioDs of the orders a-^-ct, i + /8, &c respectively ; the 
case r includes the systems 

a+a, J + a 
a + l5j b + ff 

the case 2^* includes the systems 

a + a, b + Oy c + a 
a + iS, i + i8, c-\-fi 

the case 3* includes the systems 

i a + a, J+a, c + a^ cf+a 
■ a+^jb-^ff, c+fi, d + ff 

and so on. 

Write in each case 

Cj = Sa, (7, = 2a&, C^=2abc, ..., 

so that Cj, (7 J, Cg... denote the sums of the products without 
repetitions of the letters a, 5, ... (as many of them as belong to 
the system in question) taken one together, two together, three 
together, &c., and 

H^^la, S, = Sa' + Sai8, S3 == 2a' + Sa'^S + Sa^Sy, ..., 

or let -0j,-&„ JTg... denote the sums of the homogeneous products, 
with repetitions of the letters a, ^8, ... (as many of them as 
belong to the system in question) taken one together, two 
together, three together, &c. 
Then in the case 

1*", the order of the system is = (7^ + J?j, 

2°, „ „ = (7, + (7.fl; + fl., 

3*, „ „ = C + CA+ C,H, + H^, 

and so on. 

Thus in the case 1**, there is only a single equation ; and for 
the several systems written down above, the orders are a + a; 
a + J + a + /8, &c., thus for each system the order is C^ + H^^. 

In the case 2°, for the first of the systems written down 
above, there are two equations of the orders a + a, b + a re- 
spectively, and the order of the system is = (a + a) [b + a), and 
thisis = aJ + (a + J)a + a*, which ia^C^-^ C^H^ + ff^. 
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For the second system, viz. the system 

a + a, J + a, c + a «=0, 
a+iS, J + /8, c + i8 

^hich Includes the first of those considered in last article, applying 
to it the reasoning of that article, we have two equations of the 
orders a + J + a + ^S, a + c + a + ^S respectively ; the product of 
these numbers is 

= a" + a(J + c) + Jc+(2a+J + c) (a + ^) + (a' + 2ai8 + /S*) ^ 

but we have to subtract from this the product (a + a) (a + /8), 
which is = a' ■+ a (a + /3) + a^S ; and the order of the system is thus 
found to be =ah-^ ac-¥lc-\' {a + b-^c) (a + iS) + a' + iS' + a/S; 
which is =C,+ Cjff, + fi;. 
The next system is 

a + a, J + a, c + a, rf + a =0, 
<i + )8, 6 + i8, c + )8, df+/8 
<i + 7, & + 7, c + 7, (f+7 
the order of this is equal to the order of the system 



= 0, 



a + a, & + a, c + a 
a + /9, J + i8, C + /3 

a + 7j ^ + 7j c + 7 
less the order of the system 

a + a, fi-^-a^ y + a 



a + a, J + a, rf+a 
a + iS, J + /8, rf + /8 

a + 7, i+7, rf+7 



= 0, 



= 0, 



a + &, iS+i, 7 + J 
«nd this is 

= (a+i + c + a + /8 + 7)(a + J + rf + a + )8 + 7) 
-{a' + 6' + a&+(a + J)(a + /3 + 7) + (a/8+a7 + )87)J 

*= (a+i + c)(a + 6+rf) + (2a + 2J+c+e?)(a+i8+7) + (a+/3+7)^ 
- a*- 5' - aJ - (a + J) (a + /8 + 7) - a)8 - a7 -i87 

= ab + ac-^-ad-^bc-hhd + cd+iai- 6 + c + e?) (a+)8 + 7) 
+ a' + i8'+7'+a^ + a7 + )87, 

which is = ^, + C'jFj + ff^y 

and similarly for the other systems of the case 2*". 

pp 
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In tbe case 3% for the first system we have three ecfoations of 
the orders a + a,& + a,c + a respectivelj ; and the order of the 
system is 

(a + a) (6 + a) (c 4 a) , = oJc + (oft + oc + Jc) a + (a + 6 + c) o? + a* 

and the resolt may be verified for the other aystems. 

273. We may proceed in like manner to calcolate the 
weight of the system of determinants considered in the last 
article. Beginning again with the simplest case, let ns suppose 
that the system ^ u^ v^ to . is to he combined with one or 



Uj V, to 
u\ v\ %Jo' 



more other equations and the variables eliminated. Now the 
result of elimination between uv' — vu^ uw' — wu\ and any other 
equations will contain as a factor the resultant of v, u\ and 
the other equations. If we reject this factor we get the same 
result as if we had eliminated between uv — W, vw — wr' and 
the other equations, and then rejected the factor got by elimi- 
nating between v, v\ and the other equations. To illustrate 
the method employed, let us suppose that u, v! \ v^ v'j w^ to' 
respectively contain any quantity not eliminated in the degrees 
\ fAy V] and that we are to combine with the determinants of 
tbe given system another equation i2 = 0, whose order is r, and 
containing tbe uneliminated quantity in tbe degree p. This 
quantity then will enter into the resultant of B, uv'— vu\ uv/- wv! 
in the degree 

But the resultant of iZ, u^ u\ will contain the same quantity in 
the degree 

When, then, this factor is rejected from the former result, the 
remainder is 

p(mw + nZ+Zwi) +r {\(m + w) + /i (w + Z) + v(Z + »w)} 

The order then of the system of three determinants is the 
quantity multiplying p, and the weight is the quantity multi- 
plying r. 
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274. Finding in this- way the weight of any system of those 
considered in Art. 272, the result is that if the orders of the 
several functions be as written in Art. 272, and if their weights 
(that is to say, the degrees in which they contain the vari- 
able not eliminated) be a' + a', J' + a', &c., a' + iS', &c., then 
the formula for the weight is derived from that for the order, 
by performing on it the operation 

'''^+*'l +*"•+«'! +^i+*°- 

275. If we form the condition that the two equations 

a^-H5r* + cr' + &c. = 0,aT + 6'«"^' + cT"' + &c. = 0, 

should have a common root, we obtain a single equation, namely 
the resultant of the equations. But if we form the conditions 
that they should have two common roots, we obtain ^Art. 82) 
not two equations, but a whole system, no doubt equivalent to 
two conditions, yet such that two equations of the system 
would not precisely define the conditions in question. Now we 
may suppose that t is a parameter eliminated, and that a, 5, &c. 
contain variables, and we may propose to investigate the order 
of the system of conditions in question. Now, Art. 82, these 
conditions are the determinants of the system 

5, c, </, 




where the first line is repeated m — 1 times and the second Z - 1 
times ; there are l+m — 2 rows and I + 171— I columns. The 
problem is then a particular case of that of Art. 272. We 
suppose the degrees of the functions introduced to be equi- 
different; that is to say, if the degrees of a, a be \, /a, we 
suppose those of J, 6' to be \H- a, /a + a; of c, c' to be \ + 2a, 
/A + 2a, &c. The formula of Art. 272 is, order = (7, + C^H^ + ff^. 
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To* apply it to the present case we may take for the quantities^ 
a, by Cj &c. of Art. 272, 0, a, 2a, &c. ; and for the quantltiefr 
a, 13 J 7, &c., X, \ — a, \ — 2a, &c. C^ is then the sum of 
Z-f^n — 2 terms of the series a, 2a, 3a, &c., and is therefore 
if we write Z + ??i = Ar, ^(i — 1) (^ — 2)a. In the same case 
C7, is the sum of products in pairs of these quantities, and is 

therefore 

. ^ {k-S){k-2)[Jc^l){Bk-4.) , 

1.2.3.4. * • 

Again H^ is the sum of »i — 1 terms of the series X, X — a, X - 2a, 
&c., and of Z — 1 terms of the series /i, /« - a, ft — 2a, &c. 
We have then 

jH;=.(w- l)X + (?- l)/i-ia {{m - 1) (w-2) + (?- 1) (Z-2)}. 

'Moreover -9, = ^ {H* + 8^)y where iS„ the sum of the squares of 
the same m — 1 and l- 1 terms is 

= («»-l)X*+(Z-l)/i'-Xa(«i-l)(7n-2)-/Aa(?-l)(Z-2) 

J (m~l)(7n-2)(2y/t-3) (f^ 1) (?-2) (2?~3 )1 
I 1.2.3 1.2.3 

Collecting aU the terms, the order of the required system i» 
found to be 

i?n {m - 1) X' ■+ iZ(Z- 1) /i'+ (Z- 1) {m - 1) X/ia 

+ hn{m-l) (2Z-l)Xa + iZ(Z-l) (2i»-l)/wi 

+ iZ/w(Z-l)(«i-l)a'. 

If the two equations considered are of the same' degree, that 
is to say, if Z = w, we may write X+/a=^, X/a = 2', and th^ 
order becomes 

^m [m —l) {p + moi) {p-\-{m — 1) a} — (m - 1) q. 

If all the functions a, J, &c. are of the first degree, writing 
X = /A = 1, and a = in the preceding formula, the order is found 
to be i (Z + ?n - 1) (I + m - 2). 

276. If the degrees iii which the unelimlnated variables occur 
in any terms be denoted by the accented lett^s corresponding 
to those which express their degrees in the variables to be 
eliminated, then the formula for the weight of the system i* 
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obtained from that for the order by performiog on it thfi opera- 
j J J 

tion X' -^— + u' ^- + a' -7- . In other words the weight is 
d\ dfjk da ° 

"^m (m - 1) W + 1 [l" 1) fifi' + (Z- 1) (771 - 1) (V + fi\') 

+ im{m- 1) {21 - 1) (W + aV) + i? (? - 1) (2m - 1) (/*«' + a/) 

+ ?7w(Z-l)(7n-l)aa'. 

277. The next system we discuss is that formed by the 
system of conditions that the three equations 

af 4. jr» + &c. = 0, aT + h'f^' + &c. = 0, a'T + VT'' + &c. = 0, 

may have a common factor. The system may be expressed by 
the three equations obtained by eliminating t in turn betweeii 
every pair of these equations, a system equivalent to two con- 
ditions. The order of the system may be found by eliminating 
from the equations the variables which enter implicitly into 
o, 6, c,' &c., when the order of the resulting equation in t deter- 
mines the order of the system. 

Let us suppose that a, a^, a^ are homogeneous functions in 
Xj t/j z of the degrees X, /a, v respectively ; that ft, b\ It' are of 
the degrees \ — 1, /i — 1, v - 1, &c., and if we take this reciprocal 
of < as a fourth variable, the equations are of the orders 
respectively X, /it, v, forming a system of the order Xji^v. But 
the system of values a; = 0, ^ = 0, a = is a multiple point in the 
three equations of the orders X-Z, /ia-7?», v — w respectively* 
The order then is to be reduced by (X — Z) (^t* — m) {y - n). It 
is therefore 

?/Lfcv + mv\ + wX/A — \mn - iinb— vim + Imn, 

This then is the order of the system we are investigating. If 
the orders of 6, b\ c, c', &c. had been X + a, /* + ot, X + 2a, 
fi + 2a, &c., then the order of the system would have been 

Ifiv + mv\ + nXfi + a (mnX + nlfju + Imv) + oflmn. 

The weight is found by operating on this with X' ^rr + &c., and is 

I (/a/ + v/a') + m (vX' + X/) + w (X/ 4 /aX') + mn (aX' + Xa') 

+ n I (a/i' + At a') + hn (a/ + va') + 2 lmnaa\ 
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278. It is a particular case of the preceding to find the 
order and weight of the system of conditions that an equation 
a^" + Ji""*+&c. = may have three equal roots; because these 
conditions are found by expressing that the three second diflferen- 
tials may have a common factor. Writing in the preceding 
for ?, w ; for «, n - 2 ; for /a, \ + a ; and for v, X + 2a ; we find, 
for the order of the system, 

3 (71 - 2) \ (X + na) + n (n - 1) (n - 2) a' ; 

and in like manner for its weight 

6(n-2)XV + 3w(n-2)(Xa'+aV) + 2?i(n-l)(«-2)aa'. 

Again, to find the order and weight of the system of condi- 
tions that the same equation may have two distinct pairs of 
equal roots, we form first, by Art. 272, the order and weight 
of the system of conditions that the two first differentials 
af^^ + &c., hf^ + &c. may have two common factors. We 
subtract then the order and weight of the system found in the 
first part of this article. The result is that the order is 

2 (n- 2) (n-S) X (X + wa) + i?i(n- 1) (w-2) (n~ 3) a", 

and the weight is 

4 (n - 2) (n - 3) XX' + 2n (n - 2) (w - 3) ( \a' + aX'] 

-f n (n - 1) (71 -2) (71 - 3) aa'. 

Before proceeding further in investigating the order of other 
systems, it is necessary to discuss a different problem, and I com- 
mence by explaining the use of one or two other terms which 
I borrow from geometry. 

279. Intersection of quantics having common curves. Two 
systems of quantics are said to intersect if they have one or 
more " points " common, that is to say, if they are both capable 
of being satisfied by the same system of values of the vapables. 
A " surface " is said to contain a " curve " if every system of 
values which satisfies the k—1 equations constituting the curve, 
satisfies also the A — 2 equations constituting the surface. Thus, 
in the case of four variables, three equations U= 0, F= 0, W= 
constitute a curve, and the two equations U= F= con- 
stitute a surface which evidently contains that curve. 
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Now a system of k quantics in k variables, in general, as we 
have seen, intersect in a definite number of points, that number 
being the product of the orders of the quantics. But it may 
happen that they may have an infinity of points common, 
these points forming a " curve " in the sense in which we have 
already defined that word. Besides that curve they will have 
ordinarily a finite number of points common, which it is our 
object now to determine. Let us take, for example, to fix the 
ideas, the case of four independent variables ; and suppose that 
we have four equations of the form 

U = Au +Bv -\- Cw =0, 
V =A'u -\-B'v + Cw =0, 
W=A''u -\-B''v +C''w =0, 
Z = A'^'u + B'^'v + G'^'w = 0. 

We suppose the degrees of Z7, F, TF, Z to be ?, m, w,jp ; of m, v, w> 
to be \, /Lt, v; and -4, jB; A\ jB', &c. are therefore functions of 
the degrees Z — X,Z — ^; w — \, m— fi^ &c. Now, evidently, 
these equations will be ail satisfied by every system of values 
which make w = 0, i; = 0, t^ = 0; and these equations not being 
sufficient to determine " points," will be satisfied by an infinity 
of values of variables. In other words, the four quantics ?7, F, 
TF, Z have a common curve uvw. And yet ?7, F, PF, Z may 
be satisfied by a number of values which do not make u^ Vy w 
all = 0. It is our object to determine this latter number ^ and 
our problem is, When a system of quantics has a common curve, 
to find how many of their Imnp^ &c. points of inters.ection are 
absorbed by that curve, and in how many points they Intersect 
not on that curve. 

280. Let us first consider the curve formed by A — 1 of the 
quantics; for instance, in the example we have chosen for 
illustration, the curve UVW. Now evidently a portion of this 
curve is the curve uvw^ but there are besides an infinity of 
points satisfying UVW which do not satisfy w, t?, w. We speak 
then of the curve ?7FIF, as a complex curve consisting of the 
curve uvw and a complementary curve. Now the order of a 
complex curve is always equal to the sum of the orders of its 
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components. For, by definition, the order of the complex curve 
UVW is the number of points obtained by combinmg with the 
equations of the system an additional one of the first degree: 
that order being in the present case Imn. And evidently, since' 
of those Imn points Xfiv lie on the curve uviOj there must be 
Imn — \fjLV on the complementary curve. 

The two curves intersect in points whose number t is easily 
obtained. For evidently all points which satisfy the three^ 
equations 

Au + Bv+Cw^O^ A'u-{-B'v + C'w = 0, J"m + ^'t? + (7"m7 = 0, 

and which do not satisfy u^v^w] must satisfy the determinant 

A, B, G 
A\ B\ C 
A'\ S", 0" 

the degree of which isZ+«f+«-X — /a-v. The intersection 
of this new quantic with uvw gives all the points In which 
%ww meets the complementary curve. We have therefore 

i = Xfiv (Z -f- w + w — X — /A — v). 

281. To find now the number of points common to UVWZ^ 
we have to consider the points in which the curve WW 
meets Z; and it is required to find how many of these are not 
on the curve uvw. But since uvw is itself a part of the curve 
UVW^ it is evident that the points required are contained 
among the p [Imn — \iiv) points in which the completnentary 
curve meets Z. And from these points must be excluded the 
% points in which the complementary curve meets uvw. Using 
then the value given in the last article for t, we find, for the 
number which we seek to determine, 

Imnp — \/iv (Z + 7W + w + j?) + \/jlv ( X + /a + v). 

We shall state this result thus, that If k quantics of orders 
Z, m, n, p, &c. have common a curve of order a; then the 
number of points which they will have common in addition to 
this curve is less than the product of the orders of the quantics 
by a (Z + 7w + n + &c.) - )8, where )8 is a constant depending 
only on the nature of the curve and not involving the orders 
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of the qaantics. We shall call this constant the rank of the 
curve. We have seen that when the curve is given as the 
intersection of quantics u^ v^ u>^ the order is X/iv find the rank 
X/AV (\ + /A -h v). 

We saw, in the last article, that if the intersection UVW 
consists of two complementary curves whose orders are a, a\ 
and whose ranks are j8, ^, the number of points in which the 
two curves intersect is a (Z + wi + n) — ^; and by parity of 
reasoning it is a' (Z + m + w) — /S' ; Hence the orders and ranks 
of the two complementary curves are connected by the equa- 
tions a + a' = Imnj j8 — ^' = (a — a') (? + w + n). 

282. Next, let us consider the case where the quantics have 
common two or more distinct curves uvw^ u'^w\ &c. Let the 
intersection for instance of UVW consist of the two curves 
uvtv^ uv^w\ and of a complementary curve a" ; then, in the first ^ 
place, the order of a" is evidently Imn — \fiv — \'fiv\ Secondly, 
we have seen that uvw meets the remaining intersection of 
UVW in points whose number is 

X/iV (Z -f- WE -f- w — X — /It — v). 

If then I of these lie on mVi/ (that is to say, if uvw^ vlvw' 
intersect in t points) there must be on the complementary curve a" 

X/iv (Z + 7W -f n — X — /A — f) — i'. 

And in like manner a'' meets uvw in 

X^V (Z + w + n — X' - /a' - V) — i points. 

As before, then, the number of points on neither curve in 
which a" meets any other quahtic Zv& 

{Imn — X/iv — X'/aV) p — X/av (Z + w+n — X — /a — f) 

- yslyiVlJ.^^m + n - X'- /a'~ /) + 2«, 

or Imifvp — (X/AV + WfAv) {l-{-m + n +jp) -f- X/av (X + ^ + v) 

+ X'/AV(X'+/+|/) + 2t. 

Thus, then, the diminution from the number Imnp effected 
by a complex curve is equal to the sum of the diminutions 
effected by the simple curves less double the number of their 
points of intersection. The same holds no matter how many 

QQ 
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be the curves common to the quantics ; and we may say that 
when a complex cnrve consists of several simple carves the 
order of the complex is equal to the sum of the orders of its 
components ; and the rank of the complex is equal to the sum 
of their ranks increased by double the number of points common 
to every pair of curves. 

283. We give, as an illustration of the application of these 
principles, the problem to determine how many surfaces of the 
second degree can be described through five points to touch 
four planes. Let S, T^ i7, F, TT be five surfaces passing 
through the five points, then any other will be of the form 
a8+0T-^-yU-{-SV+eW] and the condition that this should 
touch a plane will be a cubic function of the five quantities 
a, ^, 7, S, e. We are given four such equations, and it is 
required to find how many systems of values can be got to 
satisfy them all. If the four equations had no common " curves" 
the number of their common " points " would be 3* or 81. But 
the existence of common curves may be seen in this way: The 
condition that a surface of the second order should touch a 
plane vanishes identically when the surface consists of two planes. 
Let us take then for S and T two pairs of planes passing 
through the five given points, S= (123) (145), T= (123) (245); 
then evidently, the condition that aS-^ i3T-\'yU+ BV-i- eW 
should touch any plane whatever, must be satisfied by the sup*- 
position 7 = 0, S = 0, 8 = 0. This " curve," then, which is of 
the first degree, will be common to all four quantics. And, if 
we call this the line (123) (45), it is evident, by parity of 
reasoning, that the quantics have common ten such lines 
(124) (35), &c. Now if, as before, we take S as the system of 
two planes (123) (145), 7= (123) (245), and take U= (145) (234) ; 
then, while the line (123) (45) is denoted by 7 = 0, 8 = 0, e = 0, 
the line (145) (23) is denoted by /S = 0, S = 0, e = ; and these 
two lines intersect, being both satisfied by the common values 
;8 = 0, 7 = 0, S = 0, 8 = 0. And, in like manner, (123) (45) is 
intersected by (245) (13), (345) (12). Thus, then, the ten lines 
have fifteen points of mutual Intersection. The rank of a single 
curve of the first degree being got by making A. = yiA = i/ = lin 
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tlie formula \fiv (\ -p /a + v) is three. Hence the rank of the 
entire system is ten times three increased by twice fifteen or 
is 60. And the number of points which satisfy the four 
quantics is 81 - 10 (3 + 3 + 3 -h 3) + 60 or is 21. 

284. We have shown, Art. 272, how to determine the order 
of a system of determinants, the number of rows and columns 
in whose matrix differ by one. We shall now show how, in the 
last mentioned case, to determine the rank of the curve. Com- 
mence, as before, with the simple case 



u. V, 



tt, V, 



w 
w 



and we see that the intersection of uv' — vm', uw' — wu' is a 
complex curve, consisting of the curve uu^ and of the curve 
with which we are concerned, and knowing the order and rank 
of uuj we find the order and rank of the other curve. Repre- 
senting as before the orders of the several terms by 

a-fa> J + a, c + a 
a + ^^ b + l3y c + 
we thus obtain 

Bank = rank of (mi;' — vu\ uvf — xov!) — rank of (w, w') 

—twice number of intersections of the two curves, 

and this is 

= (a -f- J + a + ^) (a + c + a + ^) {2a + 5 + c + 2a + 2^) 

- (a + a) (a'+ /3) (2a + a + /3) 

- 2 (a + a) (a + /S) (J + c + a + /3), 
or, introducing the former notation (see Art. 272), 

Cj = a + 5 + c, &c., JS^ = a + iS, &c., 
this Is = (a + i + JS;) (a + c + SJ (a + (7^ + 2J7J 

-(a' + aSi + fl,'-fi;)(2(7,+ 3fi;); 
or, what is the same thing, 

== {a'+(7, + (a + (7Jfl; + fi;}(a+(7. + 2fi;) 
-(a' + afl^ + 5/-fi;)(2(7, + 3fl;), 
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whitk if caslj fomad to be 

or atteodiog to the relation ff, - iHfi^ + H' = which exists 
10 the case of two eqnatioDS (a, ;3), this is 

= C'.+ C.(7. 

+ c. (IT,' + Sir.) 

or, fioaUj, the rank is 

and passiDg successiyelj to the cases of four columns and three 
rows, five colamns and four rowa, &c., it maj be shown that 
(7,1 C^ C^ referring to the series of nnmbers, a, b, c, &c, and 
l/j, H^ H^ to the series of numbers, a, i3, &c., the foregoing 
expression for the rank holds good for the system in which the 
number of the rows and columns differ bj one. 

285. The formula of the last article may be applied to 
calculate the order of the system of conditions, that the equa- 
tions oT + &c., alf + &c. may have three common roots. The 
conditions are formed by a system of determinants, the matrix 
for which is formed as in Art. 275 ; save that the line a, i, c 
is repeated n — ^ times, and the line a', &', c', m — 2 times. 
The matrix consists of m + n - 2 columns and m + n — 4 rows. 
The order of the system then calculated by the last article is 
found to be 

yi(n-l )(w-2) , rw(m-])(7yi-2) 3. , ,^ . 
fTijTs 17273 M+i(w-l)(«-2)(m-2)X/* 

4 i (w - 1 ) (m - 2 ) (w - 2) X/A* 4- i ( wi - 1 ) n (n - 1 ) (n - 2) X*a 

+ i(n-l)7n(7n-l)(m-2)/A'aH- i(7n-2)(w-2) [m (n-l)H-n [m-\)]\fia 

+ (iw (« - 1) (w -2) m (m- 2) + Jn (n- 1) (n- 2)} a'X 

+ (im (m - 1) (m - 2) n (w - 2) + Jn (tn — 1) (w - 2)} a> " 

+ Jm (wi - 1) (m - 2) M (n - 1) (w - 2) a*. 
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In the case where we have a = 0, \ = )L6 = 1, this reduces to 

i(w + n-2)(«i + n-3)(in + n-4). 

The weight of the system, found by the same process as 
before is 

in(n-l)(n-2)W + i*»i(*»i-l)(m-2)/iV 

+ (w - 1) 71 (n - 1 ) (w - 2) ( \Va + i W) 

4 (w - 1) m (m - 1) (in - 2) [nfifa + J/aV) 

+ ^ (w - 2) (n - 2) {2mn -m-n] (X/^'a + \>a + X/na') 

+ {in(n-l)(n-2)m(m-2) + Jn(n-l)(n-2)}(aV + 2aa'X) 
+ {Jw (m - 1) (m - 2) w (« - 2) + Jm (w - 1) (m - 2)} (ay+2aa» 
+ Jm(m-.l)(m-2)n(n-l)(n-2)aV. 

286. The next problem we investigate is when a system 
of quantics have a "surface" common, to find how many of 
their points of intersection are absorbed by the common surface. 
We meanjby the order and rank of a surface^ the order and 
rank of the curve which is the section of the surface by any 
quantic of the first degree. Thus, consider the case of five 
independent variables, then a system of three equations conr 
stitutes a surface, and if their orders be X, /a, v, the order of the 
surface will be X^v, and its rank X/iv (X + /* + v) ; these being 
the order and rank of the curve got by uniting with the given 
equations an additional one of the first degree. 

Now, first let k-l quantics have a surface in common, 
whose order and rank are a, fi] they will also in general 
have common besides a complementary curve whose order is 
readily found. Thus if Z;=5, joining with the given quantics 
another of the first degree, we then have a system of 5 quantics, 
having a curve common, and therefore by Art. 281 intersecting 
in Imnr -a(Z + 7?H-w + r) + ^ points besides. But these are the 
points in which the quantic of the first degree meets the 
complementary curve, and therefore this is the order of that 
curve. 
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287. Next let us. investigate the number of points in which 
the surface and complementary curve intersect each other. 
Let [7, F, JF, r (being as above of the orders 7, m, n, r re- 
spectively) be respectively of the forms 

Au ^-B\) -^-Cw ^ 0, 

A'u -\-Rv'+C'w =0, 

A''u +R'v +Cr'w =0, 

where w, t?, w are of the orders X, /a, v respectively. 

Then the points common to U^ F, TF, F which do not make 
UyVjW^ 0} will satisfy the system of determinants 

A, A\ A'\ A' 

B, B, B\ E' 
(7, C, 0", C" =0. 

But since A is of the order Z— X, S of the order l — fjkjA^ of the 
order ?» r- X, &c., it follows (Art. 272) that the order of the set 
of determinants is 

{Im •\'ln + lr'\- mn + mr + nr) 

- (Z 4- w + n H- r) (X + /A + v) 

+ (X' + ^» -f. v» + X/lH- Xv + fiv). 
If now we combine this system of determinants (equivalent 
to two conditions), with the k — 3 conditions which constitute 
the surface, we determine the points common to the surface 
and complementary curve. And their number is the order of 
the system of determinants, multiplied by X/iv. Writing then a 
and 13 for the order and rank of the surface Xftv, \/jlv (X + fi + f), 
and denoting by 7 the new characteristic 

\/JLV (X* + /A* -f- v* + X/tt + /iV + vX), 
which we may call the class of the surface, we find 

1 = a [Im + Zn + Zr + mn + 7nr + nr) 
-y8(Z + w + n + r) 
+ 7. 

288. If then we have an additional quantic Z also con^ 
taining the given surface, and if it be required to find how 
m^ny points not on the surface are common to all 5 quaotics/ 
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these will be evidently the points of intersection of the com- 
plementary curve with Z^ less the number of points of intersec- 
tion of the complementary curve with the surface. If then 
\ w, w, r, 8 be the orders of the quantics, the number sought 
will be got by subtracting from 

8 [Imnr — a (Z+ m + n + r) + ^}, 

the number 

a [Im + ?w + mn + Zr + tnr + wr) - )8 (Z -f tw + w + r) + 7. 

And the difference is 

Imnrs 

— a (Im -{•... •\-rs) 

which is the formula required. 

289. Next let us consider the case {k = 5) where a system of 
quantics have common not only a surface, whose characteristics 
are a, /S, 7, but also a curve, whose characteristics are a\ /S', 
intersecting the surface in i points. As before, consider first 

4 of the quantics. Their intersection we have seen consists 
of the surface and of a complementary curve, whose order is 

Imnr -- a (Z + m + n + r) + ^. 

And if the complementary curve be itself complex, consisting 
in part of the curve a', and also of another curve, whose order 
i« a", we have evidently 

a" = Imnr - a (Z + m + n + r) + ;8 — a'. 

The points therefore which we desire to determine are got by 
subtracting from the 5a" points of intersection of the curve a" 
with the remaining one of the given system of 5 quantics, 

5 + S' where S is the number of points in which the curve a" 
meets the surface (a, ^, 7), and S' is the number of points where 
it meets the curve. But we know S, since we know, by 
Art. 287, the number of points where the surface is met by 
the entire curve complementary to it ; and therefore have 

8 + i = a (Zm -h Zn + &c.) -y8(Z + w+n + r)+7; 

an^ we know S', knowing, by Art. 280, the number of points 
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in which the curve a! is met by the entire curve complementary 
to it, and therefore have 

S' + 2i = a' (Z + m + n + r) - iS'. 

Substituting the values thence derived for 8 and S' in «a" — 8 — S', 

we get 

Imnrs 

- a (?7w +...+ rs) 

-7 

— a' (Z + m + 71 + r + s) 

In other words, the diminution from the number Imnrs pro- 
duced by curve and surface together is equal to the sum of 
their separate diminutions lessened by three times the number 
of their common points. 

290. This result may be confirmed by supposing one of the 
quantics to be a complex one Z'Z'\ where Z' contains the 
common surface, and Z'' the common curve ; and the degrees 
of Z\ Z'' are /, a'\ Then the quantics Z7, F, W, Y, Z\ by 
Art. 288, have common points not on the common surface 

Imnrs' - a [s' (?+ m+ &c.) + Zm+mn+&c.} +/8 (a'+ Z+»i+ &c.) — 7. 

But among these will be reckoned the aY points in which 
the common curve meets Z\ deducting however the % points 
common to the curve and surface. To find then the number 
of points TJVWYZ' which lie on neither curve nor surface, 
we must deduct from the number last written aV — i. 

Consider now the intersections of U, F, TF, F, Z" ; these 
are a system of quantics having common two curves inter- 
secting in i points ; viz. the given curve a', and the curve of 
intersection of the common surface by Z'\ whose order will be 
a/', and whose rank will be as^'l[X + )L6 + v + /'). The number 
of points VVWYZ'' which lie on neither curve nor surface 
will be 

fennrs"- (a'+ as'')[l + m + n + r -f /')+ /S'-f (w"(X +^ + 1/ + /') + 2t. 
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Adding, and writing s for s' + /', we get 

lm7irs - a {Im -{■..,+ rs) + &c., 
as in the last article. 

291. We next suppose the quant ics to have common two 
surfaces having i points of intersection. The method would 
be the same if there were several surfaces. Let the last 
quantic be a complex one, consisting of Z' which passes 
through the first surface and ^" which passes through the 
second. Then the system Z7, F, PF, Y", Z\ have the common 
surface X/av and the curve \'fjbv^a\ which have i points common, 
and the number of points of intersection, not lying on either 
surface, is thus 

Imnrs' - X/ai/ {(Z+ w + w + r) 5^ + Zm + &c.} + ^ (Z+ w + w -f r + /) 

- 7 - X> V«' (Z + w + n + r + «') + X >VV (^' + /*' + / + s') + 3t. 

In like manner for the system Z7, F, PT, F, Z'\ the number of 
points of intersection not lying on either surface, is 

Imnrs" - X/ai//' (Z + tw + n + r + /') + X^v«" (X + /^ + v + /') 

- X>V \{^Jrm^n\ r) J9"+ ZwH-&c.} + iS' (Z + m +w+r +/') +3v 

Adding these, we have for the whole number of points of 
intersection 

Imnr (/ + /') - (X/iv + XVO {(^ + w + n + r) (/ + /') + Zw + &c.} 

+ (i8 + /S')(Z + m + 7i + r+/ + 5")-7-7' + 6i. 

In other words, the combined efi^ect of the two surfaces is 
equal to the sum of the effects of the surfaces separately con- 
sidered, diminished by six times the number of their common 
points. When there are only four variables, two surfaces 
always miist have common points of intersection. 

292. Lastly, let the two surfaces have a common curve 
whose order and rank are a", ^8". Pl-oceeding, as in • the 
last article, we find that the system UVWYZ^ have common 

'indeed the surface \fiv^ and the curve \^fi/s. But since 
this curve is a complex one, consisting in part of the curve 
a", i8'' which lies on X/av, we are only to take into account 

^ the .complementary curve which, by Art. 282^ has for its ord#r 
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y^yiVs — ^\ while its rank is 

i8" + (\>V/-2a'') (X'+ / + /+ 0; 
mnd the complementaiy carve intersects fi'ff' In 

et"(V+/ + / + /)-^' points. 
The number of intersections is therefore 
ImnTB' - X/i*r {(Z + wi + n + r) »' + Zi» + &c.} + /8(Z+m+ii+r+»') - 7 

+ /8" + (X>V/- 20(^'+ /+ »^+ O + 3ct" (X'+ /+ »^+ O - 3)8". 

SimilArly the intersections for UVWYZ'' are 

'Imnrtf'- \Vi/{(Z+fii+n+ry"+ Zm+&c.} + /8'(Z+m+»r+r+/') - 7^^ 

-(Vi/»"-ot")(Z + m + n+r + »") 

+ /8"+(X/AM"-2a")(X + /A + r + + 3a"(X + /* + F + 0-3/8". 
. Adding, we have 

Imnr [s' -^ 8') - (Kfiy + xyv^ {(Z+«i + « + r) (»' + + '»»+ &c.} 

+ (i8 + i8' + 2ot")(Z+m + n + r + «' + 

-7-7' + a"(^ + A* + »' + V + M' + i'')-4i8". 

In other words, the diminution is obtained by regarding* 
the two surfaces as making up a complex surface, whose 
order is the sum of their orders, whose rank is the sum of 
their ranks increased by twice the order of the common 
curve, and whose class is the sum of their classes increased by 
four times the rank of the common curve and diminished by 

-flt"(X + )L6 + V + X' + /A'+l/). 

We must leave untouched some other cases which ought to 
be discussed in order to complete the subject; in particular 
the case where the surfaces touch in points or along a curve. 

293. We come now to the problem of finding the order of 
the system of conditions that three ternary quantics should 
have two common points. The method followed is the same 
as that given by Prof. Cayley for eliminating between three 
homogeneous equations in three variables, and which we have 
' explained (Art. 94), Let the three equations be of the degrees 
/, m^ n. Multiply the first by all the terms a'^":', y»"^"^, &c. 



I 
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of an eqtiation of the degree m + n — 3, the second in like 
manner by all the terms of an equation of the degree n + Z— 3, 
and the third by all the terms of an equation of the degree 
l+m-B. We have thus in all 

i (w+ii-1) (in+n-2) + J («+Z-l) (w+Z-2) + 1 (f+w-1) (Z+ m - 2) 

equations of the degree Z+w + n — 3, from which we are to 
eliminate the ^ (Z + w + « - 1) (Z + «i + n - 2) terms aj^"***"', &c. 
But, as it has been shewn in the place referred to, the equations 
we use are not independent, but are connected by 

i(Z-l)(Z-2)+i(«i-l)(m-.2)^i(«^l)(n-2). 

relations. Subtracting then the number of relations, the number 
of independent equations is found to be one less than the number 
of quantities to be eliminated ; and we have a matrix in which 
the number of columns is one more than the number of rows, 
the case considered in Art. 272. But, as was shewn. Art. 93^ 
when we are given a number of equations connected by rela- 
tions, the determinants formed by taking a sufficient number of 
the equations, require to be reduced by dividing out extraneous 
factors, these factors being determinants formed with the co- 
efficients of the equations of relation. If then, in the present 
case, we took a sufficient number of the equations and deter- 
mined the order by the rule of Art. 272, our result would require 
to be reduced by a number which we proceed to determine. 

294. Let us commence with the simplest case where we have 
i equations in k variables, the equations being connected^ l^y a 
single relation. To fix the ideas we write down the system 
with three rows 



a, 


h 





X 


a', 


V, 


c' 


\' 


a", 


v\ 


c" 


X" 



where we mean to imply that the quantities involved are con- 
nected by the relations 

Xa + X'a'+W' = 0, Xj + X'i'-f X'T^O, Xc + W+W' = 0. 

We also suppose that Xa, XV, X'V^ are of the same order, so 
that the- orders X + a = X'+ a' =s X"+ a". Now let us, in the firtf 
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place, suppose that the two first equations are in the simplest 
form, and that V = — 1. The true order then is thai determined 
from the first two equations ; that is to say, if we indicate the 
orders, as in Art. 272, (7,+(7, (a+i8)4-a*+^*+a;8. Now suppose 
that we had omitted the first row, the order deduced from the 
second and third would be C7, + C, (^ + 7) + j8* + 7* + ^87 ; which 
we see, in order to give the true order, requires to be reduced 
by (7 — a) ((7, H-a + y8+ 7) ; in other words, by the order of \ 
multiplied by the order of the determinant obtained from the 
three equations. And the general rule to which we are thus 
led is ; Leave out one of the rows and determine the order of 
the remaining system by the rule of Art. 272 ; from the number 
so found, subtract the order of the determinant formed from all 
the equations, multiplied by the order of the term in the relation 
column belonging to the omitted row. It is easy to verify, that 
we are thus led to the same result whatever be the omitted 
row. Thus 

C; + 0,(a-hfi) + a' + /3' + a)8-V'(0, + a + /3 + 7) 

= C;+C,(i8 + 7)+/S' + y + i87-\(C, + a + i8 + 7), 

since the orders X — V = 7 — a. 

And our result may be written in a symmetrical form if we 

write A for the common value of \-f a, V + )8, X"-i-7, when 

it becomes 

C;+0,(a + /3 + 7) + a'+/3'+7'+/S7+7a+a/8--4(0,-fa+i8+7), 
or C,-\-C,B, + n,''A{C, + ff,), 

295. And, generally, if there be any number of relation 
columns, I have been led by a similar process to the following 
result : Let the terms in the relation columns be A, V, V, &c., 
/i, /Lfc', /a", &c., V, /, /', &c. ; then we must have 

X + a = \' + /8', &c., /A + a = /A' + ^', &c. v + a = v' + i8', &c. 

Let A^ Bj G denote the common values of these sums, and let 
S^\ H^ denote the sum and sum of products as in Art. 272 
of the quantities -4, 5, (7; then the order of the system is 

This result may be stated as follows, in a way which leads 
ps at once to foresee the answer to some other questions that 
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may be proposed as to the order of systems of these equations. 
In the case we are considering, the entire number of columns, 
counting the relation columns, is one more than the number 
of rows ; and the order of the system is that given hy the rule 
of' Art. 272, if we give a negative sign to the orders in the re" 
lation columns. In like manner, when the number of columns, 
counting the relation columns, is equal to the number of rows, 
the system, by Prof. Cayley's theorem, represents a determinant 
whose order is that which we should obtain by calculating 
the order of the entire system considered as a determinant, 
the orders in the relation columns being taken negatively. And 
so no doubt if the entire number of columns exceeded the 
number of rows by two, the order of the system would be found 
by the same modification from the rule of Art. 285. 

296. Let us now apply the rule just arrived at to the 
problem proposed in Art. 293. We consider the three ternary 
quantics of the order Z, tw, n respectively ; and we regard these 
as depending upon two arbitrary parameters, the orders in 
these parameters being as follows ; the coefficients of af, a?*", a", 
the highest powers of a;, are of the orders X, /t, v; those of 
^'"V> ^'^^ *^® ^f *^® orders X + a, X+a', and so on, the orders of 
the coefficients increasing by a for every power of y, and by a' 
for every power of z. Then the terms in the first column 
consist first of J (m -f w — 1) (m + n — 2) terms whose orders are 
X ; X - a, X - a' ; X — 2a, X — a — a', ^ ■" 2a', &c, ; secondly, of 
|(n + Z— 1) (w + Z— 2) terms whose orders are /^ : /a — a, /^ — a' ; 
&c., and thirdly of ^ (Z + tw — l)(Z + m — 2J similar terms in v. 
These may be taken for the numbers a, /8, 7, &c. of Art. 272. 
The numbers a, J, c, &c. of that article are 0, a, a' : 2a, a + a', 
2a', &c., there being in all ^ (Z + «i + w — 1) (Z+ m + n - 2) such 
terms. Lastly, the numbers A^ 5, (7, &c. of the last article are 
found to consist of ^{Z— 1) (Z— 2) terms, /a+v, /a+v— a, /a+v— a'; 
together with ^ (m — 1) («i — 2) and ^ (n — 1) (n — 2) correspond- 
ing terms in v + X and X + /a* In calculating I have found it 
convenient to throw the formula of the last article into the shape 

where 5, denotes the sum of the squares of the terms a, &, c, &e. 
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Also if 0(Z) = ^? + 5?+(7? + Z?Z + jE:, It is convenient totda 
notice that 

= l2Almn (Z + ^t + n) + BBlmn + E. 

I have thus arrived at the result, that the order of the system 
or number of the sets of values of the parameters is 

imn {mn - 1) X* + ^l {nl - 1) m' + ^Im {Im - 1) i^ 

4 {{Im - 1) {mn - 1) - ^ (m - 1) (m - 2)} y\ 

+ [{nl - 1) {nm - 1) - ^ (n - 1) (n - 2)} X/* 

+ mn\ {Imn — Z + 1 — ^ (m + n)} (a + «') 

+ nifi {Imn - m + 1 — ^ (n + Z)} (a + a') 

-f Imv {Imn — tn- 1 — ^ (Z + m)} (a + a') 

-f ^ Zmn (Zwn- Z— wi — w + 2) (a*+ a'*) -\-^lmn {2lmn — Z— w — n + 1) oa'. 

If the order of all the terms in the first equation be X, in 
the second /a, in the third v, we have only to make a and a' = 
in the preceding formula. In this case, supposing X ss /a = f = 1, 
the order becomes 

\ {mn -^-nl-^- Im) {mn + wZ + Zm — 6) 

-i(Z-l)(Z-2)-i(«,-l)(«-2)-i(n-l)(n-2), 

and in particular if Zs 9n = 72, the order is 

fn(w-l)(n* + w-l). 

This last result shows that if U, U% U'% F, F', F", TF, W\ TF" 
be given homogeneous functions of (a;, ^, «) each of the order n, 
then the number of curve-triplets 

U'^eU'+if>V''^% F+^F'+^F" = 0, TF+^IF'+^TF"=0, 

having 2 common points, is 

= in(n-l)(n* + w-l). 

297. Mr. S. Roberts applies to the problems of this Lesson 
a method directly applicable to binary quantics, sibce they 
can always be resolved into factors, and which extends to 
the case of ternary and higher quantics, for the question 
whether or not they can be so resolved does not affect the 
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problems here discussed, and the orders determined in the 
case of qnantics which are the products of factors must be 
generally true. Thus, to determine the order of the resultant 
of two binary quantics of the degrees 9n, n; if the order of 
the terms in the first be X, X + a, X + 2a, &c., it may be 
resolved into the product of m factors ax-{-by^ the orders of 

a and h being — , — I- a respectively ; similarly, for the second 

quantic; and the resultant is the product of mn factors, the 

X X' 

order of each being — I ha; and, therefore, mn times 

m n . • 

this number will be the order of the resultant. Now 

Mr. Roberts argues that we may deal in the same manner 

with the problem in Art. 277; that knowing, by Art. 272, 

the order of the matrix a. j^ to be 



a. 


b 


a', 


V 


I a", 


h" 



a' -f- (X + /A + v) a + X/A -f- /Ltv + vX, 
the orders of the rows being supposed to be X, X + a ; /a, ^ + a ; 
F, V + a ; then we may conclude that the order of the system 
of conditions for the simultaneous existence of throe equations 
of orders Z, m, n is 

( \i m nj im mn nl) 

And in like manner, that the order of conditions for the co- 
existence of a system of A; + 1 binary equations is the product 
of their degrees multiplied by "^ 

where P,, P„ &c. are the sum, sum of products in pairs, &c« 

of the numbers 79-^9 &c. And so more generally, the order 

of the conditions for the eo-existence of any number of equations 
in any number of variables is derived from the order deter- 
mined by Art. 272 for the co-existence of a system of linear 
equations. It is thus found that the order of conditions for the 
co-existence of A; + « — 1 homogeneous equations in 8 variables, 
VOL which the order of the coefficients of x\ (xPy^ sx^7^z^ &c., ia 
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X, X 4- o, X 4- )3, &c. is the prodact of their degrees multiplied by 

where H^ has the same meaniDg as in Art. 272, and P^ Q, &c 
are the som, sum of products in pairs, &c of the numbers 

•? , -^ , &C. Thus, for instance, this formula applied to the 

case of temarj quantics gives the order of the conditions that 
a curve should have a cusp. We determine bj the formula 
' the order for the co-existence of U^j C^, f7,, ^n^" ^«*> which 
system belongs either to cusps or double points on the line z^ 
and we subtract the order for the coexistence of fZ^, D^, t^, «, 
which belongs to the latter. The result is 

12(n-l)(n-2)X'+8n(n-l)(n-2)(a + )8)X 

-f 2fi (n - 1) (w -2) (n + 1) 0^4- 2n (n- 1)» (n - 2) (a* + )8*). 

The problem of finding the order of conditions that two 
binary equations should have two common roots is discussed 
as follows: Consider first the simpler system, formed by taking 
two factors from each equation, 

{ax -f by) [a'x + Vy) {a''x 4- h^'y) {a"'x 4- i"», 

and we have the pair of conditions 

{ah") (a'i") = 0, {aV') {a'V") = 0, 

whose order combined is 4 (X 4- a* 4- a)' ; but from this we must 
subtract the irrelevant systems {ah") {ci)")^ {olI") {dV'% which 
reduces the order to 2 {X 4- /a 4- a)'. But if we take two factors 
from the first equation and one from' the second, the system 
{ah") = 0, {a'h") = is satisfied by a" = 0, I" = 0, whose order 
is /A (/A 4- a). Now since the number of ways in which two 
factors of the first equation may be combined with two of 
the second is ^Z(Z- 1) x |7/i (w — 1), and the number of ways 
in which one of the second may be combined with two of tUe 
first is \l ({ — 1) m ; the resulting order in general is 

ii«(Z-l)(«i-l)(^ + ^ + ay + i7m(«i-l)^(^ + «) 
' as in Art. 275. 
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By the same process of reasoning Mr. Eoberts arrives at the 
order of the conditions (Art. 296) that three ternary quantics 
should have two points common, in the form 

{^lmn{l^l) (w-l)(«-l)+SiZmw(wi-l)(w-l)l |^ + ^ + - +a+a'l 

H.2i^««(?-i){^\;4+^+(«+«XT+£)+-'}. 

In this way the order of conditions that a curve should have 
two double points is found to be 

J(n-l)(„-2)«(w+l){3X + «(a + a')}"-i(n-l)(n-2) 

X {15X' + 10» (a + a') X + w (n + 6) aa' + 2n (2n - 3) (a* + a'")}. 

Mr. Boberts investigates other problems by the same method ; 
as, for instance, the order of conditions that four curves may 
have two points common, or that a surface may have a biplanar 
double point. For these I must refer to his paper.* I only 
give the following result : The order of conditions that three 
binary quantics should have two roots common is 



* Prof. C&jlejy in the Cambridge and Dublin Mathematical Journal, vol. rv., p. 184, 
determined the order of a matrix with k rows and h-\-\ colamns, in the particular 
case where each constituent is of the first degree. My own investigations were pub- 
lished, Quarterly Journal, vol. I., p. 246, and in the Appendix to my Geometry of 
Three Dimensions, second edition. After this Lesson was printed in the second edition 
Mr. Samuel Boberts communicated to me some extensions of the theory there 
developed, and his results have since been published, Proceedings of the London 
Mathematieal Society, March, 1876. 
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LESSON XX- 

AFPUCATI0K8 OF SYMBOLICAL METHODS. 

298. Iv tbls Lefison, which is sapplementaiy to LeaBon XIV.^ 
we wish to show how the sjinborical notation there explained 
affords a calculus by means of which invariants and eovarianta 
can be transformed, and the identity of different expressions 
ascertained* In order to facilitate the reader^s study of recent 
memoirs, we employ the notation explained, Art. 162, which 
is now almost exclusively used; to save the necessity of 
reference, we repeat what has been already said, and, in order 
to fix the ideas, we suppose the variables to be three, though 
the method is perfectly general. The variables then are 
^i9 ^fti ^9 9 ^^ there are different sets of cog^redient variables, 
such as the coordinates of different points, they are written 

I/ii Vt^ y«J ^ii ^«> ^•J ^^* ^^ ^^ ^^ abbreviation a^ for 
ajfljj + a^, + ^j^„ a^ for a^yi+a^t/f-^a^y^'j if we are only 
dealing with one set of variables so that no confusion is likely 
to arise, we sometimes suppress the suffix, and write a instead 
of a^. The quantic of the n^^ degree is symbolically written 
/i/, or (tr,a?j -H fl,a?, + ^,^tT > that is to say, a^, d,, a^ ^re umbral 
symbols not regarded as having any meaning separately ;^ but 
a," denotes the coefficient of a?," in the quantic, a^'^a^ that of 
«ijj""V„ and so on. And so generally any homogeneous function 
of the n^^ degree in the letters a^, a„ a^ may be replaced by 
a multiple sum of the coefficients of the quantic; any other 
function of these letters is not regarded as having a separate 
moaning. Other quantics may be denoted by Ifj c', &c., the- 
syraboU Jj, J,, b , &c. being used in the same way. In the cases 
with which we principally deal the quantics are supposed to 

* It haa, howeyor, boon stated, Art 168, that we can at any moment interpret a 
furmuU by eubitituting for a^ a,, a, diffexential symbols with regaid to x^ x^, a;,. 
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be identical ; and a*, J*, c*, &c. are only different expressions 
for the same quantic. 

We use {abc)j (oW), &c., to denote determinants formed with 
the constituents Oj, a,, a^] i„ J„ J,, &c. In order to express 
invariants or covariants of the quantic we take any number of 
Boch determinants and multiply them together; then evidently 
the product can be translated as a function of the coefficients 
of the given quantic, provided that the a symbols, b symbols, &c. 
respectively each occur n times. If not, we join in the product 
such powers of a^, J^, &c. — that is to say, of {ciiX^ + a^x^ + a^x^^ 
&c. — as will make up the total number of a's, i's, &c. to n. 
We are then able to replace the symbolical letters by coefficients 
of the quantic, and the resulting product is a function of the 
coefficients and the variables, the latter entering in a degree equal 
to the sum of the orders of a^, b^^ &c. in the symbolical product. 
It iff easy to show that we obtain an invariant in the one 
case and a covariant in the other; and we refer to Clebsch's 
Theorie der bindren algebraiachen Formen for a formal proof 
that all invariants and covariants can be so expressed.^ All 
this has been stated already (Art. 162). When a covariant 
is expressed in the manner explained, it is evident that its 
order in the coefficients is equal to the number of symbols 
a^, &j, &c., which enter into the determinant factors, and that its 
order in the variables is equal to the number of non-determinant 
factors a;^, J^, &c. 

Since the differential coefficients of u^a^ are respectively 
na^a^y na^'^a^^ ika^^a^^ the equation of the polar, which is 

K^'^'^^'S."*'^'^)^^' ^*'"'"** «."'\=0. SimUarljr, 
the second polar \% (i^^a^\ and so on. 

* The principle of the proof is briefly this : we have seen, Art. 21B, that from any 
invariant or covariant P of a single quantic, we can, by the operation a' x ^ ^^'> 

obtain a corresponding form n for a system of two qoantics, and that we can fall 
back from n on P by making a' = a, dbc. By repeated {^plication of this principle, 
if the form P be of the r<^ order in the coefficients, it may be considered as derived 
from a form n belonging to r different functions, each of whieh may be symbolically 
written {flyX^ + fljasj)", (^laJi + ^ja^z)"* Ac. Every form therefore of the r** order for 
the single quantic has a corresponding form for r linear factors, and it is proved 
without difficulty that for the latter case the only invariant or covariant forms are 
thoM expressed m in the text. 
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299. ConfiDiDg ounelTes now to the caae of two Tm^les, 
a^ or a here stands for a^x^ + a^^ [ab) stands for aj>^ — ajb^ i 
and any covariant is expressed sjmbolicalij by a product 
{aby(ac)^{bdy &C. moltiplied by rfVcf &c., Ae nnmber of a's 
Vbj &c.| in the entire product being each n or a mulriple of m 
If ^, ?9 ^9 ^* ^ vanish, the symbol denotes an inTariant. Any 
symbol which simply changes sig^ by an interchange of a 
and b (as, for example, [abya^'b'^j where a is odd) denotes an 
expression which vanishes identically (see Art 153). 

If we eliminate x^j x^ from the equations 

a^a^x^ + a^^j b = b^x^ + bjc^^ c = e^x^ + c^^ 
we have 
(-4) a {be) + b (ca) +c{ab) = Oj 

an identity of the greatest use in transforming these expressions. 
Thos, for example, transposing a [be) to the other side and 
squaring, we have 

{B) ibc (oi) (oc) = V (a£f + c" (oJ)' - a* [bcf. 

To illustrate the use of this, multiply by cT'^b^^c^^ in order 
that each term may denote a covariant of an n-ic, and we have 

2a" ^J'^c'^ (oi) (oc) = i^a'^c'^ (ac)*+ c'a'^i*^ («i)* - a"6"^c*^ (5c)'. 

Now, since a*, &", c" all equally denote the quantic, the three 
terms on the right-hand side of the equation are only different 
expressions for the same covariant; and we learn that the 
covariant a^b'^^c*'^ {ab) (ac) is half the product of a* (which ia 
the quantic itself) by b*^c^ (Jc)', which denotes the Hessian. 

We can always (as has been stated Art 163) interpret these 
symbolical expressions by supposing a,, a,, &c, to denote 

•J—, 3~i &®*j ^y supposing that we operate on the product 

of several distinct quantics umo^ and by makii^ the variables 

identical after differentiation. In this way a oit x^^ — h ar. -rr— « 

applied to any homogeiieous function, only affects it with a 
numerical factor. If we thus interpret equation {JB)^ {fib) (oc) 
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IB Qj where Q is 

d'u /g?M\' ^ d\ fdu\ fdu\ d*u /du\' ^ 
dx^ \dxj dXjdx^ \dxj \dxj dx* KdxJ ' 

and {aby is 2^, where £ is g. -^ - (^J. 

On the right-hand side of equation 5, a*, J', c* respectively 
operate on functions which have not been before differentiated, 
and therefore affect them with the numerical factor n (n — 1) ; 
on the left-hand side &, c operate on a function which has been 
once differentiated, and each affects it with the numerical factor 
(n — 1). Equation B therefore gives us (w - 1 ) ^ = w UH. 

300. From equation B other useful formulas may be derived. 
Squaring it, we have 

{C) a'{bcy + b'{ca)' + c'{abY 

= 2 {6V (oJ)* (ac)' + cV (Jc)' (Ja)' + a"J« (ca)* (cJ)*}. 

If this be applied to a quartic form, the three terms on the left- 
hand side are all different expressions for the same thing. So 
are also the three terms on the right; and we learn that the 
covariant J*c* [ab)* {acY differs only by a numerical factor from 
the product of the quantic itself by the invariant [bc)\ 
Considering the four expressions 

a = ajX^-\-a^x^^ b = b^x^ + b^x^y c = c^a;, + c,a;„ <?=ef,a?, + rf,a;„ 

we at once verify the identity 

{D) (arf) (Jc) + (J<Z) (ca) + (erf) (aJ) = 0, 

which is also of very great use in the theory. We deduce 
from it 

{E) 2 {bd) (cd) {ab) {ac) - {bdy {ac)' + [cd)' {ahf - [ady {be)'. 

{Fy {ady{bcy+{bd)'{cay+{cdY{aby 

=2l(Jrf)"(crf)V)'(ac)*+((^)'(arf)«(Jc)*(fta)'+(arf)*(M)«(ca)»((^)«|. 

To these may be added an identity which is really a different 
form of {D) : this is 

where (try) denotes (aj^y, - x^y^) ; and from It we deduce 
{H) a abb = i {aX + %V - («*)• (»y)'}- 
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301. A symbolical expression may be always so transformed 
that the highest power of any factor {ab) shall be even. For 
the signification of the symbol is not altered if we interchange 
the letters a and b ; therefore 

and by the help of equation A^ <|>^ — <^, can always be so trans- 
formed as to be divisible by (ab). Thus bd'^^ [ab)^'^ {ac) is at 
once reduced to c*^ {ab)'^. For 

bc"^" [abf^^ [ac) = ic'"-* [abY"^-' [b [ac) - a [be)] = \c^ [aVf 



.SIM 



302. If we arrange symbolical products according to the 
number of determinant factors which they contain, we can, 
by these formulae of reduction, reduce them to certain standard 
forms. If there is but a single factor (ai), the covariant 
vanishes identically (Art. 299), since it changes sign by aa 
interchange of a and b. The possible forms with two factors 
are (ai)*, [ab)[ac)^ [ab)[cd)^ of which the last vanishes identi- 
cally, and, in Art. 299, we have expressed [ab) [ac) in terms of 
(oJ)'. There is therefore only a single distinct covariant 
symbolically expressed with two determinant factors, viz. the 
Hessian H= a""*6""^ [abf. Any such form must denote either 
the Hessian or the product of the Hessian by a power of 
the quantic. So again, for three factors, the possible forms are 
(aJ)', [abY [ac)^ [ab) [ac) (ac?), [ab) [ac) (Jc), [ab) [ac) [bd) ; of 
these the first, fourth, and fifth vanish identically, and the 
second and third are found to be related as follows: Multiply 
equation B by a'"^b'''^c''~''d'^\ad) ; two of the terms on the right- 
hand side become identical, the third vanishes, and we have 

2a""^i"-V(i"-^(a&) [ac) [ad)=:2a'^'b'"'c''d'"'[ab)' [ad), 

showing that the covariant expressed by the left-hand side is 
the product of the quantic itself by the covariant whose value 
Is given (Art. 156). Generally every symbol having a pair of 
factors with a common letter [ab) [ac) may be reduced to a 
more compact form by substituting for this pair their value 
from equation jB, and so expressing the symbol by others in 
which this pair of factors is replaced by a single square factor. 
Symbols with four factors can be reduced to either of the forms 
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(aJ)* or {ab)\cd)*^ which is H*. For five factors the fundamental 
forms are (aJ)*(ac) and (aJ)'(ac)(c?e)*, the latter being the pro- 
duct of two distinct covariants. For six factors the forms are 
(aby (Art. 153), {abY{bcY[cay (Art. 155), and {abf {cdf [ef)% 
the last being the cube of the Hessian. We give a few 
examples of the reduction of these forms. 

Ex. 1. To reduce a»-**'»-ic'»-irf'»->e»-i {ah) (ac) {ad) (ae). Multiply together 

2bc {ab) {ac) = 6« {acf + c« (a6)« - a« {bc)\ 

2de {ad) {ae) = d^ {<ief + «« {ad)"^ - a« {cUy ; 

multiply the product by a^~^h^'^d*-H*'^e*~^j and assemble the identical terms, then 

we have 

4an-4jn-i^jii-i^n-ieii-i (^) (^) ^^d) {ae) 

The last term is — SUH^. The other term on the right-hand side is reduced by 
equation C, Multiply by a*^~*b^~*d*-* the equation 
a* {bd)^ + ft* (aci)* + d* {ab)* = 2 {ft^^^^ (^5)2 (a^)2 + ^2^2 (5^)2 (3^)2 + a^ft* (arf)^ (W)«}, 

then we have 2a'*^*b*-^d''-^ {aby {adY = rf^a""**""* {aby. The right-hand side there- 
fore of the preceding equation reduces to 2/St/» — dUH^, where /8^ is the covariant 
a*-*b^*{ab)*, 

Ex. 2. To reduce (aft)* (flc)^. Multiply equation C by a"-«ft"-«c» * {ab)\ then we 
haye, assembling identical terms, / 

c»a"-«ft"-« {ab)* = 2a'»-«ft»-*c"-« (aft)* (ac)^ + 2a"-*ft»-*c"-* (aft)* (ftc)* (ca)*. 

Thus, if we call the standard forms a»-«ft"-« (aft)« and a»-*ft»-*<:»-*(aft)2(ftc)*(ac)«, Jf 
and r, we have 2a«-«ft'»-*c»-2 (aft)* (ac)* = UM- 2T. 

Ex. 3. To reduce (oft)* (ac)* (a^?)*. Multiply together the three equations 

2ftc (oft) {ac) = c^ {aby + ft* (oc)* - a* (ft(?)«, 

2crf (ac) (arf) = d^ {acy + <? {ad)^- a* {cd)*, 

2bd {ab) {ad) = b^ {adf + d^ (oft)* - o* (ftci)*, 
and multiply by a"~*ft""*o""*c?'»"*, then we have 
6a«^«ft»-*c»-*rf»-* (aft)* (ac)* (orf)* 

= - 4rf'»a"-*ft'»-*c»-*(aft)*(ftc)*(ca)*+6a"-«ft"-*c»-*ci»(aft)*(ac)*-3a"-*ft»-*c»-*rf"-*(aft)* («?)« 
= _ 427^+ dU{UM- 2T) - SSH = SV^M- lOUT - 3^Zf. 

Ex. 4. To reduce (aft)* (atc)* (erf)*. Multiply equation (C) by (erf)*, and by 
a«-*ft»-*c»~*rf»"*, then we have 
4an-4jn-2cn-4c^n-2 (a^)2 (ac)* (erf)* 

= 2a«ft'»-*e»-«rf'»-* (fte)* (erf)*+ a»-*ft«-*e»-*rf"-* (aft)* (erf)*- 2a»-*ft»-*c»-«rf»-* (ae)*(fte)*(rfe)* 
Multiply by three, and observe that in Ex. 3 we find that 

6a«ft»-*c»-«rf«-* (fte)* (erf)* - 6a»-*ft«-*e»-«rf»-* (ae)* (fte)* (rfe)* = 4Crr + 35^JJ. 
and we have 6a*-*ft»+*c»-*rf»-*(aft)*(ae)*(crf)* = 217^+ BSH. 

Ex. 5. To reduce (aft)* (erf)* (ae) (ftrf). Multiply the equations 

2arf (erf) (ea) = a* (erf)* + rf* (ae)* - e* (orf)*, 
2ftc (erf) (ftrf) = ft* (erf)* + c* (ftrf)* - rf » (fte)», 
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'krianta o^l the orderB p, q \a the v»ri- 
ablcB, we may writel ItheBc SyAholically 4* = {<i>,^i + ^t'^^t 
•^ = {>lr^x, + ylr,x^Y, andl/we can fl^taln frvcQ tfaem the series 
of covarlanta <l>J^^'>lrJ'*{^-<fr)^, whera k has any valae from 1 
up to the least of the two oumbe^ p and q. This operation, 
in German called Ueberachiebung^M^ shall call traiiavection, and 
the covariants generated we shall call traasvectants of the tw« 
given covariants. 

Id the notation nsed Lesson XIY, 12*0^ denotes a covanant 
differing only by a numerical factor from the transTectant ; 
that is to say, if we denote diBerentiation with regard to x^y x^ 
hj snbindices, the series is 

Thns the first in the series is the Jacobian, and if n be the 
lower of the orders of and ^, the last in the aeries 12*^^^ 
is the result obtained by introdncing di£ferential symbols inta. 
the one quantic and operating on the other (Art. 139). We 
obtfun transrectants of a single quantic by supposing ^ and ^ 
to denote the same quantic. The transvectants then of odd 
order vanish, and those of even order form the series of co- 
varlanta considered (Art. 141). The method of formation of 
covarianta explained in this article has a prominent place in 
the proof given by Gordan and Glebsch, that the namber of 
covariants of any form is always finite. Thas the first step in 
the proof is to show, as we shall presently do, that a^ 
covariant symbol formed with k letters a, b, c, &c may be 
reduced to a transvectant of the original form combined with 
a covariant whose symbol coQtains only k — 1 letters. 
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lijully in forming the traasvectant, oi' 

form <^ aymbolicaily expressed. 

we have eeen, are g'tveii by the 

fi^lV) where ^,, f, denote diflferentiatioo 

Now let the symbolic 

where M denotes the 

Then, since a;,, a;, only 



304. There is 
any other derlvajKre 
The transvectanti 
formula {4>irf= {^,V, 
of 0, and 17,, rj, diffe eutil 
expression of ^ 
aggregate of the 
enter in a, 5, &c., we 

Similarly if >fi =Na'^ &i 
d , d 
"'-''dc + '^'ld 
If we put these values into 
expression for the, traj 
each of which c^Mfimi 
two given forms, together with a 
the determinants («c), («<?], (bt 
traasTectants of combined with thi 
where jf is a symbol not occurring 

OD* with|fo^)^+(Jir)^ 

Er. To form the gynibol for tha HBaaian of the HesBian. Hero we hate 
^ = o-'i^'(ai)', 1^ = 0— 't^-»(i;il)', and we are to operate on 0i^ with {^,1,, - £,fl J' ; 

or, collectJng torms, with 



4(^)'- 



. iP di 



•P d , 



'(-)('"^^.3^ 



do dd' 



*M(M)3 



It would be therefore 

4 (ft - 2)« (» - 8)' («*}' {^' (oo)" a-^i^V-*^-* 

+ 8 (n - 2)' (n - 3) (at)' (erf)' (<m) (mi) o--<S--'c- 'rf-« 
+ 4 (b - 2)' {ai)» (cdf (m) (id) o-«4^"c^*'-". 
It was shown, Art. B02, Ei. i and Ei. S, that the first and third of thesa terms were 
expressible in the form aSII + TU, and the same thing is easily seen to be tme 
of the second, if we snbatitutc for 2ed (oc) {ad} ita yalue c' {ad)' + ip (ac)' - a' (ci)' 
fiDm equation B. Thns we prove that the Hesalaa of the Hessian is expressible 
intheformnS'ff-f ^7'{7,BBwuotherwiae'PtOTcd(A».2U). .... 



y^zt Ayn^.jkiyj^t *a Kins^yL^Jki, ikiru^yjiu 



. d . 4 . d ^ 

I . ^ </ , </ -.1 9 \ T d , . rf . - 1 
a ^' < /ia <& y « '. d'j ' ' dc j^ 

wlii?r^ it will be oI>*^n'ed ttat the cmcrator a— -fi-=i + &c. 

Um^tn \U*t. mhj^j'X unc'harj^ed except bj a Domerical factor. 
Thm theii if ^ « Ma'^i/W &c , where /y + jr + r + &c. = I 



'J'huii wc bave the expression divided into two parts, one in 
which w« have the old determinant factors M together with 
the new ftutior (ar/) ; the other in which the letter g does not 
isuU'^r into the determinant factors. Conversely, if we have a 
Mytnhol in k 4- 1 letters, one of which g only occurs once, this 
iH immediately resolved into the transvectant of ^, ti, together 
with a form whose symbol only contains k letters. 

Ho, in like manner, the second transvectant with any form <}> is 



( 



u4>Y - |(a|/) ^ + (hg) ^ + &c j 0, 



and therefore consists of a group of terms, each having all the 
(hiterminant factors of 4>y together with two new factors, each 
eontahnng g. liut, as before, this might be written 

and thoroforo if ^ « Ma^V &c., we have 

{u4>y - / (/ - 1) J/M'a'^J'.../- + 1, 

whetH) ^ oouAiAts of a group of terms into the determinant 
faotom of which g outers only once ; and therefore by the former 
\\u{ of this aiticloi ^ can bo reduced to a function whose 
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symbol does not contain g^ together with the transvectant of such 
a function. Thus then any symbol of the form <f> (agy can be 
reduced to a function whose symbol does not contain g^ together 
"with the first or second transvectants of such functions. The 
same thing would be true of a function of the form 4> (ag) (bg\ 
as appears by writing the second transvectant in the form 

And so we see generally, that any symbol (f) (ag)' (ghy^ where g 
occurs in all h times, can be reduced to the A"* transvectant of 
0, together with terms in which g occurs only Z; — 1 times, 
which again may be reduced in like manner. If, then, we 
arrange forms according to their order in the coefficients, it 
bas been proved that the forms of any order consist either of 
forms of lower order multiplied by u or by powers of Uj 
or else of transvectants obtained by combining u with forms 
of lower order. 

306. We have just shewed that taking any one letter g 
in the symbol for a form, that form may be regarded as a 
transvectant of u combined with other covariants, and that the 
symbol for each of these other covariants will contain all the 
determinant factors of the original form, striking out those 
which contain g. So again taking any letter J" in the symbol 
for any of these other covariants, we express that covariant 
as a transvectant of u combined with covariants whose symbol 
contains all the determinant factors of the original, striking 
out those which include the letters / and g. Proceeding thus 
we see that taking any of the letters, say, a, i, c, and considering 
the factors of the given form which contain these letters only, 
say [aby [bcf [caf^ then the given form may be obtained by 
transvection from a form in these three letters having as a factor 
{ahy {bey {ca}\ 

All that has been said in the last article applies equally if 
the original form, instead of being a covariant of a single 
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fdnctioD, were a simultaneous covariant of several; tfastt is to 
say, if instead of a", J", c" all representing the same function ?7, 
they represent different functions ?7, F, PF, &c. It remains 
true that if F be the function to which g refers, the form 
represents a transvectant of F and of other functions, whose 
symbols could be separated in like manner. It may be seen thus 
that if we had all possible co variants of two forms £/", F separately 
considered, including in the series the powers and products of the 
simple covariants, the system of the simultaneous covariants 
' of if/, F is obtained by adding to these all possible transvectants 
of a form of one set with a form of the other. If the forms so 
obtained be combined by transvection with the covariants 
of a third fundamental form TF, we obtain all possible forms 
of the system U^ F, TF, and so on. We refer to Clebsch, p. 186, 
or to Gordan, Programm^^. 18, for a proof that if the system 
of covariants of the separate forms V^ F, W be finite, the 
number of distinct forms obtained by transvection in the manner 
described, and therefore the number of covariants of the system, 
is also finite. 

307. We proceed now to give an outline of the method 
by which Gordan has shewed that the number of distinct forms 
for a quantic of the n^^ degree is finite, and we shall shew that 
if this be true for a quantic of the degree n— 1, it will be as 
true for one of the degree n. The symbol for a form belonging 
to a quantic of the (n- 1)*^ degree being MaFb^c^ &q., where 
the a symbols, b symbols, &c. each occur n—X times, it follows 
that if we multiply the symbol by abc &c. we shall have a 
form for a quantic of the rfi^ degree, since the a symbols, &c 
will thep each occur n times. We shall speak then of forms 
belonging to quantics of different degrees, as being the same, 
when the determinant factors in their symbols are the same, 
and when these symbols only differ by a power of abc &c. 
We propose to establish the following theorem, viz. that the 
forms for a quantic of the n^^ degree consist either of the forms 
which had occurred already for a quantic of the degree n - X, or 
else of the mutual transvectants between such forms and the 
serie? of two-lettered forms (ai)*, (aij*, &c. And in order 
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'^o establish this, we shall shew in the first place that . every 
form for a quantic of the n*^ degree either has in its symbol 
«k factor {abf where p is not less than ^n, or else is a form 
belonging also to a quantic of the (n — 1)'^ degree ; and with 
regard to the latter, we add the further restriction,* that . if 
its symbol be Ma'Jfc^ &c., p the greatest of these indices shall 
not be less than \n. We shall prove this latter theor/em 
by shewing that if it is true for forms of the rrif^ order in 
the coefficients, it is true for forms of the order 971 + 1 ; and 
it evidently is true for forms of the first order, that is the 
quantic itself. Now it was shewn (Art. 305) that all forms 
of the order wi + 1 can be obtained from forms of the order m 
by transvection of such forms with u. Since this transvection 
only adds new determinant factors to the symbol without 
removing any of the old, it follows that every form, of the order 
m having [ahY in its symbol, will give rise by transvection 
to forms of the order w + 1 having the same property. We 
need only consider therefore forms MaFb^c^ &c. Now. we. saw 
(Art. 304) that the k^^ transvectant of such a form, is got by 
operating k times with 

i(a^)|a^ + j| + &c.}-f|(aJ)^^ + &cj, 

that is to say, it will be of the form M{agYc^^b^c'...g*'\ 
together with transvectants of the order k — 1.. The term 
which we have written will, in case k is as large as ^n, 
contain the factor (ag)^] and if k be less than, ^tz, then since 
by hypothesis p is at least ^w, p- k the index of a, will 
be positive, and therefore the term will still be divisible by 
abc &c., and will therefore denote a form belonging to a 
quantic of lower order, while n--k the index of g, will 
exceed ^n. We see then, that if forms of the order m in the 
coefficients consist only of the two classes we have named, 
the k^^ transvectant of such form will consist only of the same 
two classes, provided this be true for the {k - l)^ transvectant. 



* This limitation is only necessary for the proof of the theorem, and is not used in 
any of its subsequent applications. 
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And 80 down step by step till we come to the transvectant 
that 18 to say, the product of the given form by a, fo 
which it is obviously true. The theorem we have enunciate 
is therefore proved. 

It follows from what has been just proved, that every 
invariant symbol must contain as a factor [abj^ where p is at 
least half n ; for the other class of symbols, viz. those occurring 
in quantics of lower order, of necessity represent covariants, 
since they have the factors a, J, &c., each of which contains the 
variables. 

Forms having [abf for a factor are (Art. 306) transvectants 
of forms having this as a factor, and it can be seen without 
difficulty that, except when w = 4, such forms will when p 
exceeds \n be of lower order in the variables than the quantic 
itself. With this exception, then, it appears that forms for the 
ffi^ degree are simultaneous covariants of certain forms all of 
lower order than w; and therefore if the number be proved 
finite for numbers less than w, it is also finite' for n (Art. 306). 
The case w = 4 requires a little speciality of treatment, for which 
we refer to Clebsch, p. 267. 

308. It would evidently be convenient if a general symbolical 
expression could be given for the result of elimination between 
two equations. When one equation is simple it is easily seen 
that the elittiinant between it and an equation of the rfi^ degree 
is (aa) [ah) (ac), &c., where the symbol a relates to the equation 
of the rfi^ degree, and the remaining symbols to the simple 
equation. I gave in 1853 a general formula for the resultant 
of a quadratic and an equation of the 'nS^ degree {Cambridge 
and Dublin Math, Jour,^^ ix., 32). The theorem was re- 
discovered by Clebsch in 1860, and extended by him to the 



♦ In the same paper I investigated a formula for the discriminant of a binary 
quantic, and in this way obtained that for a quartic. Clebsch subsequently gave in 
his paper (Cre//e, Lix.), " Ueber symbolische Darstellung algebraischer Formen," a 
rule for obtaining a general symbolic formula for the resultant of two binary quantics 
or for the discriminant of a binary quantic. The method of proceeding is to apply 
Cayley's form of Bezout's method of elimination, Art. 87, to two quantics written 
symbolically, but the resulting rule is, as might be expected, very complicated. 
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oase of a system of any number of equations, one of the second, 
one of the n^\ and the rest of the first degree ( Crelle^ 
vol. LViii). We give here Clebsch's investigation of the 
general theorem. To fix the ideas, I write only a system 
of four homogeneous equations in four variables, but it will 
be understood that the method is equally applicable to any 
number of variables. Let the equations then be 

Z7= WjjaTj' + 2Mj,crjjr, -F &c. = 0, 

and ^ = an equation of the n}^ order in ajj, x^^ ajg, x^ which 
may be written symbolically (a^rCj + a^x^ + a^x^ + a^x^ = 0. 
The method of elimination employed is to solve between the 
linear equations and the quadric, and substituting ia the 
two systems of values found, to multiply the results together. 
Now we may in an infimty of ways combine the quadric with 
the linear equations multiplied by arbitrary factors, so as to 
obtain a result resolvable into factors : that is to say, so that 

C^+ (\^i + \^t + &c.) (a^Xj + &c.) 4- {tJk^x^ + &c.) {P^x^ + &c.) 

= {p^x^ + &c.) (j^ajj + &c.). 

We shall imagine this transformation effected, but Jt will 
not be necessary to determine the actual values of \^, /*,, &c. 
for it will be found that these quantities disappear from the result. 
Taking, then, the coefficient of any term xfc^ in the quadric, 
the equation written implies that we always have 

Instead then of solving between the quadric and the linear 
equations, we get the two systems of values by combining with 
the linear equations successively Pja?j + &c. = 0, g^jaj^ + &c. = 0. 
And by the theory of linear equations the resulting values of 
07^, a:,, &c. are the determinants of the systems 

2U ?17 ?8) ?4 
«1) «J) «8? «4 

/^i) ^j) ^z^ Pa 



Pil Piy JPsJ Pa 




^ij «i? ^8, a^ 




/^i) ^2J Psi Pa 


1 



23* Arru0:kTyf99t ^w rrmmju^AL mas^ms^ 



^:j ^r «r «• 

/>:> ?*r J>r i^4 

V V V «4 
^ ;» ;» ;? 

*-';f ^Jft ^s- P4 J 

wbi^ we majr write '^^p^'^^^^- Tbe resok of rlinrinarion may 
tbi»« be writum sfmbolicallj ^= '<'i/>,^4,* (*i?A^«-*- ^® '"^ 
in the mx/iftA fstcUsr tbe srmbol i instead of a, for the reaaon 
expUffied .^Art, 102;, io order to obtain powers of tbe ooeffidents 
of ^ ; bot it if onderrtood that tbe ( symbols bare exactly tbe 
same meaning as tbe a, since after ezpannon we equally replace 
tbe products c^ctcla''^ WVlT^ by tbe corresponding coefficient 
of ^^ a,|^« We may tben write tbe result of elimination in 
tbe more symmetrical form 

for tbtt after expansion will be onlj doable the former ex- 
premtion. 

Jjct a» now write 

then 72 maj be easily expressed in terms of A^ B, G. For we 
have 

2B~[0+>J{0'-AB)]' + {C->^{0'-AB)}\ 

or IimO'' + "^"~J^O'-*(0'-AB) 

1 •« 

DOS). Wo procood now to examine more closely the expressions 
for A^ li^ Oy and to got rid of the quantities p and q which we 
havo introducod) so that the result may be expressed in terms 
of the cooiticionts of the given quadric. 
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Now A, which Is the product of two determlaants, may be 
^^ritten as a single determinant, 

iCi'A+P.Ji). i(p,?.+P,7,)j P.?. > i (PA+PA)i «.» ^.» «. 
i(M4+PA). i(A?4+;'«?,). i(i'.5'4tFA)) M« . «4i Z^^, o« 



a. 



/?. 



/?. 



a. 



maltiplied however by (- 1)**^, where m is the ntiinber of 
variables, that is to say, in the present case, 4. 

For, every element of this determinant most contain a 
constituent from each of the last three rows and columns ; it is 
therefore of the first degree in the terms p^q^^ J (Pi?f+Pi?j)) ^®- 5 
and if the coefficient of any of these terms be examined,' it will 
be founds according to the number of variables, to be either the 
same, or the same with sign changed, as in the product of the 
two determinants. Now in this determinant we are to substitute 
from equation (^), 

But when this change has been made, if we subtract from each of 
the first of the four rows and columns the a row and column, each 
multiplied by ^X^, and the /3 row and column each multiplied 
by ^/ci^, &c., the additional terms disappear, and the determinant 
reduces to 

^11) ^W ^18» ^4) «!» ^1> «1 
^tl» ^M7 ^,85 "l4l «»» '^ii «1 

^il) ^821 ^83> "«41 \l ^81 «8 
^40 ^4fJ "43» ^44» «4> ^4^ «4 



«1 J «, ) «8 ) «4 
^I) /5j) ^tl ^4 
^l > ^1 J «8 1 «4 



Clebsch denotes the above determinant, in which the matrix 
of the discriminant of a quadrie is bordered by rows and 

uu 
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columns, a, j8, &c., by the abbreviation (see p. 18) 

/a, /3, a\ 
Va, )8, ar 

tbe upper line denoting the columns, and the lower the rows 

by which the matrix is bordered. Thus, then, we find for 

any number of variables 

^ ' \a, p, ...a/ 

In like manner 5 = (- 1)""* (j[' ]g* ' ' ' j) • 
And in the same way 

Now it was proved, Ex. 2, p. 32, that Q(^) - (j)'- A (^' ^) , 

where A is the discriminant of the quadric. And it is proved 
in the same way, in general, that 

\a, i8, ...a/ \a, ^8, •..i/ \a, i8, ...i/ Va, ^, ...a, 6/ * 

If, then, we call the last written function i?, we have 

and the formula of last Article becomes 

n(n-l) ^(^-^)^^-^Hr»-3) ^n^^ ., ^ 

1.2 ^ 1.2.3.4 

310. As an example of the application of this formula we 
give Clebsch's investigation of the equation of the system of 
inflexional tangents to a cubic (Crelle^ 59), remarking in the 
first place that formulae of reduction corresponding to those 
given (Arts. 299, 300), exist for quantics in any number of 
variables. Thus for ternary quantics the most useful are 

a [hcd) — b [acd) + c [abd) - d [ale) = 0, 
[abc) [ode) + [abd) (aec) h- [abe) [acd) = ; 

to which may be added the corresponding equations for con- 
travariant symbols (Art. 160) 

P [abc) = a [abc] + b [aca) 4 c (ooi), 

[aab) [acd) + [oibc) [aad) + (aca) [cibd) = 0, 
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where P is a^x^ + a,a?, + a^x^. To come now to the problem 
proposed, the equation of the system of inflexional tangents 
to a cubic is got {Higher Plane Curves^ Art. 74) by eliminating 
between the equation of the curve and those of its first and 
second polars, and one of these equations being linear and 
another quadratic, the formula of the last article is applicable. 
By Art. 308 the eliminant is 4C'*-3^B(7, where -4, J5, G 

are respectively (Jjj J) , (^J j) , (Jjj J) . But we have proved, 

p. 18, that 

(::::)=-f»C)-Ki?, (:;?)=-i.(?)-i^a 

The result therefore is when cleared of fractiona 

4 LbH+%u{^^-Z W+6tt (J)| W+6M (^)l [j''^+6«(j)l . 

Bat remembering that a' and V are each u, this may be 
divided by u, and thus gives 

mS' + ISPfl' + 108 ^5m + 2165«', 
where P=3aVQ-«aQ-«J@ , 



^-ey-c)®(?)- 



In the above formula, as at p. 17, ^denotes the determinant 
formed with the unreduced second differential coefficients ; but if 
we suppose that, as in the Higlter Plane Curves^ each coefficient 
has been cleared of the numerical factor six, we must write in 
the above for J?, 2165; also, since P, ^, R involve the second 
differential coefficients in the 2nd, 4th, 6th degrees respectively, 
these will be 6', 6*, 6® times the corresponding P, Q^ R. 
Making these substitutions, the eliminant becomes 

wJ3'+ 3Piff' + 3 QHu + Ru\ 
To reduce this further observe that a T j=-3jE?; for f J 
expanded is - (^33^33 - w*^) a^ + &c., but a^a (Art. 298) is w„ &c., 



332 



APPUCATI0N8 OF STHBOUCAL METHODS. 



oo making which subBtltntions, the tnith of what has been 
•tated appears. In a similar manner it is easily seen that 

a? f J J = — Hb^ from which at once follows that cfV f j j = — Su, 

We have then P^ ZHu. 

In order to calcalate Q^ it appears from what we have jost 
stated that 

•» Q (') - C) X » (') -»^. "- "• (?) ® -« ® -»ff- 

Again we can show that <>^ (^] =3^' for (Art. 33, Ex. 2) 
(?) = (a) (j) -^(a] b)i^^^^y ^^^ expansion it is easUy 

seen that oi [^ j) =6-Er*. Collecting the terms we have 

C = - 3JJ'. Thua as the two terms 3PH\ 3 QHu cancel each 
other, the eliminant is seen to be divisible by u and reduces 

311. It remains to calculate B. Now let us in the first 
place observe, that if it be required to differentiate Ifj 
which is tf^„ u„, u,, with regard to x^j it follows from what 

was said at the end of Art. 34, that the result is 

(u„w^-i*'Ja„, + &c., 

that is to say, the result is -a, ( ^ j . Taking then the determinant 

, and multiplying the fourth column by 
(A and the fourth row by ( jj , we have 



«*in «^«i V «i 
^n^ <*«) ^«) «i 



«.i) V ^ti* ^1 



^j the result of substituting the 
differential coefficients of S for a^, a„ a, and for &j, ft,, &, in 
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the determinant just written. We have also (Art. 33, Ex. 2) 

But if we take «i (^) and differentiate it by the same process 
as that already employed, we find that the second differential 
of H with regard to a^, x^y is a, J, [a b)^ ^^^ ®^ ^°' ^^^^ ^^ 

will be seen that f jj (^'jj is A f^J, by which we mean the 

result of substituting in f^j for a„ a,, a^ symbols of differentia- 
tion applicable only to H. We may get another expression for 

(i) la' j) • ^* ^^ ^^® coeflScient of X in the expansion of the 

Hessian of u + XS*. For, that Hessian is found by substituting 
in the determinant which expresses the Hessian, for each 

second differential coefficient t£j„ u^^+XaJ>^ f ^' 5) ) and it is easily 

seen that the coefficient of X in this expansion is as stated. 
But if we remember [Higher Plane Curves^ Art 225) that that 

(ir\ 
^j is what is called [Higher 

Plane Curves^ Art. 231), we identify the result now obtained 
with that there given (Art. 232, Ex. 1), viz. 

H'^6Su'H+uQ. 

312. In the theory of double tangents to plane curves 
explained {Higher Plane Curves^ Art. 384), it is necessary to 
calculate the result of substituting in the successive emajiants 
OjM, — a,!*,, a,Mg — Oi^i, ttgW^ — ajW, for aj^, a?,, a?„ and to show 
that each result is of the form P^ + Q^ [a^x^ + a,a?, + a^x^*. We 
give as a further iUustration of the use of symbolical methods 
the application of them to the calculation of Q„ &c. These 
results of substitution may be symbolically expressed a*~* (aaw)*, 
a*"' [aaufj &c., where a only is a symbol. These expressions 
may be reduced by the help of a general formula for (aau)*, 
which is found as follows, as in Higher Plane Curves^ Art. 390 : 
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This square differs only in sign from the determinant 



^'U* ^12> ^'iSl «1) ^o ^ 

^iO "w» "»» ^f> «S) ^2 

^8lJ "mi ^'SSI «81 <*8) ^8 

«1 ? «J > ^3 • • • 

«I > «S ) <*8 • • • 

Wi , w, , w, . • • 



k 



But this determinant is reduced as at p. 18, so that the outside 
row and column become 0, 0, 0, — a, — a, — u ; and we have 

(-)•-»•(:)-»• (:)-^"«©-«e;3- 

In the calculations we have to make, we suppose that the 
values of x^y a?,, x^ make u vanish. To calculate then Q„ multiply 
this equation by a"^, the first term on the right-hand side 

has u for a factor and vanishes, a^ ( J is — 3Hy and a""* [J 

is — aH. Thus we have C, = - a'J7. 

Again (? = a"-* (^) (aau) + a^a'^ (^) {aau) - ia'-'a (^) {aau), 

but the first and last terms vanish 'identically; and the middle 
terra reduces to — a' (ojffu), for we have seen that the differentials 

of the Hessian are - a^a^ ( ^ j , &c. 

Again, for Q^ we have to calculate 

<."{«'0+«'0-^««0}"=»-0'-*°"«(')0 

The first term vanishes, the second is 4a' f ) 5, the third is 
— 4a* [ j Hj as may be seen from last Article, and since 

o«-« f^ is - sHj the fourth is - 6a' (^ H. Thus we see that 
the result is divisible by a*, giving 
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313. As final illustration of the use of sjjnbolic methods we 
give typical expositions of hinary quanties, in the first place, of 
even degree by means of three independent quadratic covariants 
(Clebsch, p. 414). Let the three independent quadratics be 

and their Jacobians k = [Im) Ijn^^ \ = (mk) mj:^^ fi = [kl] kj^ 
and denote by accented letters symbols for the same form. 

Then for p = p^ any fourth quadric (compare p. 181) we have 
{pxY = {lm){mp)[Ip)^ and writing 2> = - {lm){mk){kl)^ the identity 



kj k^ J kjk^y k^ 



2 
8 



= 



P^ Piy PiPil Pt 

becomes p^D = k ( pxf + I {p\y + m [pfif. 

Thus, if the required even quantic f be symbolically 
expressed by a^*", we find f expressed by means of k^ ?, m by 
replacing^ by a in this symbol and raising it to the powerw: 

/D" = {{aKjk + {aXyi + [aiiym] 
X {{aicyk + [dK'Jl+ [aii'Jm] 

X {(aK'yk+ {aVyi+ {afi^^'^m}. 

When this product is expanded the coefficients of its terms 
k^Vm^ are evidently invariants, thus the expression is typical 
(p. 249). The quadric relation which subsists between A;, ?, m 
enables us to go back from this ternary to a binary form : 
introducing in so doing only the invariants of the three quadratics. 

If we retain A, Z, m as three variables the symbol a^ defined 

by ay = («^)*yi + («^)Vi+ i^f^Yi/n ^^ evidently that of a unique 
curve of the n^ order, which is determined by the 2n points 
ofy, which are now given on a conic. The additional relations 
of thi^ curve to the conic by which its uniqueness is secured 
arise from the fact that if the conic be written symbolically 
^J = /3j^'*, then their covariant {affjSy a^'* vanishes identically* ; 



♦ F. Lindemann, Bulletin de la Soc. Math, de France^ t. v. 1877. For n> 8 this 
specializes the cnrve, thus he notices that the conditions for » = 4 limit the temaxj 
quartic to admit of being the sum of fiye fourtji powers, cf . Note, p. 151. 



I 





i 



^TMBOLIOIL XETHODS. 

or again, that there is as infinitj of triangles conjogate to this 
conic which are iiumoed in the polar conic of y relative to the 
carve a^* = 0; i^other wgpds^lE^all the conical polara a£ this 
carve are ai 



cope /ST 



/. 



can be made to inyolve 



^ing as its basi8>in8tead of the 
&ct, as in Art JL93| we can 



314. The exposition 
invariants of lower d 
quadratics their Jaco^ 

see that J2„u, = 2)^^ + D^j ^ 2)^„ = u,B^ -ifiui + «.^«„ 
or, in the present n^atioo, thai • 

whence /LtL {(akyK + (oFfX + (amy m] ] 



. X {(ak'''ym + (at^'yx + (am'*yfi] 
If n be even, we can multiply oat and replac^ ail powers of 
ic, X, fA by ranctions of the same order in kAl^ m withoat 
denominator. | If n be odd, the product of all famors but one 
gives us even powers of ir, X, ft which can be so tmted, and the 
last factor wl^en expressed by ib, Z, m introduces a new factor 
D upon J". Thus the coefficients are the n^ transvectmts of /^ on 
k fm/j where a+/S + 7 = iji, and are accordinglyV of much 
lower order [than the others, which were its transvQictants of 
the same ordkr on K^fpk^ where a + )9 + 7 = in* . 

It is in tms manner that Clebsch developes the expression 
for the sextic ny its qnadric covariants when E does not vanish. 
Each covarianr symbolically contained in 
^/•= a J {(aO*Vf (aw) V + (afi)V} {(oH^X + (amyfjL fXanyv] 
is found as a linear function of Z, m, n by means of theyivariants 
A^ /,, ig, J7, anp, on expanding, the products of th€^ second 
order of X, /li, v pre replaced by quadric functions of 2^ m, n 
without denominator. \ 

315. In a similar manner Dr. F. Lindemann (Jifath. 
Ann* XXIII., p. 133) has given the typical exposition of forms 
of the order 3p by m^ans of four independent cubic covariatits 
in connection with the formulas of Art. 219&, and the consequ^t 
geometrical reference td a twisted cubic without the canonicid 
reduction employed in Arts. 219c, d. \ 

/ 



\ 



\ 



TYPE PaRM OF BINARY QtlANTIC OP ORiyER Zp. 3>3(7 

In fact, irow denoting the cubics by A^', Z/, mjj w/, and the 
forms -J,3^, J^^, -e7^„ J^^ hj kJ, \J, /*/, v/, it is easily seen that 
for any other cubic a/ we have (aH:y=(mn)(nl)(lm){al)(am)(any^ 
and writing (kKy= (Z\)'= &c. = d, that 

= (aA) V + («0 V + («</^/ + («w) V- 
Whence we find the 2^® / by raising this to the degree jy 

X {(a/^O'^t + (a V')'^ + (a,i'ym + (aO'^l 

or = {(aA')'/« + (arfX + {amJiM + iarTfv} 

X {(ar /ic + (ar/X + (am'Jii + (an">V} 



I^itfaer form expanded is a function of degree p in font' 
Variables with invariant coefficients. Taking the point ;?, = */j 
», = (/, &c. as variable with x its locus \^ a twisted enbic, 
and the coordinates of the osculating planes determined by x are" 
Wi=^^', w^=\', &c. The equations of three quadrics through 
this curve or of three quadrics touched by all its osculating 
planes can be easily found from the obvious relation 

A ixxj = *>/ + IV + <I^J *'<K% 
and the others which follow from it as successive polar^ When 
found these equations enable us to return to a binary systemi 
introducing only invariaBts of the cubics. 

Thus the equation of the surface, whose intersections with 
the twisted cubic are the Sp points of the binary quantic, is 
either a/ = where a^=^(aieyz^A-(a\yz^ + (afjL)\+(avyz^ or 
13 J = where /8. « (ak}\ + (aiyu^ + lam)\ + (aw)'^^ this 
tangential form involving invariants of lower order. 

Ttis surface a/ = is unique, and if we denote by w/=0, 
tt/ = 0, tiT*=0, the thriee (juadrics touched by all osculating 
planes of the twisted cubic, it is shown by Dt*. Lindemann that 
this is because the three equations tfjo'a,'^* = 0, a<r*a/"* = 0, 
ar*a/^ = are identically irmj and therefore a/ = is conjugate, 
or apolar, to all the quadrics which can be inscribed in the 
developable surface of the twisted cubic. 

XX 
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HISTORY OP DETERMINANTS. (Page 1). 

The following historical notices are taken from Baltzer^s Theory of DetemtinafUs ; 
and from the sketch prefixed to Spottiswoode's Elementary Theorems relating to Deter- 
minants, The first idea of determinants is dne to Leibnitz, as Dirichlet has pointed 
out. In Leibnitz's letter to L'Hdpital, 28 April, 1693 (Leibnitz's Mathematical Works, 
published by Gerhardt, vol. ii.. p. 239), is to be found the first example of the 
formation of these fimctions, and of their application to the solution of linear equa- 
tions ; the double suffix notation (p. 7) is employed, and he expresses his conviction 
of the fertility of his idea. But nowhere else in his writings is there to be found 
any proof that he sought to draw any new fruits from his discovery; and the method 
was lost until re-discovered by Cramer in 1750. Cramer, in his Introduction a V Analyse 
des liffnes Courbes (Appendix), has exhibited the* determinants arising from linear 
equations in the case of two and three variables, and has indicated the law according 
to which they would be formed in the case of a greater number. The rule of signs 
by the method of displacements (p. 6) is given by Cramer. The equivBlence 
of the other method by permutations of sufBLxes was afterwards proved by Bezout 
and Laplace. In* the Histoire de VAcadhnie Royale des Sciences, Ann6e 1764 (pub- 
lished in 1767), Bezout has investigated the degree of the equation resulting from the 
elimination of unknown quantities from a given system of equations, and has at the 
same time noticed several cases of determinants, without howevey entering upon the 
general law of formation, or the properties of these functions. The Histoire de 
T Academic, An. 1772, part ii. (published in 1776), contains papers by Laplace and 
Yandermonde relating to determinants of the second, third, fourth, <fec. orders. The 
former, in discussing a system of simultaneous differential equations, has given the 
law of formation, and shown that when two rows or columns are interchanged, the 
sign of the determinant is changed, and that when two are identical, the determinant 
vanishes. The latter employs a notation in substance identical with that which, after 
Mr. Sylvester, we have called the umbral notation, and explained p. 8. In his Memoir 
on Pyramids {Memoires de V Academic de Berlin, 1773), Lagrange made an extensive 
use of determinants of the third order, and demonstrated that the square of such 
a determinant can itself be expressed as a determinant. The next impulse to the 
study was given by Gauss, Disquisitiones Arithmeticas, 1801, who showed, in the case 
of the second and third orders, that the product of two determinants is a determinant, 
and very completely discussed the case of determinants of the second order arising 
from quadratic functions, i.e. of the form b^ — ac» In 1812 Binet published a memoir 
on this subject (Journal de VEcole Polytechnique, tome ix., cahier 16), in which he 
establishes the principal theorems for determinants of the second, third and fourth 
orders, and applies them to geometrical problems. The next volume of the same 
series contains a paper, written at the same time, by Cauchy, on functions which only 
change sign when the variiables which they contain are transposed. The second part; 
of this paper refers immediately to determinants, and contains a large number of very 
general theorems. Cauchy introduced the name " determinants," ah'eady applied by 
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Causs to th« functions considered by him, and called by him "determinants of 
quadratic forms." In 1826 Jacobi took possession of the new calculus, and the 
volumes of Crelle's Journal contain brilliant proofs of the power of the instrument 
in the hand of such a master. By his memoirs in 1841, De formatione et proprietatibus 
determinantium and De determinantibtujunctionalibus {Crelle, vol. xxii.), determinants 
first became easily accessible to all mathematicians. Of later papers on this subject, 
perhaps the most important are Cay ley's papers on Skew Determinants {Crelle, 
vol. XXXII. and xxxvill.). Of elementary treatises on this subject, I have to 
mention Spottiswoode's ElemenMry Theorems relating to Determinants^ London (1851) ; 
Brioschi, Za teorica dei determinanti, Pavia, 1864 j and Baltzer, Theorie und Anwen- 
dung der DetemUnantem, Leipzig, 1857 ; fifth edition, 1881. French translations 
both of Brioschi's and Baltzer^s works have been published. 



COMMUTANTS. (Page 8). 

In connection with the umbral notation may be explained what is meant by 
commiUantSy which are but an extension of the same idea. It is easy to see what, 
according to the rule of the umbral notation, is meant by ^, ij, ^, ^ij, n'l 

^ ^ i* V, B'f ivf 1?', 

d d 
if we write for brevity ^, ij, for -7- , -r . We compound the partial constituents in 

each column in order to find the factors in the product we want to form, and take the 
sum with proper signs of all possible products obtained by permuting the terms in the 
lower row. Thus the first example denotes P .»i* — ^n • ^»;> which is the Hessian : the 
second denotes ^^. ^*.»i*— ^*.^ij'. ^»?' &c., which is the ordinary cubinvarlant of a 
quartic. 

Again, since multiplication is performed by addition of indices, it will be readily 
understood that we can equally form commutants where the partial constituents are 
combined by addition instead of by multiplication. Thus, considering the quantics 

(«» «i, aojxj y)\ (04, 03, CLj, a„ a^x, y)*, 

the invariants in the last two examples may be written 1,0, 2, 1, 0, which 

1, 0, 2, 1, 0, 

expanded are a^a^ — a^ay^ ; a^a^a,^ — a^a^a^ + &c. 

All these commutants with only two rows may be written as determinants, but 
it is a natural extension of the above notation to form commutants with more than 
two rows, such as ^, tj, 1,0, f^, f n, n*. These all denote the sum of 

^, »J, 1, 0, £«, ^n, »l^ 

^, 1?, 1, 0, ^, ^ij, n". 

. ^, u, 1, 0, f ^ ^u, n\ 

a number of products, each product consisting of as many factors as there are columns 
in the commutant and each factor being formed by compounding the constituents of 
the same column ; and where we permute in every possible way the constituents in 
each row after the first. Thus the first and second examples denote the same thing, 
namely, the quadrinvariant of a quartic expressed in either of the forms 
^4 ,j4_4^3^,^,j3^.3p,j2 p^2 or a^afi-Aa^ay + ^a^y while the third example 5*.f*ti*.n*-&c. 
denotes the cubinvariant of an octavic given at length, Art. 155. 

We have seen that the two invariants of a binary quartic can be expressed as 
commutants, but it will be found impossible to express in the same way the dis- 
criminant of a cubic. Thus the leading term in it being a^a^ or ^gfsT/ana, we are 
naturally led to expect that it might be the commutant ^, t}, ^, 17, but this commu- 

^> ^t t Vi 
^y Vi & n, 
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t^n^ instead of giving the cHacrimiiiaiit, will be found to Tanish identlcallj. ' It may, 
howeyer, be made to yield the diacriminant by placing certain restrictions on the 
^)ermntations which are allowable. For further details I refer to the papers of 
Hessrs. Galley and Sylvester- in the Cambridge aftd Dublin MgthematicalJournal, 1852. 



ON lUTJONAL FUNCTJONAIi DETERMINANTS.* (Page 14). 
Ths detjenninants conndeired Ex. 6, 6, ate particular cas^ of ^ import»nt |orm 

<i> («), ^ (aj) ... 

4* iy)j ^ (y) - 

where 4» (^)» ^ (^) denote rational integral f anctions of a;, and ^ (y), ^ («), dec., the 
same functions of y^ Zy tbc. respectively. Such a determinant may be briefly denoted 
by its top line | 4»(x), i/r(x) ... | . Thqs the determinant Ex. 5 may be written 
I 1, Xj a^,„ac^^ I . This last determinant we have seen has tor its valn^ 

(-l)i-0.-i)5i(a:,y,^...); 
|)y T^hich notation Prof. Sylvester denotes the continued product of the di^^erenpes 

{fc-ry) ip-z){x-v)) ... >j (y-«) (y-v) .., x {z-w) Ac. 
This f|l|iernate produpt is pf the nature of a square root: its square we l^ow is a 
(qrmmetrical funcjbion o| a;, y^ z^ &c., and is unaltered by any permutation of these 
yariables; but itself has two values corresponding to the difEerent arrangement 
pf the variables, its sign being altered if we permute any two of the variables. 
The function | 1, a;, ...a:*~^ | was suggested by Cauchy as a symbolic representation 
pf a determinant, viz. expanding it as the sum of a series of terms ±yHHD^ ..., and 
changing the exponents into suffixes, or the term into x^^z^w^ ..., we h^v^ the 
development of the determinant 



•Bq, a7|« 






It may be further zemarl^ed in passing, that any rational function of the variableB 
fs, y, ^c, whiph, however the variables are permuted, has only two values, mnsl^ 
t)e of the form P + Q^4, where P, Q are symmetric functions of the variables. 

Betuming now to the general determinant | <^(ar), i/f (a;)... | , it obviously con? 
tains ^i as a factor, for on the supposition x =y, it vanishes as having two rows the 
same, and is therefpre divisible by x—y'y and similarly with regard to every other 
difference. Let us then in particular examine | a^, xPy x'' ... | , which we may call 
I a, /3, y, ... I in order to ^nd the value pf the remaining factor. If a be the least 
pf these exponents, we may divide each row by a:*, ^, ... respectively, so that we can 
at once redfice the investigation to that of the case where (e = 0. 

In the following y^e employ a method given by Jacobi, De Ikmetionibttf AUeri 
fMntVmSy Crelle 22, (1841); depending pn the consideratipn of the deterpiinan^ 



I 



Fpr convenience we wor^ ^th the case of three 
variables, but it -^rill be seen th^t the process is perfectly 



x — a^ ap — b* x—e 
penera^. Consider then thp e(][uatipn whiph is obviously trne 

_1 1^ _1_ 

^— a' a?— J* a;— p 

111 
^r-a'y-6'y-* 

X 1 1 



^(«>y>g)^^K^g) 



{x-'a){x-b\{x--e){if-a) (y-6)(y-c) (2;-o)(«-^)(;?-c) * 



"f This note is, in substance, Professor Gayley's. 
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Bod cxpaod Mch 4Blde by desoending powers of x, y, z. We hfire 

=- + :3+3 + &c.; 

a? — a jc ar ar 

wbencei on tbe left-hand aide, the term moltiplylng the reciprocal of x'y^a* is 

a«-», 6»-S c«-» 

o/'-S ^-S c^-» 
avi, 6T-1, c-y-i 

In order to expand the right-hand side, observe first that if En H^ Ac. haYC tho 
same meaning as at Art. 272, then 

{x—a){x — b){x-^c) a^ X* a^ ** 
as is easy to see by multiplying together the expansions for Ac. We haye also 



£*(«,yi«) = - 



x—a 



1, X, »* 

1. «, «* 

Hence, the right-hand side is (^ (a, &, c) multiplied by 

+ 1 + &C., -5 + -i + &c., - + -^ + &c. 
»• ar a;* a;* a? ar 

and the term multiplying the reciprocal of x*yi^z^ is ^ (a, 6, «) multiplied by 

Ea-f9 Ea-Jtf -"a"! 



-fl)3-»> -^j3-»> -Sfl-l 



-zr_.. ^, 



We have thus 



fl^S ^«-', <?**-» 

a^-S b^-\ cP-^ 



^y-n 



z. 



=^(a,i,e) 



•a-»» 



B^-v Bp^ Hfi., 

B^-Zi -^v-ft -^Y-l 



which we may write (o-l, ^-1, y-l) = r («> ^ c) jff(o-3, /3~3, y-Z), 

We may verify this equation by writing a = l, /3=:2, y=3, observing thab 

^i (a, 5, 0) =.— (0, 1, 2), that H_^ iT., vanish and that J7o is 1. 
If we write a= 1, and for /8, y write /8 +1, y + 1, we have 

B-tt B^if Bo 



(0,/S,y) = J*if(-2,^-2, y-2) = t* 
But since i7^ £r_| vanish, and B^ = 1, the last determinant reduces to 



Bfi^ Bfi.^ Bp 
B, 



y-» By^if My 



Bp-tt B^^ 

By-9» B -I 



Thus we have finally (0, /3, y) = ^' {Ba^y.i — B^^^By^), As an example, taking 
/3 = 1, we get (0, 1, y) =— -^^y-aS* a formula which includes that of Ex. 6, p. 16, 

We may also consider determinants involving the square roots of rational fonctiona 

4{<t» {x)}, X 4{^lr {x)}, ... 

M iy)h y W (y)}, -. 

but these, although presenting themselves in the theories of Elliptic and Abeliaa 
functions, have been but little studied. 



HESSIAN. (Page 17). 
The name was given by Sylvester after Professor Otto Hesse, who made much 
use of the functions in question, which he called fonctional determinants. They 
are a particular case of those studied under the same name by Jacobi {Crtlk 



342 NOTES. 

ToL xzii.), the oonstitiieDtB of which are the differentials of a series of n homo* 
geneona functions in n variables. It is so convenient to have short distinctive 
names for the f tmctions of which we have repeatedly occasion to speak, tiiat I have 
followed Sylvester in calling the former HeasianSy the latter Jaoobians, see Art. 88. 



SYMMETEIC FUNCTIONS. (Page 66). 

The roles for the weight and order of symmetric functions are Prof. Cayley's. 
The formula, Art. 59, I have taken from .Serret's Lesson* on Higher Algebra, 
The differential eqaation, Art. 60, is an anticipation of the differential equation for 
invariants, of which I speak, Art. 143. Brioschi (see M. Roberts, QuarUrly Journal, 
vol. IV. p. 168), remarked that the operation {^dx} (Art 65), expressed in terms of the 



ELIMINATION. (Page 66). 

The name ' eliminant ' was introduced I think by Professor De Morgan ; I believe 
I have done wrong in using a second appellation when a name to which there was 
no objection was already in use. The older name ' resultant ' was employed by Bezout, 
ffistoire de VAcadevMe de Paris, 1764. The method of elimination by symmetric 
functions is due to Euler {Berlin Memoirs, 1748). The reduction of the resultant to that 
of a linear system was made simultaneously by Euler {Berlin Memoirs, 1764) and Bezout 
{Paris Memoirs, 1764). The theorem as to the degree of the resultant is Bezout's. 
The method used in Art. 74 of forming symmetric functions of the common values 
of a system of two or more equations is Poisson's (see Journal de TEcole Polytechnique, 
Gahier xi.). Sylvester gave his mode of elimination in the Philosophical Magazine 
for 1840, and called it * dialytical,' because the process as it were dissolves the relations 
which connect the different oombinations of powers of the variables and treats them 
as simple independent quantities. Cayley's statement of Bezout's method is to be found, 
Crelle, vol. Liii., p. 366. Sylvester's results in Art. 91 are to be found in the Cambridge 
and Dublin Mathematical Journal for 185*2, vol. vii., p. 68 ;^ and Cayley's general theory 
(Art 92, &c.) in the same Journal, vol. iii., p. 116. It was noticed by Lagrange, that 
when two equations have two sets of common roots, the differential of the resultant 
with respect to the last term vanishes (see Berlin Memoirs, 1770). Sylvester showed, 
in January, 1853, that the same was true of all the differentials, Camhndge and 
Dublin Mathematical Journal, vol. viii., p. 64. He showed at the same time, that the 
common roots were given by the ratios of the differentials. The proof in Art. 99 is, I 
believe, my own. The theorem, Art. 99, is Jacobi's Crelle, voL xv., p. 106. In this 
part I have made some use of the Treatise on Elimination by Fa& de Bruno. The 
theorem of Art. 102 is Prof. Cayley*s. 



DISCRIMINANTS. (Page 98). 

The word ' discriminant ' was introduced by Sylvester in 1852, Cambridge and 
Dublin Mathematical Journal, voL vi., p. 52. The word ^determinant' had been 
previously used, and had come to have a perplexing variety of significations. The 
theorem referred to, Note, Art. Ill, was the basis of my investigations {Cambridge and 
Dublin Mathematical Journal, 1847 and 1849) on the nature of cones circumscribing 
surfaces having multiple lines. If the equation of a surf ace hebQ + b^x + b^'^+iLC., 
and if 0^ be a double line, y must be contained by ^o i^ the second and d, . in the first 
The discriminant with respect to a; is a tangent cone which has y^ for a factor. 



^ surfact 
■k and if 
^Hdegree 
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BEZOUTIANTS. (Page 107). 

It hd& been shown (Art. 85) that the resultant of two equations of the n** degree is 
expressed by Bezout's method as a symmetrical determinant. This may be considered 
(Art. 118) as the discriminant of a quadratic function which Sylvester' has called 
the Bezoutiant of the system. When the qnantics are the two differentials of the 
same quantic, then if we resolve the Bezoutiant into a sum of squares (Art. 165), the 
number of negative squares in this sum will indicate the number of pairs of imaginary 
roots in the quantic. The number of negative squares is found by adding (as in 
Art. 46) A. to each of the terms in the leading diagonal of the matrix of the Bezoutiant, 
and then determining by Des Cartes' rule the number of negative roots in the equation 
for X. The result of this method is to substitute for the leading terms in Sturm's 
functions, terms which are symmetrical with respect to both ends of the quantic ; 
that is to say, which do not alter when for x we substitute its reciprocal (see Sylvester's 
Memoir, Philosophical Transactions, 1853, p. 513). 



LINEAR TRANSFORMATIONS. (Page 108). 

The germ of the principle of invariance may be traced to Lagrange, who, in the 
Berlin Memoir s, 1773, p. 265, established the invariance of tlie discriminant of the 
quadratic form ax^+^bxy + ctp, when for x is substituted x-\-\y. Gauss, in his 
JHsquisibiones Arithmetics (1801), investigated very completely the theory of the general 
linear transformation as applied to binary and ternary quadratic forms, and, in par- 
ticular, established the invariance of their discriminants. This property of invariance 
was shown to belong to discriminants generally by the late Professor Boole, who, in a 
remarkable paper, Cambridge Mathematical Journal, 1841, vol. iii., pp. 1, 106, applied 
it to the theory of orthogonal substitutions. He there showed how to form simultaneous 
invariants of a system of two functions of the same degree by performing on the 

d d 

discriminant of one of them the operation **' t' + ^' jI + *c. Boole's pax)er led to 

Cayley's proposing to himself the problem to determine a priori what functions 
of the coefficients of an equation possess this property of invariance. He found that 
it was not peculiar to discriminants, and he discovered other functions of the co- 
efficients of an equation at first called by him * hyper-determinants,' possessing the 
same property. Cayley's first results were published in 1845 (CamJnndge Mathe- 
maticaljournalf vol. iv., p 193). From this discovery of Cayley's, the modem algebra 
which forms the subject of the bulk of this volume may be said to take its rise. 
Among the first invariants distinct from discriminants, which were thus brought to 
light, were the quadrinvariants of binary qnantics, and in particular the invariant 8 
of a quartic. Mr. Boole next discovered the other invariant Tof & quartic, and the 
expression of the discriminant in terms of S and T {Cambridge Mathematical Journal, 
vol. IV., p. 208). It is worthy of notice that both the functions S and 7* had been 
nsed by Eisenstein {Crelle, 1844, xxvii , p. 81) in his expression for the general solution 
of a quartic, but their property of invariance was unknown to him, as well as the 
expression for the discriminant in terms of them. Cayley next (1846) published 
the symbolical method of finding invariants, explained in Lesson xiv. (Cambridge and 
Dublin Mathematical Journal, vol. I., p. 104, Crelle, vol. xxx.). The next important 
paper was by Aronhold, 1849 {Crelle, vol. xxxix , p. 140), in which the existence of 
the invariants 8 and 7^ of a ternary cubic was demonstrated. Early in 1851 Mr. Boole 
reproduced, with additions, his paper on Linear Transformations {Cambridge and 
Dublin Mathematical Journal, vol. vi., p. 87), and Sylvester began his series of 
papers in the same Journal on the Calculus of Forms, after which discoveries followed 
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ic rapid sdccession* I can icarcely pretend to be able to assign ia their 'pKipet 
antbprs the merits of tbe several steps; and, as between Measra Cajlej and 
Sylvester, perhaps these gentlemen themselves, who were in constant oommnnication 
with each other at the time, would now find it hard to say how mncdi properly 
belongs to each. To Mr. Boole {Camln-idge and Dublin Mathematioal Journal, 
"ToL VI., p. 95, January, 1851) is, I believe, doe the principle that in a binary qfoantic the 

operative symbols ^, — ^ may be snbstitiiri^d for x and y. Tbe ptindple was 

extended to qnantics in general by Sylvester, to whom is to be ascribed the general 
statement of the theory of contravariants, Cambridffe and Dublin MathemaHeal Journal, 
(1857), vol Yi., p. 291 ; although particular api^catioDs of contravariants had pre- 
viously beeti made in Greometry in the theory of Polar Reciprocals, and hi the theory 
of ternary cfuadratic forms by Glauss (Disquisitiones AriihmeiiccB, Ait. 267), who 
gives tbe reciprocal under the name of the adjunctive form, and establishes its 
invariance under what he calls the " transformed substitution." Sylvester also re- 
marked thtft we might not only replace oontravariant by operative sjrmbols, but also 

-t du au 

by the actual differentials -^t -j-t ^* ^o Boole I would ascribe' the principle 

(Art. 126) that invariants of emanants are oovariants of the quantic (1842), Cambridge 
Mathenuaical Journal, vol. III., p^ 110, though Boole's methods were generalized by 
Sylvester, Cambrid^ and Dublin Mathematical Journal, vol. vi., p. 190. Some 
of the ftrst steps in the general theory of oovariants may thus be ascribed to Boole, 
though a remarkable use of such a function had becta madef by Hesse in detfflnmining 
the points of in^exion of plane curves. I had my^self been led to stiidy the same 
functions both ixx carves and surfaces, in ignorance of what Hesse had done 
{Cambridge and Dublin Mathematical Journal, vol. II., p. 74). The' discovery of 
evectants (Art. 134) is Hermite's, Cambridge and Dublin MathemaHeal Journal, vol. vi., 
p. 292. In Gayley*8 first ^paip&t he gave a ^stem of partial differential equations 
satisfied by invariants of functions linear in any number of sets of variaUes. The 
partial differential equations (Art. 149) satisfied by the invariants and oovariants of 
binary qnantics were, as &r as I know, first giv«i in print by Sylvesta: [Cambridge 
and Dublin Mathematical Journal, vol. vil., p. 211). Sylvester there acknowledges 
himself to haere been indebted to an idea communicated to him in conversation by 
Cajley ; and he also speaks of having heard it said that Aronhold also was in pos- 
session of a system of differ^tial equations. These are not made use of in Aronhold's 
paper {CreUe, vol. xxxix.) already referred to, but he refers, Crelle, vol lxii., 
to a commnnication made by him in 1851 to the Philosophica] Faculty at ESnigsberg, 
which, if it ever appeared in print, I have not seen. Very probably there may bfe other 
parts of the theory to which Aronhold may justly lay claim. After the publication in 
Crelle, vol. xxx., of Cayley's paper, in which the symbolical method of forming in- 
variants was fully explained, Aronhold worked at the theory in Germany simtdtaneously 
with the labours of Cayley and Sylvester in England ; and the mastery of the subject 
exhibited by his papers leads me to suppose that of some of the principles he must 
be able to claim independent if not prior discovery. The method in which the subject 
is intioduoed (Art. 121) is taken from his paper {Crelle, vol. lxii). I refer in a note 
on next page to the valuable paper by Hermite [Cambridge and Du^in Mathematical 
Journal, vol. ix., p. 172), in which the theorem of reciprocity was established, which 
had at first suggested itself to Sylvester, but was hastily rejected by him, and in 
which the whple theory of quintics received important additions. Mixed con- 
comitants are Sylvester's [Cambridge and Dublin Mathematical Journal, vol. vii 
p.JBO). The theorem, Art. 135, is Cayley's and Sylvester's. The appHcatibn of sym- 
etric functions to the invariants of binary quantics was, I believe, first made in the 
ppendiz to my Higher Plane Curves (1852) . The method (Art. 138) of thende finding 
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conditioDS top. eystems of equalities between the roots is Cayley's (PhUosophiccU 
Trcmsqctionsp 1857, p. 703). With regard to the subject generally, reference must 
be made to the important series of papers by Sylrester, beginning in the sixth 
Tolume of the Cambridge and Dvhlin Mathematical Journal -j to a series of papers 
on Quantics published by Cayley in the Philosophical Transactions ; and to Aronhold's 
Kemoir on Inrariants {Crelkj vol. LXii.). The name 'inyariant,' as well as muoh 
of the rest of the nomenclature, is Sylvester's. 



CANONICAL FORMS. (Page 160). 

The name is Hermite's ; the theory explained in this Lesson is Sylvester's, see 
a paper {Philosophical Magazine^ November, 1851) published separately, with a si^)- 
plement, in the same year, with the title An Essay on Canonical Forms, 



COMBINANTS. (Page. 161). 

The theory of combinants is Sylvester's, Cambridge and Dublin Mathematieal 
Journal (1853), vol. viii., p. 63. In the case of the resultant of two equations it had, 
I think, been previously shown by Jacobi, that, the resultant x>f \«<+/iAt^, X'u + fk'v 
was the resultant of v, v multiplied by a power of (X/x' — XV)* Sylvester's results 
Arts. 185, 188, 189, are given in the Comptes rendus, vol. LViii., p. 107i— 9. 



APPLICATIONS TO BINARY QUANTICS. (Page 176). 

In Lesson zvii the discussion of the quadratic, cubic, and quartic, is mainly 
Prof. Cayley's. . See his Memoirs on Quantics in the Philosophical Transactions^ 1854 
The second form of the resultant of two quadratics, p. 180, is, as elsewhere stated, 
Dr. Boole's. Sylvester proved {Philosophical Magazine j April, 1853) that every 
invariant of a quartic is a rational function of S and T, The theorem. Art. 206, that 
the quartic may be reduced to its canoniccd form by real substitutions, is Legendre's 
(Traitd des Fonctions Elliptiques, chap. ii). The discussion of the systems of 
quadratic and cubic, two cubics, and two quartics, was, I believe, for the most part new, 
when it appeared in the second edition in 1866. The form for the resultant of two cubics, 
obtained by him by a different method, was published by Clebsch {Crelle, vol. LXiv.), 
but had been previously in my possession by the method given in Art. 21S. On 
the connection p. 174 between concomitants of binary systems and those of a larger 
number of variables, B. Sturm's paper (Borchardt, Lxxxvi. pp. 116-46) should be 
referred to. Also for the reduction of the system of two quartics, p. '224, announced 
by Sylvester, see Stroh, Math, Ann. xxii. 293, who cites d'Ovidlo as having also 
effected it. 

In Lesson xviii the canonical form of the quintic aa:* + *y* +c«*, which so much 
facilitates its discussion, was given by Sylvester in his Essay on Canonical Forms, 
1851. The invariants J and K were calculated by Prof. Cayley. The value of the 
discriminant and its resolution into the sum of products (p. 230) was given by me in 
1850 {Cambri^e and Dublin Mathematical Journal, vol. v. p. 154). Some most 
important steps in the theory of the quintio were made in Hermite's paper in the 
Cambridge and Dublin Mathematical Journal, 1854, voL ix., p. 172, where the nttniber 
of independent invariants was established ; the invariant 1 was discovered ; attention 
was called to the linear oovariants ; iind the possibility demonstrated of expressing by 
invariants the conditions of the reality of the roots of all equations of odd degrees. 
The theory of the quintic was further advanced by Sylvester's "Trilogy" {Philo* 
sophical Transactions, 1864, p. 579) -, and in Hermite's series of papers in the first 
volume of the Comptes rendus for 1866 already referred to. The values of the 
invaoants A, B, C of the sextic we)» given by Prof. Cayley in his papers on Quantics, 
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and the eriitgnce of the hiTiriiiit E pctnted oat. The rat of what m atatod in the 
text aboot the Kztic in Alts 255--C, 26(^1 is iiearij as it appealed for the fint time in 
the second edition. Aiia. 257-9 aze from Oefaech '^ Tl^oric, Ac^" pu 297, and Aita. 262 
totlieeDdof the Lesson aze from the somoes indicated in the foot-notea. 

Hie term ''apdar^ is doe to Th. Bcje, iriiose inTeadgatieoa on "MomentB of 
Inenia, ^x;.," Borcfaaidt, Jotv-aa/ lxxii, led to his " Erweiic t u ng der Polarenthecme 
al^^ebraiscfaer Flachen," toL lxxtiii, p. 97, wfaidi he opens by ifmariring, thai the 
pc^ar theoiy of soz&oes of the a^ order has hitherto dealt on^ with polan of points 
taken singly or in groups. But in regard to an j soch smf aoe Fu there also corresponds 
to an J sm&oe of dass ir, for ir < «, a definite sor&oe of order 9 — k which, beeomes 
identical with the polar of a group of k points in case the snrface of dass k ledoces 
to soch a gronp. He claims a epedal interest for soch smfaripw ci dass k for which 
ereiy aziritrazy surface of order n— k maj be regarded as polar in regard to the 
aorfiioe Fm, and calls them " apolar to the smfaoe /V" becaoae to them no definite 
polar belongs. Bosanes had prerionaly (Borcfaardt, lxzti, p. 313) tenned two 
tHnaiy forms of the same degree whose ^oadrinTaziazit yaniahes "coirjngate to each 
other." To explain the relation between the terms and onmecc them with the 
process of tzansrection, let x„ x^ ... be anj Tsiiables, and «i, a,, ... contiagredient 
to them, so that when both are linearly transformed, the former by a direct and the 
latter by its redprocal snbstitntion the Talne of «,7, + Ugt^ + «,x, + is nnchanged, 
then any relation among the former may be expressed symbolically by the Taiushing 
of an expression (a,af, + a^x^ + a^ +)• = a.*, azid any relation among the latter 
by that of (a|tf, + a^u^ + a^u^ -i-y = ajf. We may refer to these as the locna Oc" 

and the envelope 0«p. Snbstitnting for «i, «,, .. ^, ^, ... in a^, aiqipoaing 

p < a, and operating with the result on a^* a new locos is found, 0^0,^ = aJHiJ^^ 
which is called a polar of <ijf in respect of Ox*, it being obvious that polan of tuj^ier 
degrees may be formed by repeating the operation, if need be, on additional fiictors 

of the symbol a.*. Again, supposing p > n, and substituting for :C|, a^ ... ^ , -j- , 

in a^j and operating on a*'', we find a new envelope Oa^a^-* = «a*a^~*, which 
should be similarly considered a pol# of Ox" in respect of aj^. 

When n =Pf the derived function is an invariant whose vaniahing Oa* = a«* = 
is the condition for o^" = 0, and a«" = to be ** conjugate.'' 

If the form ao*a«r~* or af^a^~^ vanish for all values of the vaziahles ti^ o^" 
is ''apolar'' to a«P, and if c^i* be any other function such that 4s"6cP~" = ^, then 
^ = 0, or ov? is conjugate to any form which contaios o^" as a &ctor. 



\ 



TABLE OF A FEW TBANSVECTANTS OF A QUANTIC OF ANY DEGREE. 
Let the quantic of degree v be written with binomial coefficients vj, v^ ^., 

a = a^ + Vya^a^-^ + v.fl^'h^ +, 
and let a covariant h whose source 5« is a function of a«, Oi, ... supposed cleared of any 
common numerical factor, so that it is in its lowest terms, be of the d^ree />, then 
with binomial coefficients h = h^pifi + Pi^ixp'^y +. 
The source may be named without suffix, thus, for the HJessian ^ = 090, — o^*, 

k = ao*o» - ba^^a^ + ^a^^a^ - ^^a^ + Saj^o^ / = a^a, - Qafi^ + \ba^^ - lOo,*, 
I = a^a^^ — Ba^a^t + 2aofft* - «6«i* + ^i(^i — ai«3a4 — Sa^Oj* + 20,0^*, 
o = a^^a, - la^fl^a^ + 9a^a^^ - booO^^ + 20aia,2 - SOaiO^^ + l^^u 

q = 2a^e (ao«4 - ^^iflj + Ba^) - Ba^^a^ + l^a^a^a^a^ - Via^fl^fL^^ - ^a^^a^ 
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e = (oo^o^ — Bci^idt + 2aj') a^ — <i^a^ + ^ffl-^a^a^ + 4000,^4 - 601*0204 - 4a^a^i^ 

- 2o,'o,« + ^a^a^a^ - Ba^* ; 
alsalet o^i — afi^ = (a^)i, Oq^, — 20|5| + aj&i^ = (06)2, &c., then the tranBvectaat 
2 {ah), =ff; 2 (2i; - 6) (0^)2= (1; - 3) io j 4 (2i; - 5) (oA), = (1; - 4) *; 
4 (2i/ - 6) (2jf - 7) (a A)4 = (1; - 4) (v - 5) /o + 1 2 (i; - 1) (2 v - 7) y ; 
8 (2v - 6) (2v - 7) (oA), = (1; - 5) (1/ - 6) ; 
8(2i;-6)(2y-7)(2i;-9)(oA)»=(i/-6)(|/-6)(i;-7)i?o + 10(i;-l)(2v-9)(5i;-22)Z; && 
2 (o«), = ki 2 (2i; - 9) (m-)2 = ^i; - 5)/o - 6 (2v - 9)^ j 4 (2i; - 9) (ot)s = (i; - 6) o ; 

4(2*/-9)(2if-ll)(o»)4 = (i;-6)(if-7)i?a-4(i^-12)(2r-ll)Z; Ac? 
2 (Af) , = ao*a2a5--aoO|*a5 —a^a^a^ — 209010204 +3oi"04 + 4090103^ — a^a^ -%a^a^^ + 3oi02' 
= 8(a/)i; 2(2v-6)(2i;-.9)(At)2 = (i/-6)(2v-6)Zo-(2i;-7)i« + (2ir-6)(i;-6)ej 

8 (3v - 13) {ai\ =.(if - 6) to + (3v - 13) e j Ac. 
The additional function of a«, Oi Ac. appears on p. 237 as (9), where also e is (8) 
\7ith altered sign, or ~ if of Art. 235. The'other socuxies A, §^ % k,/f o, p are the series 
given in the end pf Art. 192 ; j is equally well known, and I and q begin with the 
fleztic^ Arts. 252, 257. 



The 23 forms of the complbtb ststbm of the quintic a may now be described 
as follows: 

From a determine its covariants A, if j, e, form also the linear coVariant a = {ij)^ 
by operating jrith i on J ; the quadricoyariant t of the cubic 7 ; and the Jaoobian .3 
of 111* quadrics t, t. We have then 

As invariants: the invariant of i, of i and r, of t, and the eliminant of Sr, a. 

As linear covariants : a, and its Jaeobiaios with i, t, and 3r, 

The quadfic covariants : t, t, d*. The ettbics : j and its Jacobians with i and t. 

The guartics: e and its Jacobian with i. The quinties: a and its Jacobians 
with if {k) and with r. The aextics: h and its Jacobian with i. The sepHe: the 
Jacobian of h with^ j and the nonic: the Jacobian of a with A, (g). 



The 26 forms of the gomplbtb systbm of tbi& sbxtic a may ateo be thusr 
described: 

From a determine its covariants A, t,/, 7, q ; form also the quadric covariants m^ n 
(Art 259), which are (^t),, (mt),. We have then 

The invariants : f^ {^ )«, the invariant of /, that of m, and (four). 

The q^aoArics: i, m, n and their Jacobians \, /u, v. 

The quarticsi t, g^, and the Jaoobiaxis of t with 7, and of q with / and with m. 

The sextics: a, J, and the Jacobiaias of o with Z and with m, and ofy with ^ 

The octavies: A, X;, and the Jacobian of h with L The decimic; the Jacobian of 
ilr with t ; and the duodecimic : the Jacobian of a with A, {g). 



In this notation we have the following bums of powbrs of diffbrbnges 
OF THE BOOTS by help of which the first few terms in the equation for the 
squares of the differences oaa be calculated. They were given by M. Boberts 
{Quarterly Joumalf vol. iv. p. 173), in whose papers- will be found several interesting^ 
relations among tl^e covariants of binary quantics. 

eflL (o - /3)« = - 1;* (i; - 1) A, u*!, (a - /3)* = i;* (y - 1) {v^h^ _ ^ (^ - 2) (1/ - 3) o«t}, 
a*Z (a - ^)« = i/« (1; - 1) {- U*h\+ \v^ {y - 2) (i; - 5) o'Af ^\v{y- 2) (7v - 15) o^ 

- r.k(«'-2) (I/-3) (y-4) (i;-&) o^l,, 
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a*Z (a- ^)« = 1/2 (v - 1) W-^i/* (u-2){v-7)a'hH-2v*{p-2)iZp -7) a*hj 
+ lv{y- 2)(v - 3)(. - 4)(3„ -7) «•/- ^ ^^^ ^273:4.^67 ^ "^i ' 



TABLE OP EXPANDED RESULTANTS, CHIEFLY OP EQUATIONS 
WRITTEN WITHOIfT BINOMIAL COEFPICIENTS. 

1. The PBSultant of the two quadratics {Ay B, C\x, yf, (a, 6, <?]J[x, yf 

is {Ac- Caf-{Ah-Ba) {Bc-Cb\ 

or a^C^-abBC+ae{B^-2AC)'{^b^AC-bcAB-\-(?A*. 

2. The resultant of the quadratic {A^ B, c\x, y)« and the cubic (a, J, c^ dJC*' y*)*' ^" 

a«C» - abBC^ ■\- acC {B^ - 2AC) - ad {B^ - ZABC) 

4-6«^(7« - bcABC-\- bdA {B^ - 2AC) + d'A^C - cdBA* ^ tPAK 

8. The resultant of quadratic and quartic is 
c«C» - ahBC* + acC' (^ - 2^ (7) - a<f (7 (JB» - 3 ABC) 
■¥ae{B* -4B*AC-\- 2^«C*) + b'AC* - 6cXB(7« + bdAC (5* - 2^C^ 
- *<l4 (^ - ZABC) + c«^»C» - cdA*BC + cei4« (^ - 2ilC) + ^AKf- dtA^B + ^-4*. 

4. The resultant of quadratic and quintic is 

o«0 - abBO + acC^ {B^ - 2AC) - a^C» (fi» - 8ABC) 

+ aeC{B*- AAB^C + 2^«C*) -af{B^- bB^AC^ bA*B(pi) + i^A(^- hcABC* 

+ bdAC^ {B* - 2AC) - beAC{B^ - 8ABC) + b/A {B* - 4XB»C+2i««C*) 

+ A4»C» - cdA'BC* + cc-i«C (5« - 2^0 - c/1' (^ - 3^^C) 

+ «^-J»C« - deA^BC + it/"^* (^ - 2^C) + ^A*C - tfBA* ^pAK 

5. Discriminant of cubic is 

27^2>» + 4^C« + 42)^ - 5»C« - 18^1BC2>. 

6. Scfiultant of two cubics {A, B, C, ifjj^x, f)», (a, ft, c, <5*> y)*- 

The value expressed in terms of the determinants of the form Ab — Ba is given 
in p. 77 (and for forms with binomial coefficients, p. 207). Expanded it is 

a»/)> - ffibCBf^ + flVi) (C* - 2BD) - a^d (C« - ZBCB + 3Ji>«) + a««-»2>» 

- die/) (i?r - S.4Z)) + abd {BC^ - 2^2) ^ACD)'\' ac^B {B* - 2AC) 

+ nc*l{tA€^ + ABB - B^C) + ad^{B*~ ZABC + ZA-D) - S^AB^ + l^ACD 

- 6«.M (r» - 2BD) - M-i5i) + bcdA {BC-ZAB) - bd'A {B* - 2AC) 

+ r>.4«i) - o««/.4«C + ftPa«5 - <I»J». 

7. The discriminant of a quaitic written with binomial ooeffidents, expanded is 
o V - I2«i«^fe« ~ 1S,A'M + 54aWV - 27a V + biaV'c^ - BoV^d^ - 180aftc\fe 

+ 108.1 W + SlficV - WacV - 27ftV + 1086\xfe - 64W» - 54ft^:>^ + 36£ViP. 
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8. The diflOiminant of a qnartic ihitten without binomial coefficients is 

4 (12ae - 8W+ c")' - (72ace + 9bcd-27a<P - 27€*« - 2<?»)«, 
or expanding and dividing by 27 f 

266a»e» - 192a'^bde^ - 128a»c%« + I44a^hd^ - 27a«<i* + 144iift^« - eaJ^^Pe 

- 80o*c»<fe + lgoicd*+ 16a<?*«~ 4ac»<P- 276*6* + 18d»c<fo-4*»£?- 4*Ve + iVei^. 

9. The resultant of cubic (-4, B, C, />^a;, y)» and quartic (a, ft, c, rf, e]j[a;, y)* is 
a»Z>* -. a^bCD^ + a«<?2>2 ((T* - 2BI)) - aHB (C» - ZBCD + 3Ji)«) 

+ a«e (C* - 45^22) + 2J32i3» + ^A CB^ + fl^52>» - ahcB^ {BC - SAD) 

+ obdD {BC^ - 2522) - ACD) - abe {BC* - ZB^CD - AC^B + bABB^ 

+ a«2i>« (^ - 2AC) + a<?<fi) (2.4C2 + ABD - ^C7) 

+ ace (^C« - 2.4C" - 2DJ9» + ^BCB - Sii^J)*) 

+ cuPB (B* - BABC + 3A^B) - ade (^'C- SilSC* - AB^B + bA^CB) 

+ ae^\B* - 4^fl2C+ 2A^Cf^ + 442^1)) - 5»AD« + bc^ACB' 

- ft'd^^i) (C7« - 2Si>) + b'eA (C» - 3J5C2) + BAB^ ^.bd^ABB^ 

+ ftcrf^2> (BC- SAB) + 6c«Jl (2^D + ACB - BC') - ftd^^lZ) (5« - 2.^0 
+ 6<fe^ (B»C - 2^C2 - ^BB) - ft»2Jl (5* - 3^BC + 3^2D) 
+ c^A^B' - d^dA^CB + i?tA^ (C* - 2J5i)) + cd?A^BB - <?<feii» (BC - BAB) 
^\ct^A^ (B2 - 2^(7) - <?^»/) + d?eA*C - &2.4»B + ^A\ 

10. The resultant of two quartics (J, B, C, B, B]jQe, y)*, (a, ft, c, ^, «]{[x, y]* is 
(cf. pp. 220, 277), 

a«B* - a^hBI? + o»(?^ (B» - 2CE) - aHB (B» - 3CBB + BB&) 

+ a»e (B* - 4CB»^+ 2C2B* + 4BB^ - 4iLE«) + a^ft'C^E* 

- aPhcE^ (CB - 3BB) + cfibdE {CB* - 2(7»i: - BBE + 4^152) 

- a^be (CB* - 8C«BB - BB^H + SBCB^ + ^B^ + oVJS* (C« - 2iBB) 

- a'^edB {C*B - 2BB2 - BCE + 5.iBS) 

+ a^ce {C^B^ - 2BB» - 2C*E + 4BCB^ + 2iiB2B - 3B«^ + 2ACB^) 
+ d^cPE (C» - 3BCB + BAB^ + 8B«^ - S^CB) 

- a^de (C*B - BBCB^ + 3^B» - B(7«B + SB^BE - 2ACBE - S^BB*) 

+ o2e2 (C* - 4B(72B + 2B2B« + 4i4 CB* + 4B*CB - 2AC^E - 9ABBE + iA*B^ 

- dtl^BE* + aJti^cE^ {BB - 4cAE) - ab^E {BD^ - 2BCB - ABE) 

+ oft^e (BB» - BBCBE - AB^E + SB^B* + 2ACE*) - oftc^B* (BC - BAB) 
+ abedE{BCB - 3iiB2 - 3B*B + 4tACE) 

- aftoe (BCB2 - 3JB» - 2BC«B - B^BE + fiACBE - 2ABE^ 

- oft<;2B (BC« - 2B2B -'ACB + bABE) 

+ abde {BC^B - 2B2B2 - iiCB^ - B^CE + 10-4BBB - BA*B*) 

- ofte* (BC» - BB^CB - ^C«B + SiiBB* + 8B»B - 2ABCB - bAWE) 
+ ac»E^ (B« - 2^C) - ac^dE (B*B - 2i4CB - ABE) 

+ (ui^e {B*B» - 2i4CB2 - 2B«CB + 4AC^E - 4^«B2) 
+ acd^E (B«C - 24 C« - JLBB + 44«B) 
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- aedt {B^CD - ^AC^D - ABD^ - ZB^E + %ABCE - lA^DE) 
^ae^{B^C-7AC*'-tB»D't^4ABCD^ZA*J)' + iAB^E + tA*CE) 

- a4PE <J8» - ZABC-I-ZA^D) + a£^ (J8»2> - ZABCD + a^*/^ - AIPJK + 2il*C£) 

- ad^ (B^C- ZABC^ - AB'I) + 5i4«C2> + ^«51^ 

4- ae» (^ - 4,lBt(7+ 2^»C« + 4J»i?/> - LA*E) + «*X»» - l^eADE^ 

+ 6»<Lli: (2)« - 2CE) - We^ (2>» - ZCDE -^-ZBE^-^V^ACP-IMLAE {CD^ZBE) 

+ &»«ui (CD* - tC^E - BDE + AAE^ + 6V»i4£ (C« - tBD + 2AE) 

- Ih*ABE^ + be^dAE {BD - LAE) - h<?tA {BJfi - IBCE - ADE) 

- hcd^AE {BC- BAD) + bedeA {BCD - ZAD» - SB^E + IICE) 

- &«M {BC* - 2B^D ^ACD-k- bABE) + b^AE (^ ~ llC) 
-h^A{B^D-2ACD-'ABE) + bd4?A{B*C- lAC* - ADD + AA^E^ 

- fte»J (^ - ZABC-hBA^D) + c«^»£» - <MA^DE + ir'e^' (i>» - 2Cfi) 
+ d^A^CE - iNkA^ {CD - 8^£) + cV^» {C^ - 2BD) 

-^ ed»A*BE -^ cd^tA^ {BD - 4AE) - edt^A^ {BC - BAD) -^ a^A* {B^ -- 2AC) 
+ d^A»E - <r»«^»2> + <IV^»C - d^A*B + e*^«. 

TABLES OF STMMETBIC FUNCTIONS 

as calcnlaiwl by Hejer Hinch and yerified by Prof. Gaylej. They hare been since 
extended to the elerenth degree by M. FaH de Bruno (aee his Tkeorie dts Formes 
Binaires), and m the American Journal of Mathtmaiiu to the twelfth degree by 
ICr. W. P. Dnrfee, voL v. p. 46 and p. 348, and to the thirteenth by Capt. P. A. 
HacMahen, yoL vi. p. 289. The equation ia suppoeed to be a^4-&i^^+«ai^~*+^.=0. 

L Za =-1. 

n. Za* =z 6»-2tf; £o/3 = c. 

= -6» + 8ic-3<f; Za*fi = ^be + 3d', Lafiyzz-^d. 

= ^-4Wc+.2c» + 4W-4«j2«»^ = i%-2<*-W+4«. 

= <fl-2bd-h2e; 2a*/3y = d«f-4«; Zafiyi = €. 

= . ^ + 561^ . 5^ -. 5M + 6€i2 -h 5te - ^. 
2a*/3 =-^ + 36c« + *2rf-6cd:-i8 + ^. 
2:o»/3» =-Jc« + 26»rf + crf-6ie + y. 
Xa»Py = - W+ 2crf+ ie - 5/1 
Zcfi^y = - cd + Sbe - 6f; Za*fiyd =r - 5e + 6/; 2o/8y^« = -/. 

VL So* =6»-6ft*tf + 96»<>2-2c»+.6*»rf-126cd+8<P-6W6 + 6ce + e*/'-6y. 

2 o»/3 = ftV - 462tf« + 2c» - 6»<? + 7*crf -3<P + *^-6«-i/"+.6y. 

£a*/32 =5«c«-2c»-26»rf + 4Ja?-8<P + 2Wj + 2ce-64^+e 

2:a»^ =c»-8*crf + 8rf« + 362e-3ce-3y+.8y. 

Za*py =^b^d'- Sbcd + 3i* - i'e -\-2ce-\- hf- 6^. 

2a»/3«y = 6crf - 3flP - UH + 4ce + 76/- 12^. 

2:a«^7« = <P- 2ce + 2d/- 2^; 2:a»/3y^ = 6«e - 2<Je - 6/+ 6^. 

La^^yd = ce - 46/+ 9^ j La^^ydt ^bf-Sffi Zafiydti = y. 



III. 


Zi^ 


IV. 


Za* 




Z^fi* 


V. 


Za* 
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• 

VIL La' =-d' + 7A*c-146»c2+76c»-7i*rf + 216*tf(;-7c«<i-7M« 

+ 7d«e - Ubce + 7<fe - 7*2/+ 7qf+ Ibg - 7h. 
2a«/3 =- ^c + 56»<j2- 56c« + b*d - 9b^d -\- 7c^d + ibd* - d«« + 8Jce 

- 7(fe + *y- 7cf- bg + 7A. 

2:a*/3« = - *»c* + 8M + 26*d- 6*«<;rf- 3<J»d[ + 7W» - 26»e + 4i« 

- 7de + 262/+ 3c/- 7^^ + 7A. 

Z a*j3« = - 6c» + 362c<? + c^rf - 6 W» - 8^e + 2hce + 6cfo + 76*/ - 7cf 

-7bg + 7h. 
La^fiy = - 6*rf + 4*%d - 2c«rf - 46^ + 6'e - 3*£re + 7<fe - *«/ 

+ 2c/+ 65^ - 7A. 
Ett*i3«y = - 6««/+ 2c«<? + *<P + 3*«6 - 84ce + 2rfe-36y + 4</+ % - la. 
2:a»/3«y = - c^rf + 2W + bee -5de- 46y + 7c/ + 4bg - 7h. 
£a»/3*y« =r-6<P + 2^e + de-2*2/-3<?/+7«sr-7A. 
2a*i8yd = - ^ + 3ftce - 3«te + 6*/ - 2c/- *^ + 7A. 
2:a»/3*yd = ^ ftce + 3<fe + 46^- Gc/"- % + 21A. 
Za^^y^d = - cfe + 3^- 6*^ + 7A ; La^jSyi* = - 6V + 2c/"+ *^ - 7A. 
2o«/82y^•« = - c/+ 5«sr - 14A ; £a«/3y5e$ = - 6gr + 7A j ZajSyie^tf = - A. 

VIII. La* = 68 - 86«c + 206*c2 - 1662^ + 2c* + 86»rf - 326»c<? + 2ib<^d ' 

+ 126*^2 - 8crf2 - 86*e + 2462£re - Se^ - 166<fo + 4e» + 86*/ 

- 166c/+ 8<f/- Si^^r + 8c^ + Sbh - 8i. 

Lo'/S = 6«c - 66*c« + 962c» - 2c* - 6»rf + 116»c<? - 176ca<i - 66«d« 

+ 8ccP + b*e ~ lOi^ce + Sc^c + 96<fe - 46* - 6y + dbe/- Sdf 
+ 6*^ - 8c^ - 6A + 8t. 

2:o«/3« = d*c2 - 46V + 2c* -. 26»rf + 86«c<f - 9b^d» + 2c<P + 26*« - 66^« 

- 4c26 + 166<fe - 4e2 - 26y+ 46c/-. 8«^+ 26^ + 4c^ - 86A + 8». 
Xa»/3» = 6V - 2c* - Bb*cd-\- 66c«d[ + 362<P - 7cd2 + 36*e - 96?ce + 8c«« 

+ 6<fe - 46* - 36y+ bg/+7df+ 8b^g - 8cflr - 86A + 8». 
Lo*^ = c* - 46c2rf + 262^2 + 4ed^ + 462ce - 4c«e - Sbde + 6c? - 46»/ 

+ 86c/- 44^+ 462^ - 4cgr - 46A + 4». 
Zo«/ay = 6*d - 56«c<i + 56c2rf + 662<P - 5ccP - 6*e + 46*ce - 2c26 - 96cfe 

+ 4«2 + 6«/- 36c/+ 8<?/"- 625r + 2eg + 6A - 8t. 
Sa*/32y = 6«crf - 36c2<Z - 62^2 + Serf* - 36*c + 1162ce - 4c2e - 106<fo + 8e« 

+ 36y - 86c/ + df- Sb^g + 4c^ + 96A - 16t. 
2:o*/3»y. = 6c2rf - 262^2 - <.rf2 - 62ce + 106<fo - 862 4. 4^y_ io^c/'+ df- 9b^g 

+ 1% + 96A-16». 
So*^« = 62^2 - 2ccP - 262ce + 4c2e - 4«2 + 26»/- 46c/ + Sdf- 2b^g 

- icg + 86A - 8». 

Za8j9»y« = cd^ - 2c^e - bde + 4c2 + 56c/- 7d/ - 56^ + 2c^ + 86A - 8». 
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-' 2cg - bh -k- Bi, 
Za*p^i = Wje -2<?«e- Me + 4c»- 46V +11*<?/- 94/'+ 4% -ficgr 

- IQbh + 24t. 

2:a»/3«y«a = Wfe - 4e« - 8ft<j/'+ 6rf/+ 56^ - I7bh + 24». 

:Sa2/3«y««« 1= e« - 2df-¥ 2cg-2bh + 2f . 

Za*fiyit ^b'f-^f-k-Bdf-b^ff'^Zeff+bh-Si. 

Za»/32y^« = *c/- 3cf/- 66^ + 8<^ + lUh - 82f. 

Sa'/Py^da = df-- 4cgr + 9W - 16* ; ^««^y^«5 -V^g -2cg -bh-\- 8». 

2:a«/3»y^•5=: <;^ - 6JA + 20< ; 2:o«/3yda5i| = W - 8t ; So^yiejtfe = i. 

IX. So* = - *• + 96V - 27*»*« + 30W - 9ftc* - 9ft«rf + 46d«cd - Mft^c'rf 

+ 9c»rf - 186»rf* + 27d«P - 8<? + »6»tf - 36A»M + 27*<!«6 

+ 27*«de - IScife - 96^ - 96*/+ SVftV- ^f- ^^W 
+ 9e/ + 96^ - 18% + 9d^ - 96«* + 9cA + 9W - 9f\ 

Ltfifi = - 6V + 76»c« - 146V + 76«* + 6V - 136*«i + SOft^tM 

- 9c»rf + 66»<P - 196crf» + 8cJ» - 6»« + 126^ - 196c«e 

- 116«i^ + 18c<fe + 66e* + 6*/- 116V+ 9^/+ 106<J^ 

- 9e/'- b»g-\-10bcg - 9<^ + ^A - 9c* _6t + 9;. 
So'/32 = _6»c2 + 56V - 66<?* + 26«rf - 106<crf + 66V<i + 5c»rf 

+ 116«cP^136ccP + 8d»-26«>e + 86»ce + 6c^ - 206«*j 
+ 4c^ + 96e« + 26*/- 66«c/- ^/+ l^b^- ^f 

- 26»^ + 4beg ^9dff + 2b^h-k- Sch - 96» + 9/ 

£o«^ = - 6»c» + 36(r* + 36*(?d - 96'c»rf - 8c»rf - 36»cP + 186ccP- 6(P 

- 36»e + 126»w - 9be^e - 962efc + 96e« + 36*/- 96«c/ 
+ 9cy- 9«/- 36^ + 9<^ + 96«A - 9^* - 96t + 9/. 

E o»^ = - 6tf* + 46 Vrf + fl»rf - 26»rf2 - 76aP + 3rf» - 46«<» + 36c26 
+ 136«efc - 2<Kfo - 116e2 + 46*/- 76««/- «!/■- ^W 
+ lie/- 96»^ + l«6c^ -9dg-k- 96«* - 9cA - 96* + 9f\ 

TaJpy = - ^rf+ 66*«i- 96Vd+ 2tfV- 66»rf« + 126c^ - 8<P + 6»«- 66«cc 
+ 66tf?e + 116«(fe - llc^ - 66c« - 6*/+ 46^- 2c«/- 106^^ 
+ 96/*+ 6V - 36o^ + 9£^ - 6«A + 2<?A + 6t - 9;. 

£o«/32y = - b*ed + 46«d«rf - 2fl»rf + 6»rf« - 76<k?2 + 3d» + S6«b - 146»ce 
+ 126<?«tf + 136«<fe - 4ccfe - 146e« - 36*/+ 116V- ^f 

- 106^/+ 18«/+ 36^ - 86o^ - 362* + 4cA + 106» - ISf. 
Sa»^ = - bh^d + %^d + 2b^d^ - 46crf« + 3d» + 6»ce - 26oV - 56«<fo 

+ 2<jrfe + 66e2 - 46*/+ 156V- Sc*/- 56<^- 2e/ 
+ 46»^ - 106cgr - 106«A + 18oA + 106t - 1§^*. 
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Xtf«i8V = -^<^ + 8ftc(l» -8d» + 6c«e - 6**de + ^de + 66e« - d^qf+ (?f 

+ ^hdf- 11«/+ 6^^ - 14% + Ug - h¥h + 9cA + 6W - 9;. 
2tf»/3*y« = - 6«<i!* + 3^<P - 3f^ + Ih^ct - 6Jc*e + 6ctfo + 6e« - 2**/+ 66*^ 

- 86<^- «/+ 2ft«5r - 4% + Ug - 262* _ 5^^ 4. g^f » ^^ 

2:a*/9«7' = - ^<^ + 3<? + 2*c*« + **<fo - 8c<fo + 26e« - 66V+ 6c«/ 

+ IMf- 2ef+ bb^g - 4bcg - 11*«A + 4cA + 18W - 18;. 
Z€^^y» = - <? + Sc^fo - 36e2 - 3tf«/+ 36<J/'+ 8«/+ 8*c^ - Sdg 

- 362^ + 8<jA + 8W - Sy. 

2a«i8yd = - 6«e + 6i»ce - bb^e - 6*2«fo + bede + 6*6* + **/- ^ef-h V?f 

+ 46<^- 9«/- ¥g + 8% - 3<%r + 6«A - 2cA - W + y. 
ra»i3«yi = - &»M + 3*tf«e + d^efe - hc&t - ^« + 46*/- 166 V+ 6cy + IfMf 

- 7c/-^ 46»5f + 11% - ^dg + 46«A - 6tfA - 116* + 27;. 
Sa*/3»y* =-6o«e + 26«<fo + tf^-66^ + 6V-56(?/'+13«/-66»^ 

+ 186<?^ - 9d^ + 1162A - 20cA - 116t + 27;. 
&i*/3«y'* = - 6^ + 2c<fo + 6e« + 36V"- ^c*/- 26^+ 3«/- 66»^ 

+ 126<!y - 9(i^ + 66** + cA - 196t + 27;. 
ro»/3V« = - c«fo + 36«2 4. Scy- 46«{/"- 7e/- 76£|y + 18<%f + 126«A 

- 13cA - 196i + 27;. 

r«»/32y«i2 = - 6e« + 26(i/' + «/ - 26c^ - 8<^ + 26** + 6cA - 96* + y. 
Xa»/3ydt = - 6*/+ 46^- 2c«/-. 464/'+ 4e/"+ 6V - 36<?^ + 8<^ - 6«A 

+ 2<jA + 6» - 9;. 
2o*/3V*f = - 62<j/'+ 2<?2/+ 6<^- 4€/+ 66V - ^Ahcg + 12<^ - 66*A 

+ 8tfA + 126t - 8^'. 
Za*^yiB = - <?«/+ 26(J/'- 2^+ 6c^ - 3<^ - 66«A + llcA + 66» - 18;. 
Za^^y^Sg = - hdf+ 4e/+ 46c^ - 9(^ - 96** + 6cA + 306» - 64/. 
La^^y^i?€ = -</•+ 3rf^ - 6<?A + 76i - 9;. 
Za*fiyitl =-6V + 36tfy-3<^ + 6«A-2tfA-6» + ?;. 
Za*^yitl = ^beg-¥-Qdg + 6b^h - lOeh - 136i* + 4^'. 
£o«/3«y*^«J= - (^ + 6cA - 146i + 80; j i:o»/37d£$tf = - 6«A + 2cA + 6» - 9^. 
2a2/3«yi«$il = - cA + 76* - 27/ ; 2a«/3y^«$l|e = - 6» ;|- 9f. 

X. Xa" = 6W - 106»<r + 366«<^ - 606<c» + 266«tf* - 2c» + 106^<i - 606»c<i 

+ 1006»<j*<i -^ 40h€^d + 256*(r - 606*<!<^ + 16c«d» + 106rf» 

- 106«e + 606«ce - 606*636 + 10c*e - 406s<28 + QObcde - lOd^e 
+ 166«^ - 10<tf« + 106y- 406»^+ 806cy + 306^- 20c4f 
•- 206e/+ 6/* - 106V + 806'<y - lOcV - 206<^ + 10^+106*4 

- 206c* + lOd* - 106«t + lOci + 10^ - 10*. 

2a»i3 = 6»c - 86«c2 + 206*c» - 166»c* + 2<j» - b^d+ 166»crf - 466V<i 

+ BlbiM - 76*d» + 336«crf» - ISfid^ - 76rf» + 6«e 

- 146«oc + 886«c«e - lO0«e + 186%^ - 426<;<2e + lOd^e 

ZZ 



»¥ 







- mMr 4^ l<i^- «^^-r Ufa*- J#e ^ aiV- 

•f 17/Mm -^ 2SM« + 4c«i * 16Mf + 21dci« + <f^ + 17^e« 

- llMf f a**/- 14A»e<+ 1«6^+ 18*»<{^- 8c<{^- 316e/ 

•r- SAM •- <^A •« %tM + 40< + 11^' - 20Ar. 
i:««/i»r ^ ^•fl'*' - B***^ - W**** + ^^^ + 80«d» - 76d» - 6*c« + U^e 

- 4i^j> -f iMA •- 10*cA - rfA - UW + 20c% + 11V - 20*. 
^ 4^>1l» ^ *V - ♦^y " 1S4«^+ 1004/"+ 28*^- ly^ 



w 
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855 



mtrpry' s 



u/Tr 



t — 



Xi^y' 



%^(^ 



Xt^fiyi 



Xi*^r* 



Zi^yd 



X«!^Yd 



Ztfi^y^d 



Xtf^SSy^a 



X«^V* 



- M*^ + 18Wcy - 8<}V - 7ft<& - 4<y + lli»* - Slbck 
+ 20rfA - 11 W + 20c» + 114; - 20*. 

^(f» - 4Wc^ + 2<J«d» + 4^ - 2*«iW + 8 Wj»6 - ic^tf - 8itf<fo 

- 4d«i - 6V + lOo^ + 2«y- 8*^"+ 4*dy + lOi^df 

- 4c<Jf- 8de/'+ 5/^ - 2b*ff+e^g-'S6dg - 2^ + Z5»A 

- 4itfA + lOdh - 2W - 6« + 10*^' - 10*. 
JV(?-2(j«d»-W»-2i»<J^ + 4c^-^<fe + 6«c<fc+<«J + «V 

- 12ce« + 6*»^- laicy- War+ rred/+ lObe/-- 15/» 

^dh-^ 12W + 4ct + 203/- 20Af. 
= c»(P - 2W» - 2<j^ + 4*cde + 2d2« - 8i««* + 2o6? + 2fcy 
+ 2i«cj^- 12c4^+ 466/"+ hp - 6i«<y + lOtfV + 4ft<^ 

- 14e^ + 6^* - ]2S€^ + 10(Z& - 6W + 2ct + 103/ - 10*. 

= &(«»- 86<;(fe - (Pe + 3i«e« + 2c^ + 8ic«/ - 3i?4^ + c<J^ - 84^ 
+ ^ - 8^^ - 4<^^ + 18^ - 2c^ + 3^& + dc* - lld& 

- low + lOtf* + lObj - 10*. 

= ««6 - 6*<ce + Gi'c'e - 2<>»« + 6A»<fe - 12&>* + 8^« - 6**^ 
+ 6<?e» - ^/+ 6AV- W*^/'- 5**<J^+ 6c4^+ lift?/'- §f» 
+ h^g-^^l^cg + 2#V + ^<^ ~ 1% - ft** + 8dc* - d(2& 
+ J2i-2«-%/+10*. 

= Mtf« - 4ft2c«e + 2<J«e - Wfe + 7*ccfo - 8(Pfe +^» - 6o«^ - 4*y 
+ 19*«c/- 17dcy- 19ft»4r+ 16c<J^+ l^bef- 15/« 4-4*^ 

- 163*c^ + 6cV + Ihhdg - C^'- 4ft»* + llhi^h - 9(2/^ 
+ 46»t - 6<n - 12%' + 80*. 

= ft«^e - 2<J»i» - 2i»de + 4&jde - 8(P6 + 2 J V + 2c^ - 3^'+ ^^f 
+ 3d2<Jf - 4<J^- 12fte/'+ ly + 5ftV - 19*'<!^ + 10<^^ + ISic^ 

- 6e^ - 6^3^ + lUch - 9<^ + 12dH' - 22<;i - 12^' + 80*. 

= «»« - Zbodt + 8£f«6 + 8ft2«» - 8ce« - icy + l^rjT + ajf - 8ft^ 

+ 5/« + wj^-.cv-8i<& + 9<y-eft»A+nM-i5(a* 

+ 6 JH* - llct - 6ft; + 16*. 
= l^de^Zbcde + 8(?e - 3'^ + 2i>^- 8fi«lef + aW/'+ 23*^ 

- 13c(jr- fte^+ 10/« + 5ftV - 17fi«<y + 4*V -t- !«** 

- ISe^ - bm + 12ftti* - 9(;* + 56si + 2ct - 21d; + 80*. 
= Ja^ - 3rf2e - 86«e« + 4c^ - 85cy + 4ii'df + SoeJ^ - ^ 

+ Ib^cg - 8cV - Ibhdg + 12^ - 126»A + 216<?*' + Zdh 
+ 2662*.- 28c» - 42^ + 60*. 
-cPe- 2ce« - edf+ hhef- hp -h 4<?V - 76€fe + 2e^ - 4ftci 
+ 1 l^A + 76?t - 10<?» - 76; + 1ft*. 
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+ ibch - 10(iA + 2m + 6<?» - 10^' + 10*. 

Xa«/3ydt = 6»/- 6*^+ W^^ + 66«4r- Str^/"- 56«/+ 5/» - 6^ + *W37 

- 2cV - **fl^ + 4«^ + i»A - 3ftcA + 3rfA - 6« » + 2«» + y - 10*. 
la*^yit = b^ef" ZWf^ H^df-^- bcd/+ htf-hp^ Wg + 19Wy - 8^ 

- 19W^ + 16«^ + 56»A - 146cA + 12rfA - W«» + 8c» + MV- 40*. 
Za*^it = 6tf«/- 26«<^- <?^+ 66€/- hp-h'cg + hhdg - 8«^ + 6» 

- 16fttfA + \2dh - 136«» + 24<?i + 136/ - 40*. 

Xa«/3«y«dt = ft^^r- 2<^- bef+ 5/» - ^ft^c^ + ^g + 3i(^ - 12iy + tW 

- 23&jA + 18dA - 962* + 4c» + 336/ - 60*. 
Xo»^y*a« = tf^f - 86e/'+ 5/^ - 4<jV + C^^^i^ + 96cA - 2Uh - 21 W 

+ 28m + 83^* -60*. 
ro»/3«y«i«t = Je/"- ^ - Zbdg + 8«^ + 56c* - 2rfA - 76n' - 8tft + Sl^f* - 40*. 
ra«/3«y«i«*2 =/« - 2e^ + 2dk - 2c» + 26/' - 2*. 

Xa»/37df^ = 6V - 46*^i7 + 2cV + 46c^ - ie^ _ 6»A + 36c* - SA + iH* 

- 2ci - %/ + 10*. 

Xa*/3»yai^ = 6*cy - 2cV - *fl^ + ^ - 66»*+ 176c* - Ibdh + «« 

- 10c» - 146/* + 60*. 

Zo»i3»yaf J = cV - 26<^ + 2e^ - 6c* + 3rf* + 762t - 13ct - 7^'+ 26*. 
Za*^y^Ul z=:bdg-Ug^ 66c* + 12<^* + 1462i - 12ci - 466; + 100*. 
. -2a«/3«y2^«f $ = 15^ - 4rf* + 9ct - 16^ + 25*. 

Xa*/3y^•J1| =6»*-86c* + 8<?*-62» + 2ct + ^*-10*. 

l.a*§^yUln = 6c* - 8rf* - 76«» + 12ct + 156/ - 60*. 

Za^^yHtln = rf* - 6ci + 206/ - 50* j Za^^yitlnQ = 6«t - 2c» - ^ + 10*. 

Tflt^a &c. = ct - 86/ + 35* ; lla-^y Ac. = 6; - 10*. 

Prof. Caylej noticed a certain symmetry in the coefficients of the preceding fonnnlsB,- 
which may be more eaiily exhibited by using Hirsch's notation. If such a sum as 
Za'/S'y^dc^ be denoted [82213] and the coefficients be aj, a,, <bc., so that (82*1*) will 
denote d^f^^t then the formuhe for the sums of the fourth order may be wzittea 



CO 



C4 






+ 4 
-1 
-2 

+ 1 



+ 2 
-2 
+ 1 



-4 
+ 1 



+ 1 



[4] =-4 
[31] = + 4 
[22] = + 2 
[212] _ _ 4 
[I*]= + l 

The first line is to be read 2a* = — 4a4 + Aa^a^ + 2a22 — 4oaa,2 + Oi*, and so on for the 
rest. Now what Prof. Cayley has proved is, that when the formulae already given are 
thus written, the figures are the same whether we read according to the rows or 
columns. The same thing holds for Prof. Cayley's {Phil. Trans., 1867, p. 489) 
formulae expressing the coefficients (4), (31), Ac. in terms of the sums [4]^ [SI], Ac. 
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Afanlnte invariants, 111, 175. 
Apolarity, 224, 336, 337, 346. 
▲nmbold, on symbolical methods, 147. 

On invariaiits of ternary cubic, 343. 

On the differential equations of in- 
variants, 344. 

BiltBer, on determinants, 838. 
Bttont, on ehmination, 81, 105, 338, 342. 
Bevmtiants, 343. 
Binet, on determinants, 338. 
Boote. on linear transformations, 109, 343. 
Form for the resultant of two quad- 
ratics, 24, 165, 180. 
Bcmdiardt, proof that the equation of the 
secular inequalities has tdl its roots 
zeal, 54. 
Bordflred Hessians reduced, 17. 
Boidered symmetrical determinants, value 
<rf, 36. 
Gkew symmetrical determinants, 266. 
BrQl, ioai seztic, 273. 

Brioeehi expresses differential equation of 
invariants in terms of roots, 342, 
On solution of the quintic, 257. 
On determinants, 339. 
Bmniide, investip^ation of radius of sphere 
circumscribing tetrahedron, 26. 
Transformation of binary to ternary 

forms, 172. 
Api^ications of this method, 181, 189, 

200, 202, 214, 222, 281. 
On solution of biquadratic, 196. 

Canonical forms, 150, 194, 228, 277, 281,346. 
Gauonizants, 154, 22(), 282. 
Catalecticants. 156, 190, 261. 
Ganchy, on determinants, 33, 338, 340. 
Cayl^ (see also p. 343). 

Bjb expression for relation connecting 
mutual distances of five points on 
a sphere, 2(). 

of five points in space, 27. 
AppUcation of skew determinants to 
tiie theory of orthogonal substitu- 
tions, 41, 339. 
Calculation of number of terms in a 

symmetrical determinant, 45. 
On symmetric functions of roots of 

equation, 58, 342. 
Statement of Bezout's method of 

elimination, 83. 
General expression for resultants as 
quotients of determinants, 87, 306. 
Notation for quantics, 99. 



Cayley, discovery of invariants, 109, 343. 
On the number of invariants of a 

binary quantic, 132, 176. 
Definition of covariants, 136. 
Symbolical method of expressing in- 
variants and covariants, 137. 
Identifies two forms of canonizant of 

equations of odd degree, 155. 
On discriminant of discriminant, 166. 
On tact-invariants, 169. 
Method of forming a complete system 

of covariants, 176, 186, 199. 
Belation connecting covariants of 

cubic, 186. 
Solution of a cubic, 186. 
Solution of a quartic, 195. 
On criteria of reality of roots, 197. 
On covariants of system formed by 

quartic and its Hessian, 201. 
On covariants of quintic, 237. 
Canonical form for quintic, 238. 
Tables of Sturmian functions, 240. 
On Tschimhansen transf ormation,251. 
On rational functional determinants^ 

340. 
On invariants of sextic, 345. 
Tables of symmetric functions, 850, 

356. 
Clebsch, on symbolical methods, 147. 
Special form of ternary quartics, 151^ 

335. 
Conditions a sextic may be serfci- 

covariant of quartic, 282. 
Proves that every invariant may be 

symbolically expressed, 315. 
Proves number of forms is finite, 320. 
Investigates resultant of quadratic and 

general equation, 326. 
€rencral expression for discriminant, 

326. 
Investigates equation of system of 

infiexional tangents to a cubic, 330. 
On type form of even binary, 835, 
Form of resultant of two cubics, 345. 
Cockle, on the solution of the quintic, 257. 
Combinants, 161, 345. 

Invariant of invariant of u + Xv is a 

combinant, 211. 
Of a system of two quartics, 219. 
Common roots determined, 91. 
Commutants, 339. 

Complete system8,177,186,199,237,260,847. 
Concomitants, 121. 
Conditions that equations should have two 

common factors, 78, 97, 291, 312. 
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ConditioiiB for ByBtems of equaHtdes be- 
tween roots, 126. 
That quantic should be reducible to 

sum of powers, 156. 
That u + \v should have a cubic 

factor, 166, 206, 221, 279. 
That u + \v have two double factors, 

166, 220, 279. 
That four points should form a har- 
monic system, 179. 
That three pairs of points should form 

system in involution. 180. 
For three qu%dric8 to be differentials 
of a quartic, 224. 

to be quadric ooyariants of two 
cubic^, 225. 
That quartic should haye two square 

factors, 220. 
That two quartics should be differen- 
tials of same quintic, 220, 228. 
That quintic should admit of being 
brought by linear transformation 
to Jerrard's form, 232. 
That quintic should have two square 

or a cubic factor, 233. 
That sextic should haye two square 

or a cubic factor, 263. 
That roots of sextic should be in in- 
volution, 270. 
For sextic to be Hessian of a quintic, 

282. 
For sextic to be sexticovariant of 

quartic, 282. 
Tlwt quantic have two square or one 
cubic factor, 2d4. 
Conjugate forms, 225, 337, 346. 
Contragredienoe, 118, 346. 
Contravariants, 117, 120. 

Of binary quantics not essentially dii- 
tinot m>m covariants, 127. 
. Continuants, 18. 
Covariants, 114 ; distinct. 175. 
How defined bv Cayley, 136. 
Number of, for binary quantic, 132,176. 
Cramer, on determinants, 338. 
Critical functions, 60. 
Cubicovaiiant of cubic, 130, 183. 
Cubic discussed, 183. 

System of twOj 204 ; of four, 215,337. 
Cubic, quaternary, its canonical form, 160. 
Cubinvariants, only type of, 141. 

Derivatives of derivatives expressed sym- 
bolically, 321. 
Dialytic method of elimination, 79, 342. 
Differential coefficients of determinants, 35. 
Of resultants with respect to quantities 
entering into all the quantics, 96. 
Differential equation bf functions of differ- 
ences of roots, 61, 342. 
Of invariants, 131. 
Differentiation mutual, of covariants and 

contravariants, 126. 
Discriminant defined, 99. 

Of binary quantic expressed as deter- 
minant, 23. 



Discriminant of product of two q' 
101, 167. 

Of discriminants, 166. ^ ^ 

Sign of distinguishes whether eq^l B|||^ 
has even or odd numbers of |pMi 
of imaginary roots, 239. '■ ■ J_' 

General symbolical expression f ogHll 
Distinct invariants and covariants, oC^^t 
Double points of involution, 162. 
Double tangents of plane curves, 83$* 
D'Ovidio,ontwocubic8,213; quarti< 
Durfee, on symmetric functions, 85flL 



Eisenstein, expression for general 

of quartic, 343. '^ 

Eliminants defined, 66. 

Elimination, 67. a 

Emanants, 115, 333. ^ 

Equalities between roots of an eq' 
conditions for, 125. 

Equianharmonic, 184. 
Invariant, 190, 259. 

Euler, a theorem of, 25. 

On the theoiy of orthogonal 

tutions, 44. 
On elimination, 77, 342. 

Evectants, 122. 

Of discriminant which vanishes. 
Symbolical expression for, 146. ^ | 
Of discriminant of cubic, 130. IWfH: 
Of cubinvariant of quartic, 192. 
Of quartinvariant of quintic, 23l|U 
Of sextic, 279. 

Fa& de Bruno, calculates invariaiift. i| 
quintic, 230. 

On elimination, 342. 

On symmetric functions, 350. 
Forme-type of quintic, 249. 

Of even c^uantic, 335. 

Of quantic of oider 3p, 337. 
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Gkiuss, on linear transformations, 83%A|i^| 
Gterbaidi, on two cubics, 213. j 

Gk>rdan, on number of covariaiit% fMi 
213, 224, 260, 320, 324. J 

Gundelfinger, on system of cubll 4MH 
quartic, 218. ] 

Harley, on solution of a quintic, 25V» 
Harmonic invariant, 190, 260. 
Hermite, law of reciprocity, 142, 1 
On transformation of a qi 

function, 42. ^ 

On concomitants of system foivMlIk 

quartic and its Hessian, 201.. 
Canonical form for quintic, 23|b 
Discovery of skew invariant of 

233, 346. 
Expression by invariants of co: 

of reality of roots, 242, 250. 
Forme-typB of quintic, 249. 
On Tschirnhausen transform ati 
Solution of quintics by elliptii 

tions, 257. 
Expression of invariants of q 

terms of roots, 258. 



./^ 





HeiBiaDfl,17, HT, 144^ UB, 192, 227, 261,341 . 

OoBtaiB t^MMMi nicton of original 

qiniilio,^!, IM. 

oTB^HiSfm. til. 
|m, Oft qufait&Q,r 

' trie functdona, 350. 

SoBographio daMDi^pmt, 33. 
Hyper-determinMiik ft|l. 

Inflezional tangentflytb^^cubio, calculation 

of their equatil 
InTariants, HI ; irreddcibl^ 175. 

Absolute, 111, 190.\ \ 

Skew, 131. \ \ 

How many independenl 1^ 

Belation connecting weiKht\Bbnd order 

of, 180. 
Inrolution, 162. 

Condition roots of sextic he\A 270. 

Determinant, 25, 33, 180, 271 

Foci of, 179, 193, 259. 

Jaoobi, on determinants and linear 

formations, 339, 340, d41v 
Jac^bian, of systems of equations, 84 ^Vi 
842. 
Properties of, 84. 
Greometrically interpreted, 162. 
Its discriminant discussed, 164. 
Of two quadratics, 179, 
Of quartic and its Hessian, 201. 
Of systems of quartics, 271, 274. 
Jetrud, transformation of a quintic, 232, 

250, 259. 
Joflchimsthal, expression for area of a 
triangle inscribed in an ellipse, 26. 
Theorem on form of discriminant, 102. 

Krcmeeker, solution of quintic by elliptic 
functions, 257. 

Knmmer's resolution into sum of squares 
of discriminant of cubic which de- 
termines axes of a quadric, 55. 

liBgrange, on solution of quintic, 257. 
On determinants, 338. 
On conditions that equation should 
have two pairs of equal roots, 842. 
On linear transformations, 343. 
Xiaplace, on determinants, 338. 

Equation of secular inequalities, 48. 
Xelbnitz, his claim to inyention of deter- 
minants, 338. 
Xindemann, on geometric exposition, 174, 
216, 218, 336. 
Condition for sextic to be Hessian of 
a quintic, 283. 
linear covariants of cubic and quadratic, 
187. 
Of two cubics, 209, 215. 
Of cubic and quartic, 219. 
Of quintic, 235, 249. 

MacHahon, on s^metric functions, 350; 
Jleyer, on apolarity, 224, 276. 
ICinor determinants, 10, 28. 



359 



Minor detehninants, of reciprocal system 

how related to those of original, 31. 
Kuir, on continuants, 18. 
Multiplication of determinants, 20. 

Newton, on sums of powers\>f roots of 

equation, 56. 
Number of terms in a symme^i;ical de- 
terminant, 45. \ 
Of quadrics which can be dc^ribed 
through five points to touca four 
planes, 298. 
Of invariants of a binary quantic, 

132, 175. 
Of distinct forms finite, 176, 825. 

Order of determinants, 7. 

Of symmetric functions, 58. 

Of invariants, 130. 

Of resultant of any equations, 76. 

Of discrindnants, 99. 

Of systems of equations, 284. 
Orthogonal substitutions, 42. 
Osculants, 171. 

Poisson's method of forming symmetrio 
functions of common roots of sys- 
tems of equations^ 72, 342. 

Quadratic forms, transformed, 42. 

Reducible to sum of squares, 151. 

Number of positive and negative 
squares fixed, 151. 

Qeneral expression for resultant with 
equation of «** degree, 327. 
Quadric systems, 179. 
Quadrinvariants of binary quantics, 128. 
Quartic, theoir of, 189. 

System of two, 219, 271. 
Quartmvariant of odd quantic, 129. 
Quintic, theory of, 227, 347. 

Involved in theory of sextic, 273. 

Beciprocal determinants, 30. 
Beciprodty, Hermite's law of, 142, 179. 
Beducing sextic for quintic, forms of, 

257. 
Resultant, order and weight of, 66, 75. 
Of two quadratics, 63, 77, 83, 85, 180. 
Of two cubics, 77, 85, 205, 345. 
Of two quartics, 81, 86, 220, 277. ♦ 
Of quadratic and any equation, 327. 
Tables of, 348. 
Reye, on apolarity, 346. 
Rob^iis, Michael, on sources of covariants, 
134, 238. 
On application of Sturm's theorem to 

qumtics, 240. 
On equation of squares of differences. 
847. ' 

Roberts, bamuel, on orders of systems of 

equations^lO. 
Roberts, W. R. W., on twisted cubic, 174, 

2l9c, d. 
Rodrigues, orthogonal transformations, 44. 
Rosanes,on conjugate forms, 346. 
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Schlesinger, on conjugate forms, 226. 

Seminyariants, 176. 

Serret's notation for differential equation 

of covariants, 65. 
Sextic, theory of, 200, 347. 
Skew BTmmetric determinants, of even 
degree are perfect squares, 38. 
Bordered, 266. 
Skew invariants defined, 131. 

Of all quantics yanish when quantic 
wants alternate terms, 23f' 
Skew inyariant of qnintic, 238, 282. 

Vanishes if quintic can be linearly 
transformed to recurring form, 242. 
Expression in terms of roots, 258. 
Skew invariant of sextic, 260, 269, 282. 
Source of covariants, 134, 238. 
Sphere circumscribing tetrahedron^ 26. 
Relations connecting mutual distances 
of points on, 26. 
Spottiswoode, on determinants, 338. 
Stephanos, on sextic, 273, 282. 
Stroh, on two quartics, 345. 
Sturm's functions, Sylvester's expressions 
for, 49. 
In case of quartic, 197. 

of quintic, 240. 
Extension of, 105. 
Sturm, B., on geometrical representation, 

345. 
Superfluous variable, method of using, 207. 
Sylvester (see also p. 343). 

Umbral notation for determinants, 8. 
Proof that equation of secular in- 
equalities has all real roots, 28, 48. 
Expression for Sturm's functions in 

terms of roots, 49. 
Dialytic method of elimination, 79, 342. 
Expression of resultant as determi- 
nant, 86. 



Sylye8ter,exten8{aa«nBIViii's theorem^lOS* 
On nomeiiiiiilMiL IS^ 122, 19i^MU, 

342, 345. 
Canonical focBM 0< iM-^mA ««Hl 

degrees, 153, 15S^ n7, •«*: -^^ 
Of quaternary cuwJB^ IM. """*■*- 

Expressions for disorinlBMit wMh w^ 

gard to variables wfaiQb4oaotMMr 

explicitly, 168. 
On osculants, 171. ^. 

On number of distinct lonUy 9|. 
Eeduces system of two edMqii^&l. 
Beduces system of onkio sriAmaittaL 

218. 
Beduces system of two criwetics, 224, 

345. 
Investigation of invariant conditions 

for r^ity of roots of quintic, 242. 
On Bezoutiants, 343. 
On combinants, 345. 
Symbolical expression for invariants, dKS., 

137, 314. 
Symmetric functions, 56. 

Their use in finding invarumts, 124. 
Tables of, 350. 

Tact-invariants, 169. 

Of complex curves, 170. 

Tetrahedron, radius of circumscribing 
sphere, 26. 

Transvection and transvectants, 320, 346. 

Tschimhausen, transformation of equa- 
tions, 250. 

Type, or typical forms, 249, 335. 

Umbral notation, 8, 314, 338. 
Yandermonde, on determinants, 338. 
Warren, on system of two quartics, 221. 



THE END. 
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